
Problems 01
Due: Tuesday, 15 September 2020

1. Let 𝑋 and 𝑌 be two sets. The identity map id𝑋 ∶𝑋 → 𝑋 is defined by 𝑥 ↦ 𝑥 and
the map 𝜋1∶𝑋 × 𝑌 → 𝑋 is defined by (𝑥, 𝑦) ↦ 𝑥. Given two maps 𝜑∶𝑋 → 𝑋 and
𝜓∶𝑋 → 𝑋, the map 𝜑 || 𝜓∶𝑋 → 𝑋 ×𝑋 is defined by 𝑥 ↦ (𝜑(𝑥),𝜓(𝑥)) and the map
𝜑×𝜓∶𝑋 ×𝑋 → 𝑋 ×𝑋 is defined by (𝑥, 𝑦) ↦ (𝜑(𝑥),𝜓(𝑦)). For the one-element set
{∅}, there exists a unique map 𝜂∶𝑋 → {∅} defined by 𝜂(𝑥) = ∅.

Suppose that 𝑋 is nonempty and consider the maps 𝛽∶𝑋 × 𝑋 → 𝑋, 𝜀∶ {∅} → 𝑋,
and 𝜄∶𝑋 → 𝑋 satisfying the following three conditions:

(i) 𝛽 ∘ (𝛽 × id𝑋) = 𝛽 ∘ (id𝑋 ×𝛽)
(ii) 𝛽 ∘ (id𝑋 × 𝜀) = id𝑋 ∘𝜋1

(iii) 𝛽 ∘ (id𝑋 || 𝜄) = 𝜀 ∘ 𝜂.
Prove that the quadruple (𝑋, 𝛽, 𝜀, 𝜄) defines a group.

2. For all nonnegative integers 𝑛, the sign function sgn∶𝔖𝑛 → 𝜇2 = {−1, 1} is defined
by sgn(𝜍)∶= (−1)𝑛−𝑐 where the permutation 𝜍 is the product of 𝑐 disjoint cycles.

(i) For any permutation 𝜍 ∈ 𝔖𝑛 and any transposition 𝜛 ∈ 𝔖𝑛, prove that
sgn(𝜛𝜍) = − sgn(𝜍) .

(ii) For any two permutations 𝜍, 𝜏 ∈ 𝔖𝑛, prove that sgn(𝜍 𝜏) = sgn(𝜍) sgn(𝜏).
(iii) When 𝜍 is the product of 𝑚 transpositions, prove that sgn(𝜍) = (−1)𝑚.

3. The quaternion group is the subgroup of SL(2,ℂ) generated by the eight matrices:

𝑒∶= [1 0
0 1] , 𝑖∶= [ i 0

0 −i] , 𝑗 ∶= [ 0 1
−1 0] , 𝑘∶= [0 i

i 0] ,

̄𝑒∶= [−1 0
0 −1] , ̄𝑖∶= [−i 0

0 i ] , ̄𝑗∶= [0 −1
1 0 ] , ̄𝑘∶= [ 0 −i

−i 0 ] .

(i) Determine the order of the quaternion group.
(ii) Find a minimal set of generators for the quaternion group.

(iii) Show that the quaternion group is not isomorphic to the dihedral group 𝐷4
of order 8.
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