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P4.2.
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Solutions 04

Let K be a field and fix an irreducible polynomial f € K[x]. Consider a nonzero coset
g + (f) in the quotient ring L := K[x] /(f).
i. Show that f and g are relative prime and deduce that there exists p, q € K[x] such
thatpf +qg=1.
ii. Show that q + (f) is the multiplicative inverse of g + (f) in L.
iii. Find a multiplicative inverse for (1+x)+(x? + x + 1) in the field Q[x] /(x*> + x + 1).

Solution.
i. Since g + (F) # 0 + (f), it follows that g & (f) or equivalently f does not divide g.
ii. In the field L, part i implies that

(@+MNE+N)=@+H=AQ-pH+{(HH=1+(f),

so we conclude that g + (f) is the multiplicative inverse of g + (f) in L.
iii. Since (x*+x+41)—x(x+1) = 1, we deduce that x+(x? + x + 1) is the multiplicative
inverse for (1 + x) + (x? + x + 1) in the field Q[x] /(x* + x + 1). O

Prove that the following are equivalent:

(C) Every nonconstact polynomial with coefficients in C has a root in C.

(R) Every nonconstant polynomial with coefficients in R is a product of linear and
quadratics factors with real coefficients.

Solution.

(C)= (R): Let f € R[x] have positive degree n. Regarded as a polynomial in C[x],
the Fundamental Theorem of Algebra [which is equivalent to part (C)] implies that
f splits completely: there exists a; € R and a5, a5, ..., a, € C such that

f=a)(x—a)(x—oa) - (x—a).
A real root r € R contributes the linear factor (x — r). Since the coefficients of
f are real, its nonreal roots occur in conjugate pairs. In particular, if o¢; = a + ib
with a,b € R and b # 0, then «; = a — ib is also a root. The product of the
corresponding linear factors is
(x—a)(x—a;) =(x—a—ib)(x —a+ib) = x*> — 2ax + (a? + b?)

which is a quadratic polynomial with real coefficients. Thus, f can be written as
a product of linear factors (from real roots) and real quadratic factors (from conju-
gate pairs of nonreal roots.

(R)= (C): Let g € C[x] be a nonconstant polynomial. By taking real and imaginary
parts, there exists unique u, v € R[x] such that g = u +iv. Consider the real poly-
nomial h = |g|° = gg = (u+iv)(u —iv) = u? + v? € R[x]. Since g is nonconstant,
h is a nonconstant polynomial in R[x]. By hypothesis, the polynomial & factors
in R[x] as a product of linear and quadratic polynomials. Any real linear factor
(x — r) of h implies that 0 = h(r) = |g(r)|2, so g(r) = 0 and g has a complex root.
If h has no linear factors, then it must have a quadratic factor x> + ax + b € R[x].
Over the complex numbers, this quadratic polynomial has roots a and a. Since
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x? + ax + b divides h, it follows that h(x) = 0, so |g(oc)|2 = 0and g(x) = 0. In all
cases, g has aroot in C. O

P4.3. Let a be a root of the irreducible polynomial x3 + 7x + 1 € Q[x].
i. Find the minimal polynomial for o + 3 over Q.
ii. Find the minimal polynomial for a? + 1 over Q.
iii. Find the minimal polynomial for a? — 2a + 3 over Q.

Solution.
i. Let 8 := o + 3. Since o = 8 — 3, it follows that
O=a’+7a+1=(B-3°+7(B—-3)+1=3>—-9B%+3483 —47.

Set pg := x*>—9x*+34x—47. Since 47 is prime, pg(1) = =21 # 0, pg(—1) = =91 # 0,
pg(47) = 85483 # 0, and pg(—47) = —125349 # 0, the polynomial pg is irreducible
over Q. Hence, the minimal polynomial of & + 3 over Q is x> — 9x2 + 34x — 47.

ii. Lety := a? + 1. Since a®> = —7a — 1 and a® = y — 1, we see that

—Ta—-1=a=a(y—1)

soa(y+6)+1=0ora=—1/(y + 6). Returning to the equation for y, we obtain

-1 \V
0o=y—-(——) -1
Y <y4-6)
> 0= -DF+6)—1=y>+11y* + 24y — 37.
Set p, := x> +11x?+24x —37. Since 37 is prime, p,(1) = -1 # 0, p,(—=1) = =51 # 0,
p,(37) = 66563 # 0, and p,(—37) = —36519 # 0, the polynomial p, is irreducible
over Q. Hence, the minimal polynomial of & + 1 is x> + 11x2 + 24x — 37.
iii. Let § := a® — 2 + 3. Since a? = § + 2o — 3, we see that
—Ta—-1=a*=a(+2a-3)=ad+2(§+2a—-3)—-3a=ad+26+a—6.
soa(d+8)+258 =5o0ra=(5-25)/(5 + 8). Returning to the equation for §, we
obtain

5—28)\ 5-268
5_<5+8) _2<5+8>+3

= 0=(0-3)(6+8)2—-(5-28)2+2(5-25)(6+8) =8>+55%+145 —137.
Set ps := x> + 5x? + 14x — 137. Since 137 is prime,

ps(1) = =117 £ 0, ps(137) = 2666979 # 0,
ps(—1) = =147 # 0, ps(—137) = —2479563 # 0.
the polynomial p, is irreducible over Q. We conclude that the minimal polynomial
of a? — 2a + 3is x> + 5x2 + 14x — 137. O
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