
Solutions 05
P5.1. Ⅼet 𝐾 be a field, and let 𝑓, 𝑔 ∈ 𝐾[𝑥] be monic irreducible polynomials. Prove that,

when 𝑓 and 𝑔 have a common root in some field extension 𝐾 ⊆ 𝐿, we have 𝑓 = 𝑔.

Solution. Ⅼet𝛼 ∈ 𝐿 be a common root of𝑓 and 𝑔, meaning that𝑓(𝛼) = 0 and 𝑔(𝛼) = 0.
Since 𝑓 is monic and irreducible over 𝐾, it is the minimal polynomial of 𝛼 over 𝐾.
Ⅼikewise, 𝑔 is monic and irreducible over 𝐾, it is the minimal polynomial of 𝛼 over 𝐾.
We deduce that 𝑓 = 𝑔, because the minimal polynomial of an algebraic element over
a field is unique. □

P5.2. Find the minimal polynomial of the 24th root of unity 𝜁24∶= exp(2𝜋i/24) as follows.
i. Factor 𝑥24 − 1 overℚ.
ii. Ⅾetermine which of the factors is the minimal polynomial of 𝜁24.

Solution.
i. Observe that

𝑥24 − 1 = (𝑥12 − 1)(𝑥12 + 1)
= (𝑥6 − 1)(𝑥6 + 1)(𝑥4 + 1)(𝑥8 − 𝑥4 + 1)
= (𝑥3 − 1)(𝑥3 + 1)(𝑥2 + 1)(𝑥4 − 𝑥2 + 1)(𝑥4 + 1)(𝑥8 − 𝑥4 + 1)
= (𝑥 − 1)(𝑥2 + 𝑥 + 1)(𝑥 + 1)(𝑥2 − 𝑥 + 1)(𝑥2 + 1)(𝑥4 + 1)(𝑥4 − 𝑥2 + 1)(𝑥8 − 𝑥4 + 1)
= (𝑥 − 1)(𝑥 + 1)(𝑥2 + 1)(𝑥2 − 𝑥 + 1)(𝑥2 + 𝑥 + 1)(𝑥4 + 1)(𝑥4 − 𝑥2 + 1)(𝑥8 − 𝑥4 + 1) .

We claim that all of these factors are irreducible overℚ.
The linear factors 𝑥−1 and 𝑥+1 are obviously irreducible. By having negative

discriminants, the quadratic factors𝑥2+1, 𝑥2−𝑥+1, and𝑥2+𝑥+1 are all irreducible
overℝ andℚ. Since (𝑥+1)4+1 = 𝑥4+4𝑥3+6𝑥2+4𝑥+2, the Eisenstein criterion
(for the prime 2) implies that 𝑥4 + 1 is irreducible.
By the Gauss Ⅼemma, it suffices to prove that 𝑝∶= 𝑥4−𝑥2+1 is irreducible over

ℤ. The image of 𝑝 in 𝔽2[𝑥] is 𝑥4 + 𝑥2 + 1 = (𝑥2 + 𝑥 + 1)2. Observe that 𝑥2 + 𝑥 + 1
is irreducible over 𝔽2 because 02 + 0 + 1 = 1 and 12 + 1 + 1 = 1. The image of 𝑝 in
𝔽2[𝑥] is the square of an irreducible polynomial, so any quadratic factor must be
an associate of 𝑥2 + 𝑥 + 1. Ⅼifting such a factorization back to ℤ[𝑥] would force 𝑝
to be the square of a quadratic polynomial. Ⅽomparing coefficients, the equation

𝑥4 − 𝑥2 + 1 = (𝑥2 + 𝑎𝑥 + 𝑏)2 = 𝑥4 + 2𝑎𝑥3 + (𝑎2 + 2𝑏)𝑥 + 2𝑎𝑏𝑥 + 𝑏2 ,

gives 2𝑎 = 0, 𝑎2 + 2𝑏 = −1, 2𝑎𝑏 = 0, and 𝑏2 = 1, so 𝑎 = 0, 𝑏 = −1
2 ,

1
4 = 1 which is

absurd. Thus, we see that 𝑝 is irreducible overℚ.
Again by theGauss Ⅼemma, it suffices to prove that 𝑞∶= 𝑥8−𝑥4+1 is irreducible

overℤ. The image of 𝑞 in𝔽2[𝑥] is 𝑥8+𝑥4+1 = (𝑥2+𝑥+1)4. The image of 𝑞 in𝔽2[𝑥]
is the fourth power of an irreducible polynomial, so any quadratic factor mush be
an associate of 𝑥2 + 𝑥 + 1. Ⅼifting such a factorization back to ℤ[𝑥] would force
𝑞 to be the fourth power of a quadratic polynomial. Ⅽomparing coefficients, the
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equation

𝑥8 − 𝑥4 + 1 = (𝑥2 + 𝑎𝑥 + 𝑏)4
= 𝑥8 + 4𝑎𝑥7 + (6𝑎2 + 4𝑏)𝑥6 + (4𝑎3 + 12𝑎𝑏)𝑥5 + (𝑎4 + 12𝑎2𝑏 + 6𝑏2)𝑥4

+ (4𝑎3𝑏 + 12𝑎𝑏2)𝑥3 + (6𝑎2𝑏2 + 4𝑏3)𝑥2 + 4𝑎𝑏3𝑥 + 𝑏4 ,

gives 4𝑎 = 0, 6𝑎2+4𝑏 = 0, and 𝑏4 = 1, so 𝑎 = 0, 𝑏 = 0, 0 = 1which is absurd. Thus,
we see that 𝑞 is irreducible overℚ.

ii. For all positive 𝑛 ∈ ℕ, let 𝜁𝑛 ∶= exp(2𝜋i/𝑛) ∈ ℂ denote a 𝑛th root of unity. Since
the positive divisors of 24 are {1, 2, 3, 4, 6, 8, 12, 24}, the elements 𝜁1, 𝜁2, 𝜁3, 𝜁4, 𝜁6, 𝜁8,
and 𝜁12 are all roots of 𝑥24 − 1. On the other hand, we have

𝑥1 − 1 = 𝑥 − 1 ,
𝑥2 − 1 = (𝑥 − 1)(𝑥 + 1) ,
𝑥3 − 1 = (𝑥 − 1)(𝑥2 + 𝑥 + 1) ,
𝑥4 − 1 = (𝑥2 − 1)(𝑥2 + 1) = (𝑥 − 1)(𝑥 + 1)(𝑥2 + 1) ,
𝑥6 − 1 = (𝑥3 − 1)(𝑥3 + 1) = (𝑥 − 1)(𝑥2 + 𝑥 + 1)(𝑥 + 1)(𝑥2 − 𝑥 + 1) ,
𝑥8 − 1 = (𝑥4 − 1)(𝑥4 + 1) = (𝑥 − 1)(𝑥 + 1)(𝑥2 + 1)(𝑥4 + 1) ,
𝑥12 − 1 = (𝑥6 − 1)(𝑥6 + 1) = (𝑥 − 1)(𝑥2 + 𝑥 + 1)(𝑥 + 1)(𝑥2 − 𝑥 + 1)(𝑥2 + 1)(𝑥4 − 𝑥2 + 1) .

By comparing the irreducible factors, we deduce that the minimal polynomial of
𝜁2 is 𝑥+1, the minimal polynomial of 𝜁3 is 𝑥2+𝑥+1, the minimal polynomial of 𝜁4
is 𝑥2 + 1, the minimal polynomial of 𝜁6 is 𝑥2 − 𝑥 + 1, the minimal polynomial of 𝜁8
is 𝑥4+1, the minimal polynomial of 𝜁12 is 𝑥4−𝑥2+1, and the minimal polynomial
of 𝜁24 is 𝑥8 − 𝑥4 + 1. □

P5.3. Ⅼet 𝐾 be a field
i. Ⅾemonstate that the polynomial 𝑥𝑚−𝑎 ∈ 𝐾[𝑥] is reducible whenever the positive
integer𝑚 has a divisor 𝑑 such that 𝑑 > 1 and

𝑎 = {𝑏
𝑑 if 𝑏 ∈ 𝐾,
−4𝑐4 if 𝑑 = 4 and 𝑐 ∈ 𝐾.

ii. Ⅼet 𝐿∶= 𝐾(𝑡) be the field of rational functions in 𝑡with coefficients in𝐾. Ⅽonsider
𝑓∶= 𝑥𝑝 − 𝑡 ∈ 𝐿[𝑥] where 𝑝 is a positive prime integer. Prove that 𝑓 is irreducible.

Solution.
i. Suppose that 𝑎 = 𝑏𝑑 for some 𝑏 ∈ 𝐾. Since 𝑚 ∈ ℕ is divisible by 𝑑, there exists
𝑒 ∈ ℕ such that𝑚 = 𝑑𝑒. Ɪt follows that
(𝑥𝑒 − 𝑏)(𝑥𝑚−𝑒 + 𝑏𝑥𝑚−2𝑒 +⋯+ 𝑏𝑗𝑥𝑚−(𝑗+1)𝑒 +⋯+ 𝑏𝑑−1)

= 𝑥𝑚 + 𝑏𝑥𝑚−𝑒 +⋯+ 𝑏𝑗𝑥𝑚−𝑗𝑒 +⋯+ 𝑏𝑑−1𝑥𝑒
− 𝑏𝑥𝑚−𝑒 −⋯− 𝑏𝑗𝑥𝑚−𝑗𝑒 −⋯− 𝑏𝑑−1𝑥𝑒 − 𝑏𝑑

= 𝑥𝑚 − 𝑎 .
Thus, the polynomial 𝑥𝑚 − 𝑎 is reducible when 𝑎 = 𝑏𝑑.
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Suppose that 𝑎 = −4𝑐4 for some 𝑐 ∈ 𝐾 and 𝑑 = 4. Since𝑚 ∈ ℕ is divisible by
𝑑 = 4, there exists 𝑒 ∈ ℕ such that𝑚 = 4𝑒. Ɪt follows that
(𝑥2𝑒 − 2𝑐𝑥𝑒 + 2𝑐2)(𝑥2𝑒 + 2𝑐𝑥𝑒 + 2𝑐2)

= 𝑥4𝑒 + 2𝑐𝑥3𝑒 + 2𝑐2𝑥2𝑒 − 2𝑐𝑥3𝑒 − 4𝑐2𝑥2𝑒 − 4𝑐3𝑥𝑒 + 2𝑐2𝑥2𝑒 + 4𝑐2𝑥𝑒 + 4𝑐4
= 𝑥𝑚 − 𝑎 .

Thus, the polynomial 𝑥𝑚 − 𝑎 is reducible when 𝑑 = 4 and 𝑎 = −4𝑐4.
ii. By Proposition 3.1.5 in the Notes04, it is enough to show that 𝑓 has no roots in 𝐿.
Suppose that the rational function 𝑔/ℎ ∈ 𝐿, where 𝑔, ℎ ∈ 𝐾[𝑡] and 𝑔 ≠ 0, a root of
the polynomial 𝑓 ∈ 𝐿[𝑥]. Wemay assume that the fraction 𝑔/ℎ is in “lowest terms”
meaning that gcd(𝑔, ℎ) = 1. Since 𝑔/ℎ is a root, it follows that

(𝑔ℎ)
𝑝
= 𝑡 ⟺ 𝑔𝑝 = 𝑡ℎ𝑝 .

Since the polynomial ring𝐾[𝑡] is a unique factorization domain, the linear polyno‑
mial 𝑡 divides 𝑔. The numerator 𝑔 being divisible by 𝑡 implies that the product 𝑔𝑝
is divisible by 𝑡𝑝. As 𝑝 ⩾ 2, the product ℎ𝑝 is thereby divisible by 𝑡𝑝−1, so ℎ is also
divisible by 𝑡. However, this would imply 𝑔 and ℎ are not relative prime, which is a
contradiction. Therefore, the polynomial 𝑓 has no roots in 𝐿. □
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