
Solutions 12
1. Ⅽonsider the integer matrix

B∶= [
1 3 4 2
5 15 −4 34
−3 −3 36 −24

] .

i. Find a (3× 3)‑matrixQ overℤ and a (4× 4)‑matrix P overℤ such thatQBP is
in Smith normal form.

ii. Ⅼet 𝐺 be an abelian group with generators 𝑔1, 𝑔2, 𝑔3 and 𝑔4, and the relations
1𝑔1+ 3𝑔2+ 4𝑔3+ 2𝑔4=0
5𝑔1+15𝑔2− 4𝑔3+34𝑔4=0

−3𝑔1− 3𝑔2+36𝑔3−24𝑔4=0 .
Show that𝐺 ≅ ℤ/⟨6⟩⊕ℤ/⟨24⟩⊕ℤ. Ɪn addition, find new generators ℎ1, ℎ2 and
ℎ3 such that 6ℎ1 = 0, 24ℎ2 = 0 and ℎ3 has infinite order.

iii. Find all integer (3 × 1)‑matrices Ⅹ such that BⅩ = Ⅽ where

Ⅽ∶= [
7
11
−9

] .

Solution.
i. We reduce the matrix B to its Smith normal form by a sequence of row and
column operations. We simultaneously record the effect of these operations
by performing them on thematrix Ɪ3 (for row operations) and thematrix Ɪ4 (for
column operations);

[
1 0 0
0 1 0
0 0 1

] [
1 3 4 2
5 15 −4 34
−3 −3 36 −24

] [
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]

∼[
1 0 0
−5 1 0
3 0 1

] [
1 3 4 2
0 0 −24 24
0 6 48 −18

] [
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]

∼[
1 0 0
3 0 1
−5 1 0

] [
1 3 4 2
0 6 48 −18
0 0 −24 24

] [
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]

∼[
1 0 0
3 0 1
5 −1 0

] [
1 3 4 2
0 6 48 −18
0 0 24 −24

] [
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]

∼[
1 0 0
3 0 1
5 −1 0

] [
1 3 4 6
0 6 48 30
0 0 24 0

] [
1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1

]
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∼[
1 0 0
3 0 1
5 −1 0

] [
1 3 −20 −9
0 6 0 0
0 0 24 0

] [
1 0 0 0
0 1 −8 −5
0 0 1 1
0 0 0 1

]

∼[
1 0 0
3 0 1
5 −1 0

] [
1 0 0 0
0 6 0 0
0 0 24 0

] [
1 −3 20 9
0 1 −8 −5
0 0 1 1
0 0 0 1

] .

Setting

Q∶= [
1 0 0
3 0 1
5 −1 0

] and P∶= [
1 −3 20 9
0 1 −8 −5
0 0 1 1
0 0 0 1

]

we haveQBP = [
1 0 0 0
0 6 0 0
0 0 24 0

] which is in Smith normal form.

ii. Ⅼet 𝜑B∶ℤ4 → ℤ3
be the linear map whose matrix with respect to the standard

bases is B. By definition, we have 𝐺 ≅ ℤ4/Ker(𝜑B). The invertible matrix P
from part i defines an automorphism of ℤ4

. Since

P−1 = [
1 3 4 2
0 1 8 −3
0 0 1 −1
0 0 0 1

] ,

the elements ℎ0∶= 𝑔1 + 3𝑔2 + 4𝑔3 + 2𝑔4, ℎ1∶= 𝑔2 + 8𝑔3 − 3𝑔4, ℎ2∶= 𝑔3 − 𝑔4, and
ℎ3∶= 𝑔4 generate 𝐺. The matrixQ from part i implies that

ℎ0 = 𝑔1 + 3𝑔2 + 4𝑔3 + 2𝑔4 = 0
6ℎ1 = 6𝑔2 + 48𝑔3 − 18𝑔4

= 3(𝑔1 + 3𝑔2 + 4𝑔3 + 2𝑔4) + (−3𝑔1 − 3𝑔2 + 36𝑔3 − 24𝑔4) = 0
24ℎ2 = 24𝑔3 − 24𝑔4

= 5(𝑔1 + 3𝑔2 + 4𝑔3 + 2𝑔4) − (5𝑔1 + 15𝑔2 − 4𝑔3 + 34𝑔4) = 0

and ℎ3 has infinite order in 𝐺. The Smith normal form for B given in part i
implies that 𝐺 ≅ ℤ/⟨6⟩ ⊕ℤ/⟨24⟩ ⊕ℤ as required.

iii. Since

QⅭ = [
1 0 0
3 0 1
5 −1 0

] [
7
11
−9

] = [
7
12
24
] ,

the system BⅩ = Ⅽ is transformed into (QB)Y = QⅭ or

{
𝑦1 = 7
6𝑦2 = 12
24𝑦3 = 24
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This new system has the solutions 𝑦1 = 7, 𝑦2 = 2, 𝑦3 = 1, and 𝑦4 = 𝑚 ∈ ℤ, so
the solutions to the original equation BⅩ = Ⅽ are given by Ⅹ = PY or

PY = [
1 −3 20 9
0 1 −8 −5
0 0 1 1
0 0 0 1

][
7
2
1
𝑚
] = [

21 + 9𝑚
−6 − 5𝑚
1 +𝑚
𝑚

]

where𝑚 is an arbitrary integer. □

2. Ⅽonsider the matrix

A∶= [
2 0 −1 −5
0 1 0 0
2 0 −1 −1
1 0 −1 −4

] .

i. Find the minimal polynomial of A.
ii. Find the rational canonical form of A.
iii. Find the Jordan canonical form of A.

Solution.
i. The characteristic polynomial of A is

det(𝑡 Ɪ−A) = det[
𝑡 − 2 0 1 5
0 𝑡 − 1 0 0
−2 0 𝑡 + 1 1
−1 0 1 𝑡 + 4

] = (𝑡 − 1)det [
𝑡 − 2 1 5
−2 𝑡 + 1 1
−1 1 𝑡 + 4

]

= (𝑡 − 1)det [
𝑡 − 1 0 −𝑡 + 1
−2 𝑡 + 1 1
−1 1 𝑡 + 4

] = (𝑡 − 1)2 det [
1 0 −1
−2 𝑡 + 1 1
−1 1 𝑡 + 4

]

= (𝑡 − 1)2 det [
1 0 −1
0 𝑡 + 1 −1
0 1 𝑡 + 3

] = (𝑡 − 1)2 det [
1 0 −1
0 𝑡 + 2 𝑡 + 2
0 1 𝑡 + 3

]

= (𝑡 − 1)2(𝑡 + 2)det [
1 0 −1
0 1 1
0 1 𝑡 + 3

] = (𝑡 − 1)2 (𝑡 + 2)det [
1 0 −1
0 1 1
0 0 𝑡 + 2

]

= (𝑡 − 1)2 (𝑡 + 2)2 .
The minimal polynomial divides the characteristic polynomial. Since

(A− Ɪ)(A+ 2 Ɪ) = [
−3 0 3 6
0 0 0 0
3 0 −3 −6
−3 0 3 6

] ≠ 0

and (A− Ɪ)(A+2 Ɪ)2 = 0, we deduce that the minimal polynomial of the matrix
A is (𝑡 − 1)(𝑡 + 2)2 = 𝑡3 + 3𝑡2 − 4.

ii. As the minimal polynomial is 𝑡3 + 3𝑡2 − 4 and the characteristic polynomial is
(𝑡 − 1)2(𝑡 + 2)2, it follows that

ℚ4 ≅ ℚ[𝑡]
⟨𝑡 − 1⟩ ⊕

ℚ[𝑡]
⟨𝑡3 + 3𝑡2 − 4⟩
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and the rational canonical form of the matrix A is

[
1 0 0 0
0 0 0 4
0 1 0 0
0 0 1 −3

] .

iii. As the minimal polynomial is (𝑡 − 1)(𝑡 + 2)2 and the characteristic polynomial
is (𝑡 − 1)2(𝑡 + 2)2, it follows that

ℂ4 ≅ ℂ[𝑡]
⟨𝑡 − 1⟩ ⊕

ℂ[𝑡]
⟨𝑡 − 1⟩ ⊕

ℂ[𝑡]
⟨(𝑡 + 1)2⟩

and the Jordan canonical form of the matrix A is

[
1 0 0 0
0 1 0 0
0 0 −2 0
0 0 1 −2

] . □

3. A poset is a set 𝑃 with a binary relation ⩽𝑃 that is reflexive, anitsymmetric, and
transitive. For any elements 𝑥, 𝑦, and 𝑧 in 𝑃, we have the following:

(reflexivity) The relation 𝑥 ⩽𝑃 𝑥 holds.
(antisymmetry) The relations 𝑥 ⩽𝑃 𝑦 and 𝑦 ⩽𝑃 𝑥 imply that 𝑥 = 𝑦.
(transitivity) The relations 𝑥 ⩽𝑃 𝑦 and 𝑦 ⩽𝑃 𝑧 imply that 𝑥 ⩽𝑃 𝑧.

A function 𝑓∶ 𝑃 → 𝑄 between posets is order‑preserving if, for any 𝑥 and 𝑦 in 𝑃
satisfying 𝑥 ⩽𝑃 𝑦, we have 𝑓(𝑥) ⩽𝑄 𝑓(𝑦).
i. Show that the collection of posets together with order‑preserving functions
forms a category.

ii. Ɪn the category of posets, exhibit a bijectivemorphism between nonisomorphic
posets.

Solution.
i. For any poset 𝑃, the identity map id𝑃∶ 𝑃 → 𝑃 is order‑perserving. Suppose that
𝑓∶ 𝑃 → 𝑄 and 𝑔∶ 𝑄 → 𝑅 are order‑perserving functions between posets. For
any elements 𝑥 and 𝑦 in 𝑃 such that 𝑥 ⩽𝑃 𝑦, we have 𝑓(𝑥) ⩽𝑄 𝑓(𝑦) because 𝑓 is
order‑preserving. We also have

(𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)) ⩽𝑅 𝑔(𝑓(𝑦)) = (𝑔 ∘ 𝑓)(𝑦)

because 𝑔 is order‑preserving. Hence, the composite map 𝑔 ∘ 𝑓∶ 𝑃 → 𝑅 is also
order‑preserving. The identity property and the associativity of composition
are inherited from the category of sets.

ii. Ⅼet𝑃 be the set 2{1,2} consisting of all subsets of {1, 2}orderedby inclusion and let
𝑄 be the set {0, 1, 2, 3}⊂ℕwith the canonical order. Ⅽonsider themap𝑓∶ 𝑃 → 𝑄
defined by 𝑓(𝑋)∶= ∑𝑥∈𝑋 𝑥. Ɪt follows that

∅ ⊆ {1} ↦ 0 ⩽ 1 ∅ ⊆ {2} ↦ 0 ⩽ 2 ∅ ⊆ {1, 2} ↦ 0 ⩽ 3
{1} ⊆ {1, 2} ↦ 1 ⩽ 3 {2} ⊆ {1, 2} ↦ 2 ⩽ 3
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∅

{1} {2}

{1, 2}

0

1

2

3

FꞮGURE 1. Hasse diagrams for the posets 𝑃 and 𝑄.

so 𝑓 is an order‑preserving bijection. The poset 𝑃 does not contain a totally
ordered subset of cardinality four. Hence, there is no injective order‑preserving
map from 𝑄 to 𝑃. Ɪn particular, the posets 𝑃 and 𝑄 are not isomorphic. □
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