Problems 01
Due: Tuesday, 15 September 2020

1. Let X and Y be two sets. The identity map idy : X — X is defined by x —» x and
the map 7, : X X Y — X is defined by (x, y) — x. Given two maps ¢ : X - X and
$:X - X, themap ¢ || 9 : X - X x X is defined by x — (¢(x), (x)) and the map
PxP: X xX > X xX is defined by (x,y) — (¢(x),%()). For the one-element set
{@}, there exists a unique map 7 : X — {&¥} defined by n(x) = @.

Suppose that X is nonempty and consider the maps : X x X - X, ¢: {g} — X,
and (: X — X satisfying the following three conditions:
(i) Bo(Bxidx) = Bo(idxXp)
(ii) ‘8 o (ldX X E) = ldX o7l
(iii) Bo (idy||t) = g07.
Prove that the quadruple (X, 3, ¢, t) defines a group.

2. For all nonnegative integers n, the sign functionsgn : ©, —» u, = {—1, 1}is defined
by sgn(o) := (—1)""¢ where the permutation o is the product of ¢ disjoint cycles.
(i) For any permutation o € &,, and any transposition @w € &, prove that

sgn(w o) = —sgn(o).

(ii) For any two permutations o, T € &, prove that sgn(c 7) = sgn(o) sgn(7).
(iii) When o is the product of m transpositions, prove that sgn(o) = (—1)".

3. The quaternion group is the subgroup of SL(2, C) generated by the eight matrices:

1o L_[i 0 [0 1 p_ [0 i
€=lo 1|’ =lo —il’ J=1-1 ol’ =1i ol

__[-1 0 _[-i o [0 -1 p_[0 —i
*“Zlo -1/ *Tlo i|> JT|1 o =l-i o]

(i) Determine the order of the quaternion group.
(ii) Find a minimal set of generators for the quaternion group.
(iii) Show that the quaternion group is not isomorphic to the dihedral group D,
of order 8.
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