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Abstract

The multigraded Hilbert scheme parametrizes all homogeneous ideals in a polynomial ring graded by an
abelian group with a fixed Hilbert function. We prove that any multigraded Hilbert scheme is smooth and
irreducible when the polynomial ring is Z[x, y], which establishes a conjecture of Haiman and Sturmfels.
© 2009 Gregory G. Smith. Published by Elsevier Inc. All rights reserved.
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1. Introduction

Hilbert schemes are the fundamental parameter spaces in algebraic geometry. Multigraded
Hilbert schemes, introduced in [12], consolidate many types of Hilbert schemes including Hilbert
schemes of points in affine space, toric Hilbert schemes, G-Hilbert schemes for abelian G, and
the original Grothendieck Hilbert scheme. The collection of all multigraded Hilbert schemes
contains many well-documented pathologies. In contrast, this paper identifies a surprisingly large
subcollection of multigraded Hilbert schemes that are both smooth and irreducible.

To be more explicit, let S be a polynomial ring over Z that is graded by an abelian group A.
A homogeneous ideal I C § is admissible if, for all a € A, the Z-module (S/1), = S,/1, is alo-
cally free with constant finite rank on Spec(Z). The Hilbert function i g/; : A — N is defined by
hsyi(a) :==rankz(S/I),. Given h : A — N, Theorem 1.1 of [12] shows that there is a quasipro-
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jective scheme Hilb’; parametrizing all admissible S-ideals with Hilbert function /4. Our main
result is:

Theorem 1.1. If S = Z[x, y] is graded by an abelian group A, then for any function h : A — N
the multigraded Hilbert scheme Hilbg is smooth and irreducible.

This theorem proves the conjecture in [12, Example 1.3] and [22, Conjecture 18.46]. Since
Spec(Z) is the terminal object in the category of schemes, the theorem also extends, via base
change, to the category of B-schemes where B is any irreducible scheme.

The hypothesis that S has two variables is essential in Theorem 1.1. Example 1.4 of [12]
demonstrates that multigraded Hilbert schemes can be reducible when § has three variables.
Even if one restricts to the standard Z-grading, Theorem 1.2 of [3] shows that irreducibility
fails; this also shows that the corank two result for toric Hilbert schemes [20, Theorem 1.1] does
not extend to all multigraded Hilbert schemes. Remarkably, especially when compared with the
connectedness of the Grothendieck Hilbert scheme [13, Corollary 5.9], Theorem 1 of [27] shows
that multigraded Hilbert schemes can be disconnected. This evidence indicates that irreducibility
of Hilb@ is rather exceptional.

Similarly, one does not expect a general multigraded Hilbert scheme Hilbg to be smooth.
Indeed, the philosophy in [29, §1.2] suggests that most multigraded Hilbert schemes contain
complicated singularities. For example, Theorem 1.1 of [29] establishes that every singularity
type of finite type over Spec(Z) appears on some Hilbg when § has at least five variables. With
this in mind, Theorem 1.1 provides a surprisingly comprehensive, but certainly not exhaustive,
class of smooth and irreducible multigraded Hilbert schemes.

We were particularly inspired by [6], although each basic step in the proof of Theorem 1.1 has
a counterpart in at least one of the following papers [13,7,16,25,23,11,21,15,20,24,8]. The basic
steps in the proof are:

(i) We prove that either Hilb; = P x Hilb/} or Hilb, = A" x Hilb" where Hilb", parametrizes
ideals with codimension greater than one.
(i1)) We identify a distinguished point on Hilbg and connect each point to this distinguished
point by a rational curve.
(i11)) We establish that the dimension of the tangent space is constant along these rational curves.
(iv) We show that the distinguished point on Hilbg is nonsingular.

In all four steps, the combinatorial structure of the arguments allows us to work over an arbitrary
field k, so we are able lift our results to multigraded Hilbert schemes over Z.

The first step, which appears in Section 2, shows that the multigraded Hilbert scheme Hilbg
parametrizing codimension-one ideals naturally splits into a product of a multigraded Hilbert
scheme parametrizing equidimensional ideals of codimension one and a multigraded Hilbert
scheme parametrizing ideals of higher codimension. This is tantamount to proving that there ex-
ists a functorial homogeneous factorization of the ideals with Hilbert function 42 : A — N. Among
the papers listed above, only [7, §1] solves an analogous problem. Nevertheless, our factorization
is striking because the primary decomposition of an ideal needed not be homogeneous when the
grading group A has torsion; see [22, Example 8.10]. We establish this decomposition when S is
a polynomial ring over k with an arbitrary number of variables. In the two variable case it plays
a crucial role by reducing the proof of Theorem 1.1 to the study of schemes Hilbg parametrizing
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ideals with finite colength. As a result, the remaining three steps assume that S = k[x, y] and
h : A — N has finite support.

In Section 3, we distinguish a point on Hilb@ by imposing a partial order on the set of all
monomial ideals with Hilbert function 4 : A — N. The distinguished point corresponds to the
maximum element in this poset, which we call the lex-most ideal. In the standard Z-grading, the
lex-most ideal coincides with the lex-segment ideal and corresponds to the lexicographic point
on the Hilbert scheme. The larger class of lex-most ideals is required because lex-segment ideals
do not necessarily exist for a general A-grading; see Example 3.13. In contrast with the standard-
graded case, a lex-most ideal may not have extremal Betti numbers among all ideals with a given
Hilbert function; see Example 3.14. The uniqueness of the lex-most ideal is the most novel aspect
of the second step.

To complete the second step, we exhibit a chain of irreducible rational curves connecting each
point on Hilbg to the distinguished point. Each curve comes from the Grobner degenerations of
a binomial ideal. The binomial ideals, which are edge ideals in the sense of [1], arise from
certain tangent directions. To designate a tangent direction, we use a combinatorial model for
the tangent space to Hilbg at a point corresponding to a monomial ideal. Our model extends
the “cleft-couples” in [6, §2] and generalizes the “arrows” in [11, §2]. Unlike [21,24], we cannot
restrict to Borel-fixed ideals because such ideals do not exist for arbitrary gradings. This approach
has the advantage of proving that Hilbg is rationally chain connected.

The third step, found in Section 4, identifies the tangent space to Hilbg at each point along
these rational curves with a linear subvariety of affine space. Finding the dimension of the tan-
gent space is thereby equivalent to computing the rank of an explicit system of linear equations.
Despite the conceptual simplicity, the inevitable combinatorial analysis is rather intricate. If we
were working over an algebraically closed field of characteristic zero, then we could bypass
this step by combining [17] and [7, Theorem 2.4]. Dealing with an explicit system of equations
remarkably yields a higher level of generality.

For the fourth and final step, we demonstrate that the point on Hilbg corresponding the lex-
most ideal is nonsingular. This superficially resembles the smoothness of the lexicographic point
in the original Grothendieck Hilbert scheme; see [26, Theorem 1.4]. From the previous step
we know the dimension of the tangent space to Hilb’; at the distinguished point. To show that
Hilbg has the correct dimension at this point, it suffices to embed an affine space of the correct
dimension into a neighborhood of the distinguished point. Following [6, Proposition 10], we
achieve this in Section 5 by building an appropriate ideal that has the lex-most ideal as an initial
ideal. The last section of the paper also contains the proof of Theorem 1.1.

Earlier work on the geometry of multigraded Hilbert schemes Hilbg restricted either the possi-
ble grading groups A or the possible Hilbert functions 4 : N — A. In contrast, Theorem 1.1 limits
only the number of variables. Indeed, our set-up deliberately includes gradings, called nonpos-
itive [22, Definition 8.7], of § for which the grading group A has torsion or rankz, S, = oo for
some a € A. Unsurprisingly, the nonpositive gradings are the primary source of technical chal-
lenges. In fact, all four steps would be substantially easier if one excluded these cases.

Our success within this general framework leads to new questions: Can one characterize a
larger collection of connected multigraded Hilbert schemes? When the polynomial ring S has
more than two variables, does there exist a unique lex-most ideal? Do the maximal elements in
the poset of monomial ideals with a given Hilbert function correspond to a nonsingular points?
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1.1. Conventions

Throughout the paper, k is a field and N is the set of nonnegative integers. We write §; ; for
the Kronecker delta: §; ; =1 if i = j and 0 otherwise. The lexicographic order on k[x, y] with
x >y is denoted by >, and the lexicographic order on k[x, y] with x < y is denoted by >_. For
an ideal I CK[x, y], in-, (I) and in._([) are the initial ideals of I with respect to >, and >_.

2. Factoring multigraded Hilbert schemes

We show in this section that the scheme Hilbg naturally splits into a product of a multi-
graded Hilbert scheme parametrizing equidimensional codimension-one ideals and a multigraded
Hilbert scheme parametrizing ideals with codimension greater than one. Let k be a field, let A
be an abelian group, and let S := k[x] = k[xy,...,xy] be an A-graded polynomial ring with
N > 2. Unlike the other sections, we do not assume that N = 2 in this section of the paper. We
begin with a description of the multigraded Hilbert schemes parametrizing principal ideals.

Lemma 2.1. Let f € S be a homogeneous polynomial of degree d € A such that the ideal
I :=(f) is admissible. If h : A — N is the Hilbert function of S/I and m := h(d), then

P if dimy S < 00,
Hilb; = Y dimyc So

A" if dimy S = oo.
Proof. To begin, assume that dimy So < co. By [22, Theorem 8.6], we have that dimy S, < 0o
for all a € A, and Sy = k. Thus the Hilbert function hg : A — N given by hg(a) = dimy S, is
well-defined. Multiplication by f produces the short exact sequence

0— S(—d)y—S—S/1 -0,

which shows that h(a) = hg(a) — hs(a — d). Since So =k, it follows that h(d) = hs(d) — 1,
so dimg(Jy) =1 for any ideal J with Hilbert function & : A — N. Applying this analysis to
an element g € J;, we conclude that J = (g), so all ideals with Hilbert function 7 : A — N
are principal and generated in degree d. Hence, Hilbg parametrizes the one-dimensional sub-
spaces of Sy; in the language of [12, §3], the set {d} is very supportive. Therefore, we have
Hilb? =P,

Secondly, assume that dimy So = co. The hypothesis that / is admissible places significant
restrictions on Sp. Let x* be the initial term of f with respect to some monomial order on S.
By [4, Theorem 15.3], the monomials not divisible by x* form a k-basis for S/I. Since I = (f)
is admissible, all but finitely many monomials in Sy are divisible by x¥. It follows that Sy has a
homogeneous system of parameters consisting of a single element, so the Krull dimension of Sy
is 1. The ring Sy is a normal semigroup ring by [22, p. 150], so we deduce that Sy = k[x"] for
some monomial x¥ € S.

We next examine the S-module structure of the graded component S;. Let r € N be the largest
nonnegative integer with u — rv € NV and set w :=u — rv. Let x™’ be another monomial of
degree d. Since dimy(S/[)g < 0o, all but finitely many monomials in S; are divisible by x¥.
Hence, the monomial x¥' Y i divisible by x* for all s > 0, so for such s we have w” :=
(W' + sv) — (w +rv) = (W — w) + (s — r)v € NV with deg(x®") = 0. Thus w” = £v for
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some ¢ € N and so w’ — w is a multiple of v. By the construction of w this multiple must be
nonnegative, so Sy has k-basis {x¥**?: 5 € NJ.

Finally, any monomial ideal with Hilbert function 4 must contain x**"?, Since (x*) has
Hilbert function 4, we have r = m and there is only one monomial ideal with this Hilbert func-
tion; in the language of [12, §3] the set {d} is very supportive. Therefore, Hilbg parametrizes the
ideals of the form (x* + c1x"™% 4 - + ¢, x"7"") where c; €k, so Hilbg =A". O

The next lemma contains the necessary algebraic preliminaries for factoring multigraded
Hilbert schemes. The proof is complicated by our need to work over polynomial rings with
coefficients in an arbitrary Noetherian k-algebra.

Lemma 2.2. Let K be a Noetherian k-algebra, let R := K ®y S be the A-graded polynomial
ring with coefficients in K, and let I be a R-ideal. If J is the intersection of the codimension-
one primary components of I and Q := (I : J), then J and Q are homogeneous, J is a locally
principal K -module, and I = J Q. Moreover; if Spec(K) is connected and I is admissible, then
both J and Q are admissible ideals.

Remark 2.3. The empty intersection of ideals equals R by convention, and N > 2, so J # 0. If
K is a unique factorization domain, then J is simply generated by a greatest common divisor of
any generating set for /. This follows from observation that in a unique factorization domain a
primary ideal whose radical has codimension one is principal.

Proof of Lemma 2.2. We first show that J is homogeneous. Since we may assume that
deg : NV — A is surjective, the structure theorem for finitely generated abelian groups implies
that A=Z" @Z/mZ & --- ® Z/msZ. It suffices to show that J is homogeneous with respect
to each summand of A. The codimension-one primary components of / are homogeneous with
respect a torsion-free grading by [2, IV, §3.3, Proposition 5], so J is also homogeneous with
respect to a torsion-free grading. The case A = Z/mZ remains. Consider an integral extension
k’ of the field k containing an mth root of unity w, and set R :=k’ ® R. Let I’ := k' ® I and
let J' be the codimension-one equidimensional component of /’. From the intrinsic descriptions
J={f€R: codim(/: f)>2}and J'={f € R": codim(I’: f) > 2}, we see that J = RN J'.
Thus, it is enough to show that J’ is homogeneous with respect to a (Z/mZ)-grading.

To accomplish this, fix generators for J'. For a generator f € R', set f =) .4 fa Where
each f, is homogeneous of degree a € A. We may assume that the generating set for J’
has been chosen so that f, does not lie in J' if f # f, and f, # 0. Consider the automor-
phism ¢ : R" — R’ defined by ¢ (x;) = w%8™)x; for 1 <i < N. Since ¢ permutes the set of
codimension-one primary components of I’, we have ¢ (J') = J'. If f, #0,then 0* f — ¢ (f) =
Yogesl@® — a)“/) fu € J' has fewer homogeneous parts. Iterating this procedure, it follows that
one of the nonzero f, lies in J' which means that f is itself homogeneous. Therefore, J' has a
homogeneous set of generators and J is homogeneous.

Next, consider p € Spec(K) and let k(p) := K, /pK,, be the residue field at p. It follows from
Remark 2.3 that J ®k k(p) is generated by the greatest common divisor of a generating set for
I ®k k(p). Since the ideal pRy lies in the Jacobson radical of Ry, := R ®g Kj, Nakayama’s
Lemma implies that J, := J ®g K, is generated by a single element f, so the ideal J is a
locally principal K-module and f ¢ pRy,.

To complete the first part, we examine Q := (I : J). Since I and J are homogeneous, the
ideal Q is as well. To see that I = J Q, it suffices to regard these ideals as K-modules and
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work locally. Suppose that p € Spec(K) and I, :=1 Qx Ky = (f1,..., fe). Since I, C Jp =
(f), we must have f; = ff/ for some f/ € R,.If g € Qp = (Ip : Jp) then fg =) g fi for
some g; € Ry, so f(g — > gi f/) =0. Because f either generates a codimension-one ideal or
is a unit, it is not a zerodivisor, so & € (f, ..., f;). We conclude that Q, = (f7,..., f;) and
Iy =JpQp.

It remains to show that J and Q are admissible ideals. Let d := deg(f) € A. Since the ho-
mogeneous generator f of Jy is not zerodivisor, there is a short exact sequence of Ky-modules
0— (Rp)a—a = (Rp)a = (Rp/Jp)a — O for each a € A. Since f ¢ pRy, this sequence shows
that Tor}ep (k(p), (Rp/Jp)a) = 0. The surjection (Ryp/Ip)q — (Rp/Jp)a of Ky-modules estab-
lishes that (Rp/Jp), is finitely presented. Hence, Corollary 2 to [2, II, §3.2, Proposition 5]
implies that (Ry/Jp), is free as a Ky-module for all a € A. Multiplication by f also produces
the short exact sequence

0— (Rp/Opla—d —> (Rp/Ip)a = (Ry/Jp)a — 0. (2.3.1)

The admissibility of / guarantees that (Ry/Iy), is a finite rank free Ky-module for all a € A.
The sequence (2.3.1) splits, so (Rp/Qyp), is free Kyp-module of finite rank and (Ry/Jp), has
finite rank. Since rank is upper semicontinuous, (R/I), has constant rank on Spec(K), and
Spec(K) is connected, we conclude that (R/Q), and (R/J), have constant rank on Spec(K)
forallae A. O

Before factoring multigraded Hilbert schemes, we record a geometric observation.

Lemma 2.4. Given a function h : A — N, there is a constant ¢ = c(h) such that, for each Noethe-
rian k-algebra K, every admissible ideal I C S @k K with Hilbert function h has codimension c.

Proof. Let K be a Noetherian k-algebra and let / € § ® K be an admissible ideal with Hilbert
function & : A — N. By restricting to the torsion-free component of A and the induced Hilbert
function, it is enough to prove the result when A = Z". Suppose that P € Ass(I). We first claim
that p := P N K is a minimal prime ideal in K. Since P is an associated prime of I, there exists
fe€R:=8Q® K suchthat P=(1: f),solf €l forall [ €p. Since (Ry/Ip), 1s a free K-
module for all a € Z", we have either f/1 =0or /1 =0 in Ry/I,. The first possibility would
contradict p = (I : f)N K, sothereis !’ € K \ p with 'l =0 € K. Hence all primes in Spec(K)
contained in p must contain /. Because [ was an arbitrary element of p, we deduce that p is a
minimal prime.

The codimension of / in R is the minimum of the codimensions of prime ideals in R con-
taining /. If P is a minimal prime ideal containing 7, then P € Ass(/). Since p = P N K is
minimal in Spec(K), all prime ideals in R contained in P also intersect K in p, so codim(P, R) =
codim(Py, Rp) = codim(Py /pRy, k(p)[x]) where k(p) := K, /pK is the residue field at p. Ap-
plying this to a prime ideal P satisfying codim(/, R) = codim(P, R), we see that codim(/, R) =
codim(/p, Ry) = codim(ly, /pRy, k(p)[x]). Since I, /pRy is an admissible ideal in k(p)[x] with
Hilbert function 4 : A — N, the proof reduces to the case in which K is a field.

In this case, we have codim(/, R) =dim R —dim ! = N — dimin(/) for any monomial initial
ideal in(I) of I. Therefore, it suffices to observe that the dimension of a monomial ideal M
is determined by its Hilbert function with respect to a Z’-grading. For any a € Z", consider
the function 4, : N — N defined by &, (n) := h(na). By combining Theorem 1 in [28] with an
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appropriate Stanley decomposition of M (cf. [19, §3]), we see that the function &, agrees with a
quasipolynomial of degree d,; for n >> 0 and the dimension of M is r + max{d,: a € Z"}. O

The following theorem is the key result in this section.

Theorem 2.5. Let H be a connected component of Hilbg. There exists a Hilbert function
h' : A — N such that H is isomorphic to X x H', where X is either P or A™ for some m € N,
H' is a connected component of Hilb", and H' parametrizes admissible ideals with codimension
greater than one.

To establish this decomposition, we use the associated functors of points; see [5, §VI]. Let
hz be the functor of points determined by a scheme Z. For a k-algebra K, we have hz(K) :=
Hom(Spec(K), Z). From this point of view, a morphism of schemes Z — Z’ is equivalent to a
natural transformation hy — hy of functors. Since the schemes in Theorem 2.5 are all locally
Noetherian over k, we may assume that their associated functors of points map from the category
of Noetherian k-algebras to the category of sets.

By definition [12, §1], the scheme Hilbg represents the Hilbert functor Hilbg. Recall that a
homogeneous ideal I in K ®y S is admissible if, for all a € A, the K-module (K ®k S;)/1, is a
locally free of constant rank on Spec(K). For a k-algebra K, Hilbg (K) 1is the set of all admissible
ideals I in K ®j S with Hilbert function 2 : A — N.

Proof of Theorem 2.5. Consider the ideal sheaf .# on H x AY which defines the universal
admissible family over H with Hilbert function 2 : A — N. If .# is zero, then the theorem is
trivially true, so we may assume that .# # 0. Let _# be the intersection of the codimension-one
primary components of .. Since H is connected, Lemma 2.2 shows that ¢ and £ := (% : _¢)
are admissible. Let A’ : A — N and A" : A — N be the Hilbert functions associated to .2 and
¥ respectively. Lemma 2.2 also shows that _¢ is locally principal over H, so h” is the Hilbert
function of some principal S-ideal. The degree of the local generator for ¢ is constant, because
H is connected. By combining these observations with Lemma 2.1, we see that X := Hilbgﬁ 1s
isomorphic to either P or A" for an appropriate m € N.

We next define a natural transformation @ : hy — hy x Hilb]g. Let K be a Noetherian k-
algebra and set R := K ®x S. Given an R-ideal / corresponding to a K -valued point of H, there
is amap Spec(K) — H such that / is the pull-back of .#". Using this map to pullback ¢ and 2,

we obtain ideals J € hx(K) and Q € Hilbg/(K). Set @(I) :=(J, Q). Let H' be the connected

component of Hilbg/ containing the image of @,s0 @ :hy — hy x hy.

To construct the inverse of @, consider K -valued points of X and H’ corresponding to R-
ideals J’ and Q’ respectively. Our choice of Hilbert functions i’, h” : A — N together with
Lemma 2.4 show that Q' has codimension greater than one and J’ has codimension at most
one. The proof of Lemma 2.1 establishes that J' is a locally principal K-module, so Jy, = (f”)
where f’ is a homogeneous nonzerodivisor of degree d € A. Set I’ := J'Q’. We claim that
(I' : J') = Q. Tt suffices to regard these ideals as K-modules and work locally. Suppose that
Qp = (f1,..., fe),sothat I = (f' fi,..., f'fo). I g € (I, : f') then gf" =3 g; f' fi for some
8i € Ry, s0 f'(g —>_gi fi) =0 and thus g € Q},. The other inclusion is immediate, so we have
(I":J') = Q'. Thus multiplication by f’ gives the short exact sequence 0 — (Ry/Qy)a—a —
(Rp/lg)a — (Rp/-];;)a — 0. It follows that I” is admissible with Hilbert function 4 : A — N.

The map (J/, Q') — J'Q’ then defines a natural transformation ¥ : hy x hy — Hilbg. If I is
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a K-valued point of H, then Lemma 2.2 implies that I = J Q, where ®(I) = (J, Q), so I lies
in the image of ¥ . Therefore, the unique connected component of Hilbg containing the image of
VisH,and¥ :hx x hyg: — hy.

To finish the proof, we observe that @ and ¥ are mutually inverse. In the last paragraph
we showed that ¥ o @ is the identity on H, so it suffices to check that if J' and Q' corre-
spond to K -valued points of X and H’, then J’ is the codimension-one equidimensional part of
J'Q’. The fact that Q" = (J' Q' : J') then follows as above. Again it suffices to work locally on
Spec(K). Since (Ié f = Q; has codimension greater than one by Lemma 2.4, f’ lies in the
codimension-one part of I”J. If f did not generate I’; there would be a nonunit common divi-
sor of every generator of Q;, which would contradict codim(Q;, Ry) > 1. Hence, ®@ o ¥ is the
identity on hy x hy. O

Example 2.6. Suppose that A = 7Z, S = Kk[x, y], deg(x) =1 and deg(y) = —1. Let h: A > N
be the Hilbert function of the ideal I = (x4y3, x3y4, x2y5) = (x2y3) - (x2, xy, y?). Since The-
orem 1.1 establishes that Hilbg‘ is irreducible, it follows from Theorem 2.5 that Hilbg =
Hilb"' x Hilb® = A2 x Hilb}, where /" : A — N is the Hilbert function of the ideal J = (x2y?)
and &' : A — N is the Hilbert function of the ideal Q = (x2, xy, y?). Since S_; has k-basis
{y,xy?, x2y3, ..}, Hilbgﬁ parametrizes all ideals (x?y? + c1xy? + c2y) with ¢, ¢ € k.

3. Rationally chain connected

In this section, we prove that Hilb}Sl is rationally chain connected when k is a field, S =
kix, yl,and |h]| :=)_,. 4 h(a) < co. Indeed, we show that there exists a distinguished monomial
ideal in S, called the lex-most ideal, and a finite chain of irreducible rational curves on Hilbg
connecting any point to the point corresponding to this lex-most ideal. The key to exhibiting
these curves is a combinatorial model for the tangent space to Hilbg at a point corresponding to
a monomial ideal.

Consider a monomial ideal M in § with Hilbert function # : A — N and let x70y%0,
xPrydr . xPnydr be the minimal generators of M where pg > --- > p, >0 and 0 < gg <
-+ < ¢qp. The ideal M has finite colength if and only if p, =0 = go. An arrow associated to M
is a triple (i, u,v) € N3 where 0 <i < n, the monomial x?i y? is a minimal generator of M, and
x"y? is a standard monomial for M with the same degree as x?i y%i. Because x"y" ¢ M, we must
have either u < p; or v < g;. We visualize an arrow (i, u, v) as the vector [z:é’i i] originating at
the (p;, gi)-cell and terminating at the (u, v)-cell; see Fig. 1.

Remark 3.1. Despite similar nomenclature, our definition of an arrow is different from
[11, Proposition 2.4], [15, §2] and [22, §18.2]. In these sources, an ‘arrow’ refers to an equiva-
lence class of vectors; the equivalence relation arises from certain horizontal and vertical transla-
tions. By fixing the tails of our arrows at minimal generators of M, we are choosing elements in
each equivalence class. The ‘significant arrows’ defined below are in bijection with the nonzero
equivalence classes. This strategy follows [6, §2].

Arrows are classified by their direction and position of their head relative to M. To indicate
the direction, we say that an arrow (i, u, v) is positive if u > p;, nonnegative if u > p;, non-
positive if v > q;, or utterly insignificant if both u < p; and v < ¢g;. The second aspect of our
classification is determined by the monomial x*y" which we regard as the head of the arrow
(i, u, v). A nonnegative arrow (i, u, v) is significant if i > 0 and x“*Pi-1=Piy¥ ¢ M. We denote
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Fig. 1. Three significant arrows for (x ,xzy, yz).

by T>0(M) the set of all nonnegative significant arrows of M. The subset of T (M) consisting
of all positive significant arrows plays a central role and is denoted by T4 (M). Similarly, we
call a nonpositive arrow significant if i <n and x“y"~% 74+ € M, and denote by T<o(M) the
set of all nonpositive significant arrows of M. An arrow is simply significant if it belongs to
T (M) :=T>o(M) U T<o(M), and insignificant otherwise. As the notation suggests, the signif-
icant arrows index a basis for the tangent space to Hilbg at the point corresponding to M; see
Section 4.

Remark 3.2. By definition, every utterly insignificant arrow is insignificant. If (i, u, v) is an
utterly insignificant arrow, then we have deg(x?i"%y4i=") =0 € A, so dimy So = oo. If (i, u, v)
is an arrow with either u = p; or v = g;, then either v < ¢; and deg(y?" ") =0€ Aoru < p;
and deg(x?"~") =0 € A. In either case one variable has torsion degree, which also implies that
dimy Sp = o0.

Next, we associate an irreducible rational curve on Hilb’; to each positive significant arrow
o= (k, L+ px,m+ qx) € T (M). To describe this curve, we define the «-edge ideal to be

I, (1) = (xp"y‘ﬁ: 0<i< k) + (xp"yq" —txttpi Yy ke <i < n), (3.2.2)

where ¢ € k. By construction, the S-ideal I, (¢) is homogeneous with respect to the A-grading and
M = 1,(0). We occasionally regard I, (¢) as a family of ideals over the base Al = Spec(klz]).

Example 3.3.If A =0 and M = (x*, x2y, y2), then

T>o(M)=1{(1,3,0),(1,2,0),(2,3,0),(2,2,0), (2, 1,1), (2,0, D},
T<o(M) ={(0,3,0),(0,2,0),(0,1,1),(0,0,1), (1, 1, 1), (1,0, )},
T(M)=1{(1,3,0),(2,3,0),(2,2,0), (2,1, D} .

The insignificant arrows are (0, 0, 0), (0, 1,0), (1,0,0), (1,1,0), (2,0,0) and (2,1,0). If « =
(1,3,0) e T (M) thenk=1,£=1,m = —1 and I, (t) = (x*, x*y — x>, y?> — txy). The arrows
(1,3,0) € T (M), (0,0,1) € T¢o(M) and (2,0, 1) € T>o(M) are pictured in Fig. 1.

The next result justifies our choice of generators for /,(¢). We write >_ for the lexicographic
monomial order on § =k[x, y] with x < y, and §; ; is the Kronecker delta.

Lemma 34. If « = (k, £ + px,m + qx) € T+ (M), then the defining generators of 1,(t) form
a minimal Grobner basis with respect >_ and M = in~_(1,(t)). Moreover, there is an index o
such that 0 < o <k, £ + px—1 = po, m + qx = q,, and the syzygies of 14(t) are generated by
y4i-1tdie; | — xPi-17Pig; — §; ptxtHP-1"Poymthi—doe for 1 <i <n where ey, ..., e, is the
standard basis for the A-graded free S-module @@'_, S(— deg(xPi yii)).
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Proof. Since the minimal generators of M are the initial terms with respect to >_ of the defining
generators of I, (), it suffices to show that these generators form a Grobner basis. By Buchberg-
er’s criterion [4, Exercise 15.19], we need only prove that certain S-polynomials reduce to zero
modulo the generators of 1, (), namely those for pairs of generators corresponding to the mini-
mal syzygies of M. For any monomial ideal in the ring S = k[x, y], Proposition 3.1 of [22] shows
that the minimal syzygies correspond to adjacent pairs of minimal generators. The S-polynomial
between any pair of monomials is always zero. For any pair of adjacent binomial generators in
I4(1), the S-polynomial is

y—61i—1+qz‘ (xpi—lyqi—l _ txﬁ-i-m—lym-l-qi—l) — xPi-1—pi (xpiyqz' _ th+Piym+61i) =0,
where k < i < n. Hence, the final S-polynomial to examine is
—qk—1+ - _ 11— {+ m+ _ i A+ pr—1, m+
y qrk—1 Qk(xpk 1ka 1)_xpk 1 pk(xpkyCIk_tx Pky qk)—tx Pk ly gk

Since o € T (M), we have £ > 0 and m < 0, so the monomials x? y4i for i > k cannot divide
xtP-1ymtak However, a € T (M) implies that x¢+Pk-1ym+ac ¢ M| so xtHPi-1ym+ac js di-
visible by at least one of the monomials x” y?> for o < k. Therefore, the final S-polynomial
reduces to zero modulo the generators of I, (¢). The assertion about the syzygies of I (¢) then
follows from [4, Theorem 15.10]. O

Example 3.5. If A =0, M = (x* x%y, y?) and @ = (1, 3,0) € T-(M) as in Example 3.3, then
the syzygies of the a-edge ideal I, (¢) are generated by yeq — x%e; — xteg and ye; — x%e;; here
o =0.

Example 3.6. If A=0, M = (x7,x6y,x5y2,x4y3,x2y4, y6), and ¢« = (4,3,2) € T (M), then
the syzygies of the a-edge ideal I, (¢) := (x7, x0y, x7y% x*y3, x2y* — rtx3y?, y6 — rxy*) are
generated by yep — xej, ye; — xe, yes — xe3, yez — x2es — te; and y2e4 — x2e5: the index o
is 2.

Following [30, Théoreme 3.2] (also see [6, Definition 17]), we introduce a partial order on the
set of all monomial ideals with a given Hilbert function. Given two monomial ideals M and M’
with the same Hilbert function, we say M’ = M if, for all monomials x” y* € S, the number of
standard monomials for M” with degree equal to deg(x" y*) lexicographically less than or equal
to x"y® is at least the number of standard monomials for M with degree equal to deg(x” y*)
lexicographically less than or equal to x” y*. The reflexivity, antisymmetry and transitivity of >=
follow from the properties of the canonical order on N. Given a Hilbert function 2 : A — N, let
Pp, denote the poset of all monomial ideals with Hilbert function . If M" £ M and M’ = M,
then we write simply M’ = M.

Remark 3.7. Following [22, §3.1], we identify a monomial ideal M in S = k[x, y] with its
staircase diagram. When the Hilbert function 47 : A — N of M satisfies |h| < oo, the staircase
diagram of M is a Young diagram (in the French tradition). Hence, the rows of the diagram
correspond to the parts of a partition of |2|. When A =0, and || < oo, the partial order > is the
dominance order applied to the conjugate partitions.
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Fig. 2. Hasse diagram for the poset in Example 3.8.

Example 3.8. Suppose that A = Z and deg(x) = 1 = deg(y). Among the eleven monomial ide-
als of colength six in S, there are exactly six monomial ideals with Hilbert function given by
h)=1,h(1)=2,h2) =2, h(3) =1 and h(a) =0 for all a > 3. Fig. 2 illustrates the Hasse
diagram for the poset Pj,.

The next lemma records a well-known geometric interpretation for Grobner bases. We write
>, for the lexicographic monomial order on S = k[x, y] with x > y.

Lemma 3.9. Given an S-ideal I corresponding to a point on Hilb", the Grobner degenerations

of I with respect to > and >_ describe an irreducible rational curve on Hilbg containing the
points corresponding to I, in-_(I) and in-._(I).

Proof. Proposition 15.16 in [4] gives a weight vector w € 72 such that iny (/) = in~_ (I) and
in_y (1) =in-, (/). Applying Theorem 15.17 in [4], we obtain a flat family of admissible ideals

over P! in which the fibers over 0, 1 and oo are in~. (I), I and in-. . (1) respectively. Since Hilbg
is a fine moduli space, this family gives a map from P! to Hilbg whose image contains the points
corresponding to 7, in-_(/) and in. (/). O

We now apply Lemma 3.9 to describe the irreducible rational curve on Hilbg associated to the
positive significant arrow o € T4 (M).

Proposition 3.10. Let M be a monomial ideal in S. If « € T (M) and t # 0, then 1,(t) has
exactly two initial ideals, namely M = in-_(I,(t)) and M’ := in., (I4(2)). Moreover, we have
M' = M and, on Hilbg, the points corresponding to M and M’ lie on an irreducible rational
curve.

Proof. Let o = (k, £ + pi, m + gi) and consider the vector [}f;] € 7?. By construction, the ideal
¢
m
that is homogeneous with respect to this grading has only two possible initial terms. Moreover,
these two initial terms are given by >; and >_. Hence, there are only two equivalence classes of
monomial orders with respect to 1, (¢). It follows that 1, (¢) has at most two distinct initial ideals.

I, (1) is homogeneous with respect to the induced (Z2/ Z[ ])—grading of S. A polynomial in §
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Lemma 3.4 shows that M = in-_(/,(¢)). Lemma 3.9 shows that the Grobner degenerations of
1, (t) give with an irreducible rational curve on Hilbg containing the points corresponding to M,
I,(t) and M’, so it remains to show that M’ > M.

Since 1 # 0, we know I,(t) # M, so M = in._(I4(t)) implies M # M’. Suppose that
M’ # M, this means there exists a monomial x” y* € S such that the number of standard mono-
mials for M’ with degree equal to deg(x"y*) lexicographically less than or equal to x"y* is
strictly less than the number of such standard monomials for M. Choosing x” y* to be the lex-
icographically smallest monomial with this property guarantees that x"y* € M’, x"y* ¢ M and
each monomial lexicographically less than or equal to x” y* with degree equal to deg(x"y*) is
either in both of M’ and M or in neither monomial ideal. Because 1, (¢) is a binomial ideal,
the remainder of x"y* on division by the Grobner basis for /,(¢) with respect to > is a
monomial, say x"y”. Since M" =in. (I4(t)), we have x"y” ¢ M’', so x"y* # x"y". Hence,
x"yS — t*x"y? € I, (t) for some A > 0 and x” y*>, x*y" which implies that x*y¥ ¢ M. But this
means in-_ (x"y* — t*x%y¥) ¢ M =in._(I,(t)) which is a contraction. O

Example 3.11. If A =0, M = (x* x?y,y?) and « = (1,3,0) € T (M) as in Example 3.3,
then we have I, (1) = (x*, x2y — tx3, y? — rxy) and its initial ideals are M = in-. (I, (7)) and
M’ = (x3 xy, y*) =in., (Io(1)). The map [z0 : z1] > (x*, zox%y — z1x%, 20y% — z1xy, y*) in-
duces a morphism from P! to the appropriate multigraded Hilbert scheme. In particular, we have
[1:0]— M,[0:1]— M',and [1:¢]+> I,(2).

For a Hilbert function 4 : A — N satisfying |h| := )
of the ideals parametrized by Hilb}S’.

aca h(a) < 00, |h| equals the colength

Proposition 3.12. For a Hilbert function h : A — N with |h| < 0o, there exists a unique mono-
mial ideal Ly, € Py, such that T (Ly) = . Thus, the poset Py, has a unique maximal element.

We call the monomial ideal L of Proposition 3.12 the lex-most ideal with Hilbert function 4.

Proof of Existence. Asserting & : A — N is a Hilbert function means that there exists an ideal
I with Hilbert function equal to . Hence, M = in-_(I) is a monomial ideal with Hilbert func-
tion 4. There are only finitely many monomial ideals with Hilbert function %, so the poset Py,
has at least one maximal element. Proposition 3.10 shows that M € Py is not maximal when
T (M) # . Therefore, there is at least one monomial ideal Lj € Pj, with T (Ly) =@. O

Proof of Uniqueness. We induct on |4|. Proposition 3.10 shows that only monomial ideals with
no positive significant arrows can be maximal elements of Pj,. Suppose that the monomial ideal
M = (xPoy?0 .. xPryir) is a maximal element of Py, so T+ (M) = . Since |h| < oo, M has
finite colength and p, =0 = qo. If || =0 or 1, then (1) or (x, y) respectively is the unique
monomial ideal in Py, so the base case of the induction holds.

For the induction step, we examine the ideal (M : y). The minimal generators of (M : y)
are either (xpo,xp‘yQI_l, e, yq"_l) when g1 > 1 or (xP‘,xpzyqz_l, e yq"_l) when g1 = 1.
As a preamble, we prove that Ty (M : y) = ¢. If there exists a pair (x?iy% 1, x*y¥~1) corre-
sponding to a positive significant arrow of (M : y), theni > 0, u — p; > 0, and x**Pi-1=Piyv=1
€ (M : y). The definition of the ideal quotient implies that x*y® ¢ M, and x“tPi-1=PiyV ¢ M.
Hence, (i, u, v) € T4 (M) = () which is a contradiction. Additionally, the short exact sequence
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implies that |h'| =) ,_4 h'(a) = |h| — po < |h| where ' : A — N is the Hilbert function of
(M : y), so the induction hypothesis ensures that (M : y) is unique. Therefore it suffices to
show that all the maximal elements of P} contain the same power of x as a minimal genera-
tor.

To complete the proof, we assume that M is chosen so that the power of the minimal generator
xP0 is maximal among all the maximal elements of P,. We break our analysis into two cases.
First, suppose that there is no standard monomial x*y? of M with degree equal to deg(x”0~!) —
deg(y) such that x“y**! € M. It follows that

h:=h(deg(x?")) — h(deg(x"~") — deg(y))

is the number of standard monomials for M of degree deg(x”°~!) that are pure powers of x.
Moreover, x?0~1 must be the #th such monomial. For any M’ € Py, there must be at least A stan-
dard monomials of degree deg(x?0~!) that are pure powers of x. As a result, x”°~! is standard
for all M’. From our choice of M, we conclude that all the maximal elements of P}, contain x?0
as a minimal generator in this case.

For the second case, suppose that there is a standard monomial x“y¥ of M with degree equal
to deg(xP°~!) — deg(y) such that x*y**! € M. Since there exists a minimal generator of M
dividing x”yv+1, there is an index i > O such that p; <u < p;—jandg; =v+1.Ifu < pg— 1
then we have (i, po — 1 + p; — u,0) € T (M) = (§ which is a contradiction. Hence, we may
assume that u = pg — 1 which implies that (v + 1) deg(y) = deg(y”“) = 0. Now, consider a
hypothetical monomial x”y* € § satisfying deg(x”y*) = deg(x”°~!) and r < po — 1. Since the
ideal M has finite colength, there is a ¢ > v + 1 such that x"y¢ € M and x"y¢~! ¢ M. Thus,
there is 0 < & < v with deg(x"y*) = deg(x’yf_f), because deg(y”“) =0.If 1 <j<nisthe
index such that p; <r < pj_ and { = g}, then we have deg(x?/y9/) = deg(xPo~1=7+PiyE) 5o
(j,po—1—r+pj;,§) € T (M) =¥ which is a contradiction. In other words, the hypothetical
monomial x” y* cannot exist. Since 4 (deg(x?9~1)) > 0, we deduce that x”0~! must be a standard
monomial for all M’ € Pj,. From our choice of M, we again conclude that all the maximal
elements of Py, contain x”° as a minimal generator in this case. O

Example 3.13. Suppose that A = Z/37Z, deg(x) = 1 and deg(y) = 1. The monomial ide-
als in S with Hilbert function h(0) =2, h(1) =3 and h(2) = 1 are M := (x°,xy, y?) and
M’ := (x?,xy, y°). The poset P} is the chain M’ > M. Since we have x>, y’, deg(x) = deg(y”),
y’ € M’ and x ¢ M’, it follows that the lex-most ideal M’ is not a lex-segment ideal. See
[22, §2.4] for more information on lex-segment ideals.

Example 3.14. Suppose that A = 0. The monomial ideals in S with Hilbert function 4(0) = 3 are
M = (x3,y), M := (x?,xy, y*) and M" := (x, y?). The poset P}, is the chain M" = M’ = M.
The monomial ideal M’ has the largest Betti numbers rather than the maximal element M” of Py,.
Thus the analogue of the Bigatti—-Hulett Theorem [22, Theorem 2.24] is false.

We end this section with its central result. A scheme is rationally chain connected if two
general points can be joined by a chain of irreducible rational curves; see [18, §1V.3].
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Theorem 3.15. If S = k[x, y] and the Hilbert function h : A — N satisfies |h| < oo, then the
points on Hilbg corresponding to monomial ideals are connected by irreducible rational curves

associated to positive significant arrows. Consequently, Hilbg is rationally chain connected.

Proof. Consider a point on Hilbg corresponding to a monomial ideal M. We first exhibit a finite
chain of curves associated to positive significant arrows connecting the points on Hilbg corre-
sponding to M and Ly. If M # Lj, Proposition 3.12 implies that there exists o« € T (M). If
M’ :=in-_(I4(t)), then Proposition 3.10 produces an irreducible rational curve associated to «
which contains the points corresponding M and M’. Proposition 3.10 also shows that M’ > M
in Py. If M' # L, then we may repeat these steps. Since Proposition 3.12 shows that the lex-
most ideal Lj is the unique maximal element in Py, this process terminates with a curve that
contains the point corresponding to L. Thus, for every pair of points on Hilbg corresponding to
monomial ideals, there is a connected curve containing both points for which every irreducible
component is a rational curve associated to a positive significant arrow.

For each closed point on Hilb’, we produce an irreducible rational curve containing this point
and a point corresponding to a monomial ideal. If the ideal I’ corresponds to a point on Hilb”,
then Lemma 3.9 shows that the Grobner degenerations of I’ give an irreducible rational curve
on Hilb% which contains the points corresponding to I’ and in~._(I’). Therefore, for every pair
of closed points on Hilbg there is a connected curve, in which every irreducible component is
rational, that contains both points. O

4. Tangent spaces

This section relates the combinatorics of the significant arrows to the geometry of the
multigraded Hilbert scheme. Given a monomial ideal M in S = k[x, y] with Hilbert function
h: A — N satisfying |h| < oo, fix @ € T (M) and let 1, (¢) be the «-edge ideal defined in (3.2.2).
We prove that for all # € k the significant arrows of M index a basis for the tangent space to Hilbg
at the point corresponding [, (¢). To accomplish this, we first identify the tangent space to Hilbg
at the point corresponding to 1, (¢) with an explicit linear subspace.

Proposition 4.1. Let M = (xP0y90 ... x99 yi") be a monomial ideal in S with Hilbert function
h:A — Nandleta« = (k,?+ pr,m + qx) be a positive significant arrow for M. The tangent
space to Hilbg at the point corresponding to 1, (t) is isomorphic to the linear subspace of A" :=
Spec(k[cfw: (i, u,v) is an arrow of M) cut out by the homogeneous linear equations

buv
F(G,u,v):= E t“(c"_1 —c
P T u—pl,v+qi—1—gi—pm u—pi—1+pi—ul,v—pum
u=0

— 8k 4 py— (1) v—gi o —(u-i—l)m)’ (4.1.3)

where 1 <i < n, x"y' & M, o is the largest index satisfying 0 < o <k, L + pr_1 > ps and
m + qi = qo, and by, is the largest nonnegative integer satisfying x*~<¢yV=*" e M for all
0<k <byy.
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Remark 4.2. The tangent space to H11bh at the pomt corresponding to M = [,(0) is cut out by

F(Gi,u,v)= cu v+q, g i;—pl,1+p,,v for 1 <i <nand x"y" ¢ M. Lemma 3.4 explains the

importance of the 1ndex 0.

Proof of Proposition 4.1. For simplicity, set [ := I,(¢). Lemma 3.4 shows that the given gen-
erators of / form a minimal Grobner basis with respect to >_, and Proposition 3.10 together
with [4, Theorem 15.3] shows that the standard monomials of M form a k-basis for S/I. By
[12, Proposition 1.6], the tangent space is isomorphic to (HomS(I S / I))o where 0 € A. Given
¥ € (Homg(1, S/I))o, the ith generator of I maps to Zu v Cy v “y¥ where ¢!, , € k and the
sum runs over all arrows for M of the form (i, u,v). If r; is the number of such arrows and
r:=y 1 ori, then each ¥ € (Homg(M, S/M))o produces a point (ci,’v) € A”. Conversely,
a point (ci ,) € A defines ¢ € (Homg (@” 0S(— deg(xpiyql' ), S/I))o by sending the ith stan-
dard basis element e; of @P;_y S(—deg(xPiy¥))to )", , cl ,x"y"; again the sum runs over all
arrows (i, u, v) of M. The syzygies of I determine whether ¢ restricts to (Homg(Z, S/1))o. More
precisely, Lemma 3.4 provides a free presentation of / having the form S”" 9, gntl 1 0.
From this, we obtain the exact sequence

0 — Homg(1, S/I) — HomS(S”H, S/I) KN Homg (S", S/I),

so a point in A’ defines an element (Homg(Z, S/I))o if and only if 8(¢) = ¢ o = 0. This
condition is equivalent to a system of homogeneous linear equations in the c,iw

We next describe this system of equations. Since Lemma 3.4 provides a generating set of
syzygies for I, we see that ¢ € (Homg(Z, S/I))o if and only if we have

0= y—CIi—1+Qi ( Zci’t’—leuyv> — xPi-1—pi ( ZC;’Uxuyu)

u,v u,v

— 8t PP ke ( Zc;’,vx“y"> €S/I.

u,v

where the sums run over all x“y" ¢ M and cfw = 0 when the triple (i, u, v) fails be an ar-
row. Lemma 3.4 also shows that the defining generators for / form a Grobner basis such that
in._ (/) = M. By taking the normal form with respect to the generators of I, these equations
produce an equation for each triple (i, u,v) such that 1 <i <n and x“y” ¢ M. To be more
explicit, observe that the coset in S/ containing x“y” ¢ M can have more than one element
only when x“y¥ e (xt+Piy"+4j: j > k). Let b, , be the largest nonnegative integer such that
xUbyv=rm ¢ M for O < i < by, Since o € Ty (M), we have £ > 0, so u — j£ < 0 for j >0,
and thus b, , < oo. With this notation, the set {x"~ plyv=pm. 0 <y < by v} consists of all the
monomials in S which reduce to x"y” modulo the generators of /. Hence, the equation labelled
by (i, u, v) is

,u i
F(i,u,v):= § :t Cu— ;uz vbgio1—gi—pm — Cu—pi_1+pi—pl,v—pum

= Bk oy — (1) e v— o — Gt D)
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It follows that the tangent space is isomorphic to the linear subvariety of A" cut out by these
homogeneous linear equations. [

Example 4.3. If A =0, M = (x* x?y,y?), and @ = (1, 3,0) € T, (M) as in Example 3.5, then
the subspace in Proposition 4.1 is cut out by:

F(1,0,0) =0, F(1,1,00=—tc . F(1,2,0)=—cjo—tc] o,
F(1,3,0)=—c{ g —tc( 4, F(1,0,1) =cq o, F(1,1,1)=c{,
F(2,0,0)=0, F(2,1,0)=0, F(2,2,0) = —cj o,
F(2,3,0)=tcy g+ 1t%c| | —ciog—tcgy.  F(2,0,1)=cj, F2,1,1)=c{o+1tcf,.

Example 4.4. As in Example 3.6, let A =0, M = (x7,x6y,x5y2,x4y3,x2y4, y6), and o =
(4,3,2) € T (M). Since M has six generators and colength 26, the linear subvariety in Proposi-
tion 4.1 is defined by (6 — 1)(26) = 130 equations. The following six equations illustrate some
of the possibilities

F(1,5,0) = —c, o, F(3,3,2)=c5  +1tch5+12cis— 3, — 1] 4,
F2,4,1)=c;o— 34, F(5,0,5) =c} 3,
F4,2,3)=c3,—cj3—1c33, F@, 1,5 =c,—tcis.

We next describe the linear relations among the equations F'(i, u, v). By convention, we set
F(j,r,s)=0ifr <0,s <Oorx"y* € M.

Lemma 4.5. If x“y" ¢ M withu < p;—1 and v < q; — qi—1, then we have the relation

(e
0=> F(j,u—pi1+pj-1,v—qi +q;)
j=i

n
+Y Y FGou—pici+pj1—rv—gi+q; —Im). (4.5.4)
220 j=0+1

Proof. We first consider the summands with j < o. Since we have the inequalities
v<gand v — g; + qj < qj < g5 < m + gk, the monomials x"~Pi-1TPj-1yV=4iT4j-1 and
x4~Pi-1+Pj yv=4i+4j do not belong to (x*TPiy™+4i: j > k). Hence, we have

; . . . N — ] o
F(j,u—pi-1+ Pj-1,v—qi+ 611) - cu—Pi—1+P,i—1,U—qi+qi—1 c”_pi—l"l‘PjaU_QH‘Qj

so the first part of the relation (4.5.4) telescopes to

o
ZF(j’ U—pi-1+Ppj-1,v—4qi +4;) = _Cg_Pifl‘i‘Poav_(]i‘i‘CIU’
j=i

because ¢~}

w,v—qi+q;,_, = O- Thus, it remains to analyze the variables ¢ ¢ in the double sum
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n
Yo Y PFGu—pici4pj-1 =M, v—gi+q; —hm). (45.5)
120 j=0+1

To begin, we consider j = n. The only equations that might contain c; ; have the form
Fn,u— pi—1+4+ pn—1 —M,v —q; + g, — Am); in this equation, such variables have the form
CZ—p,-_l—(u+x)£,v—qi+qn—(u+k)m for some p > 0 since p, = 0. Since u < p;—1 and £ > 0, it fol-
lows that u — p;—1 — (n + A)¢ < 0. Hence, no variable of the form c¢; ; appears in the double
sum. ,

Next, suppose that 0 < j < n. We first show that cis appears in at most two equa-

tions of the form (4.1.3). Specifically, if x”y$~9/74j+! reduces modulo I,(t) to the standard
monomial x"T#¢yS=4i4j+1+m for some w € N, then the variable ¢/ appears in the equa-
tion F(j + 1,r + ul,s —qj + qj+1 + wm) with coefficient #. Otherwise x”y*~4/T4i+1 re-
duces to zero modulo /,(¢) and the variable cﬁ; s does not appear in an equation of the form
F(j +1,r',s") for any 7/, s’ € N. Similarly, if the monomial x"*?i-1=Pjy5 reduces modulo
Io(t) to the standard monomial x” tPi—1=Pitilystu'm for some 1/ € N, then cﬂ; s appears in
F(j.r+pj—1—pj+un't, s+ p'm) with coefficient —t"' . Otherwise x"+Pi-17Pj y reduces to
zero modulo 7, (¢) and the variable c{, s does not appear in an equation of the form F(j,r’,s’) for

any r', s’ € N. In summary, the variable c}.; appears in at most two equations of the form (4.1.3)
and when it appears the coefficient is uniquely determined.

To complete this case, we show that if the variable ci s appears in the double sum (4.5.5)
then it appears twice: once with coefficient ¥ and once with coefficient —z". The equation
F(j+1,r+ul,s —q; +qjy1 + um) occurs in the double sum if and only if

[ r+pl i|:[u—pi—1+pj—)x€] for some A € N.
S—qj+qj+1+pm V= gitqj1—Am

Similarly, F(j,r + pj—1 — pj + n'€, s + u'm) occurs if and only if

rtpj—t = pj Wl = picit pjor = A for some ' € N
s+ u'm v—gi+qj —AMm '

Rearranging these equations, it follows that cﬂ; s appears in double sum only if

[r]:[u—pi_l—i-pj}_v[@] for some v € N; (4.5.6)
s V—gi+q; m

either v := u + A and the coefficient of cf,s is tV or v := u’ 4+ A’ and the coefficient of c{s is —tV.
On the other hand, if (4.5.6) holds for some v € N, then we have

e U M S PR
S—qj+qjt1 m V—qgi+qj+1

and

[r-I—Pj—l—Pj]+v[5]:[u—pi—1+lﬂj—1}
s m V—(gi+q; ’
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Since u < p;_1 and v < g;, the monomials x%~Pi-1TPjyV=diTdj+1 and x"Pi-1TPj-1yV=4qi+q;
do not belong to M, so both of the monomials x” y*~9/74j+! and x"*?i-1~Pjy* reduce modulo
1, (t) to standard monomials of M. Hence, the variable cﬂ, s appears in twice in (4.5.5) with

A:=v—pu=>0and A :=v — ' > 0. We conclude that, when cﬁy s appears in the double sum, it
appears twice with the same coefficient in ¢ but with opposite signs.

Lastly, assume that j = o. In this case, the variable ¢ ; appears in at most three of the equa-
tions of the form (4.1.3); it could appear in

F(o+ 1, u—pi-1+ ps—pul,v—qi + qo+1 — m)

with coefficient t* for some u >0, in F(o,u — pi_1 + po—1 — W€, v — q;i + go — 4'm) with
coefficient —t* for some u’ > 0, and in

F(k,u— pi—1+ pr—1 — po — (0" + 1), v — gi + gk — (1" + 1)m)

with coefficient —*"+! for some w” > 0. As in the previous case, c? appears in (4.5.5) if and
only if (4.5.6) holds for some v > 0. However, only the first and third equation appear in the
double sum, because the inner sum of (4.5.5) starts at j = o 4 1. As a consequence, if (4.5.6)

holds with v > 0, then ci; s appears in (4.5.5) precisely twice with the same exponent on ¢ but

with opposite signs. Moreover, if (4.5.6) holds with v = 0, then ci; s appears in (4.5.5) only in
the equation F (o + 1,u — pi—1 + po, V — qi + go+1) With coefficient one. In summary, we have
established that

n
Cltmpi 1+ Po V=i +4o = Z Z t"F(j.u— pi-i +pj-1 =AM,V —gqi +qj —im)
A>0 j=0+1

as required. O

Using Lemma 4.5, we can describe the tangent space to Hilbg at the point corresponding to
1, (t) by a smaller system of linear equations.

Corollary 4.6. If M is a monomial ideal in S = k[x, y] with Hilbert function h : A — N and
a € TL (M), then the tangent space to Hilbg at the point corresponding to 1,(t) is isomorphic to
the subspace of A" cut out by

) (i, u,v) is an arrow for M with 1 <i < n and
G:={F(,u,v): .
eitheru > pi_1 orv = q; — qi—1

Proof. Since Proposition 4.1 establishes that the tangent space is cut by all of the equations
F (i, u, v), it suffices to show that the F (i, u, v) with u < p;_1 and v < g; — g;—1 can be written
as a linear combination of equations F(i’, u’, v’) not of this form. We induct on ¢; — g;—1 — v.
If 0> g; — gi—1 — v, then the claim is vacuously true. Otherwise, consider the expression for
F(i,u,v) given by Lemma 4.5. For j > i, we have v —¢q; +¢q; —Am > q; — g1, because
m < 0 implies that g; — gj—1 + Am < 0. Hence, the only terms in this expression that might not
be in G have the form F (i, u — A€, v—Am). But these terms can be written as a linear combination
of the elements of G by the induction hypothesis. O
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Example 4.7. If A =0, M = (x*,x%y,y?), and « = (1,3,0) € T..(M) as in Example 4.3,
then Lemma 4.5 applied to i = 1 and x,x?, x> ¢ M shows 0 = F(1,1,0) +tF(1,0,1), 0 =
F(1,2,0)+ F(2,0,1)+tF(1,1,1),and 0= F(1,3,0) + F(2, 1, 1).

Example 4.8. As in Example 4.4, let A =0, M = (x7,x6y,x5y2,x4y3,x2y4, y6), and o =
(4,3,2) e T4 (M). Fori =1 and x> ¢ M, Lemma 4.5 provides the relation

0=F(1,500+F2,4, 1)+ F@3,3,2)+ F4,2,3) + F(5,0,5 +tF(3,2,4) +tF(4,1,5).
Since x2y4 € M, we have F (3,2,4) =0 by convention.

The following theorem is the essential result in this section. The proof shows that the dimen-
sion of the appropriate linear subspace of A" equals the number of significant arrows.

Theorem 4.9. Let M be a monomial ideal in S = Kk[x, y] with Hilbert function h : A — N and
fix @ € T (M). The significant arrows T (M) of M index a basis for the tangent space to Hilblg
at the point corresponding to the edge ideal 1(t) for all t € k.

Proof. Let [ := I,(t) and o = (k, € + px,m + qx) € T (M). By Corollary 4.6, we see that the
tangent space to Hilbg at the point corresponding to / is isomorphic to the subspace of A" cut out
by those F (i, u, v) where x*y" ¢ M, 1 <i <n,and either u > p;_1 or v > g; — g;—1. It suffices
to show that the insignificant arrows are in bijection with the initial terms (or leading variables)
in this system of equations.
By definition, each c;’v
nience, we say that the variable C:Z,v is significant, nonnegative, etc., whenever same adjec-
tive applies to the corresponding arrow. Let >; be a monomial order on the polynomial ring

k[c,’;,v: (i, u, v) is an arrow of M] satisfying the following conditions:

corresponds to an arrow (i, u,v) associated to M. For conve-

i
u,v’

(CO) if r — pj > u — p; then cf,5>1c

(C1) for two nonnegative variables c,"w and cf, s with r — p; = u — p;, the inequality i > j

implies that ¢;, >/ clss

and c{vs with r — p; = u — p;, the inequality i < j

(C2) for two nonpositive ‘Variables Cuv

implies that ¢;, ,>/ Cl.s

(C3) for two utterly insignificant variables cfw and cf, s with r — p; = u — p;, the inequality

i < j implies that c;’v>1(:{,s.
Observe that each equation F' (i, u, v) is homogeneous with respect to the grading defined by set-

£
m

ting deg(cﬂ; s) equal to be the image of [::5 ]J ] in Z2 /Z[ ] Hence, (CO) can be viewed as giving ¢

) . ) j
a negative weight. Since £ > 0, for each nonzero sum of the form ) >0 t“cu,_ﬂ v —pm (CO)
. . . W _ Jj ~ . o
implies thatin>, (3 > ! Cur—pts —pm) =1 Cor 0 i WheTe pr=min{p: ¢ F
0}. It follows that
o . ~ .
. . _ n l_l _ JYR N N
in., (F(l, u, v)) =in., (t Cu 0. v+gi - —gi—F'm Py 4 pi—ilv—Tim
~I
— 8 g+l o - ~
8i ket C”_Pkfl+Pa_(H”‘FDZ,U_Qk‘HIJ_(M//+1)m)
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for appropriate 11, i1, i’ € N; (C0) also guarantees that the initial term is the variable accompa-
nying the smallest exponent of .

As a first step in constructing the bijection, we show that every insignificant arrow corresponds
to the initial term of an element in G. We divide the analysis into three cases.

Nonnegative case. If (i, u, v) is a nonnegative insignificant arrow, then x“*?i-1=PiyV does not
belong to M. Since u > p;, we have u + p;_1 — pi = pi—1, so the variable ciw appears as a
nonzero term in F(i,u + p;—1 — pi,v) € G (i.e. & = 0). Hence, (C0) and (C1) establish that
in., (F@,u+ pi—1 — pi,v) = cllz,v'

Nonpositive case. If (i, u, v) is a nonpositive insignificant arrow, then x“y?~4%T4i+1 does not be-
long to M. Since v > 0, v — q; + qi+1 = —qi + qi+1, the variable ciw appears as a nonzero
term in F(i + 1,u,v — qg; + qi+1) € G (so ;' = 0). Together (CO) and (C2) establish that
in., (F@+1,u,v—qi +qi+1)) = ¢, -

Utterly insignificant case. If (i, u, v) is an utterly insignificant arrow, then we have u < p; < p;
for j <iandv <v—gq;+qit1 <gi1 < gqjfor j >i,sox"y""4*4qi+1 ¢ M. Hence, the variable
CL,U appears as a nonzero termin F(i + 1,u,v —q; +¢i+1) € G. Hence, (CO) and (C3) establish
thatin., (F(i + 1,u,v — g +qit1) =c., .

By combining these three cases, we get an injective map from the insignificant arrows of M
to the elements of G.

To establish that this map is a bijection, we show that the initial term of each element of G
corresponds to an insignificant arrow. Again, there are three cases. Fix x“y" ¢ M.

Nonnegative case. If u > p;_1, then we have the inequalities u > u — p;_1 + p; > p;. Hence,
(i,u — pi—1+ pi, v) 1s an insignificant nonnegative arrow for M. Moreover, (C0) and (C1) ensure
thatin., (F(i,u,v)) = Clil—[’i—l'i‘[’isv'
Nonpositive case. If v > g;, then we have the inequalities v > v 4+ ¢qj—1 — ¢i = qi—1-
Hence, (i — 1,u,v + gi—1 — ¢;) is an insignificant nonnegative arrow for M. The inequality
u >u — pj—1 + p; together with (C0) and (C2) imply that in., (F (i, u, v)) = c;’_U]Jrqifl_ql,.
Utterly insignificant case. If u < p;_1 and g¢; — gi—1 < v < g;, then we have the inequalities
min(v, g;—1) > v + gi—1 — q; = 0. Hence, (i — 1,u,v + g;—1 — ¢;) is an utterly insignifi-
cant arrow for M. The inequality u > u — p;—1 + p; together with (CO) and (C3) imply that
in., (F(i,u,v)) = cit,_v1+q,-_1—q,-'

In each case, the initial term of F (i, u,v) is an insignificant arrow. Moreover, if we have
(i,u,v) # (j,r,s) with F(i,u,v), F(j,r,s) € G, then F(i,u,v) and F(j,r,s) have different
initial terms. Therefore, we have a bijection between the insignificant arrows of M and the initial
terms of the elements of G.

Since the initial terms for the elements of G are relatively prime, they form a Grobner basis
with respect to >;. Therefore, T (M) indexes a basis for the tangent space to Hilbg at the point
corresponding to I, (¢) forallt ek. O
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Example 4.10. If A =0, M = (x* x?y,y?),and « = (1, 3, 0) € T,-(M) as in Example 4.7, then
Theorem 4.9 shows that the tangent space to the appropriate multigraded Hilbert scheme at the
point corresponding to 1, (¢) is isomorphic to subspace cut out by

G) = <F(1, 0,1),F1,1,1),F(2,2,0), F(2,3,0), F(2,0,1), F(2, 1, 1))
0 0 2 2 2 1 2.1 1 1 1
= {€0,0+ €10 =C,00 —CT,0 — €1 F ez 9+ 171 1. Co s €10 F1Ch )-
Hence, the tangent space has dimension (3)(6) — 6 = 12.

5. Smoothness

The goal of this final section is to prove Theorem 1.1. To begin, we show that Hilbg has at
least one nonsingular point. This result parallels [26, Theorem 1.4] and our proof extends the
techniques in [6, Proposition 10].

Proposition 5.1. Let S = k[x, y] and let Lj; be the lex-most ideal for a Hilbert function
h : A — N satisfying |h| < oo. The ideal Ly, corresponds to a nonsingular point on Hilblg.

Proof. Let d be the number of significant arrows associated to Lj. By Theorem 4.9, d equals
the dimension of the tangent space to Hilbg at the point corresponding to Lj. Thus, it suffices to
show that the dimension of Hilbg at this point is at least d. We accomplish this by constructing a
map 7 : A — Hilbg in which 7(0) corresponds to Lj and the dimension of the image is d. Since
Hilbg is a fine moduli space, the map 7 : AY — Hilbg is determined by an admissible ideal / in
R := K[x, y] where the coefficient ring is K := k[ci,v: (i,u,v) € T(M)]. We may regard I as a
family of ideals over the base Ad = Spec(K).

We define the generators of I recursively. Since Proposition 3.12 states 75 (L) = @, the sig-
nificant arrows associated to L are either nonpositive or have the form (i, p;, v). For 1 <i < n,
consider g; 1= y~9i-174% Z(Lpi’v)eT(Lh)ci,i’vyv_ql'*l. Since we have (i, p;,v) € T(Ly), we
see that x?i-1y’ € M, so v > g;— and g is a polynomial in R. Setting f, := [[/_; &i
means in., (f,) = [[/_, y~ 9179 = ydn = xPnyin because p, = qo = 0. Next, suppose that
the polynomials fji1,..., f, are defined, with ]_[£=1 gr dividing f; for i + 1 < j < n.
Given (i,u,v) € T<o(Lp), we have x"y'~49i%4i+1 € L;, so the minimal monomial genera-
tor xPiy9i divides x*yV~9T4i+1 for some index j such that i < j < n. Let & = &(i, u,v) :=
max{j: xPiy% divides x*y?~49iT4i+1} and, for 0 <i < n, define

1 i U= Pe V=it i1 —
fi = xPi Pt+1fi+1+ E C;,uxu Psyv qi+qi+1 qgfg .

8i+1 (@i,u,v)eT<o(Lp)

Since ]_[;:;11 gk divides f; forall j > i, it follows that f; € R with ]_[};:1 gk dividing f;. Repeating
this process, we can define f; € R for 0 < i < n. Moreover, the equation y~9itdi+1 in., (fi) =
in., (gi+1fi) =xPi~Pi+lin, (fj41) establishes that in. (f;) = xP/y%. With this notation, we
define the ideal I := (fo, ..., fu) € K[x, y].

We next show that in., (/ ® k(p)) = L, ®k k(p) where k(p) := Ky /pK, is the residue field
of the point p € Spec(K). Since the minimal generators of L, are the initial terms with respect to
>, of the defining generators of I (p) := I Qg k(p), it suffices to show that these generators form
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a Grobner basis. By Buchberger’s criterion [4, Exercise 15.19], we need only prove that the S-
polynomials reduce to zero modulo the generators of I (p) for pairs of generators corresponding
to the minimal syzygies of L;. The minimal syzygies of a monomial ideal in R(p) := R Qg
k(p) = k(p)[x, y] are indexed by adjacent pairs of minimal generators; see [22, Proposition 3.1].
The S-polynomial for the adjacent generators f;_1, f; is

y—qz'—l-l-qz'fi_l _xpi—l—pifi

= (y"U1H — ) fiog + Z cl T pe VT dim1 i~ de
(i—Lu,v)eT<o(Lp)

_ i—1 u— V—gi—1+49i—q¢ i v—q;_ :
— Z cl ) Xt pe v di-1Hd QFf8_< Z ¢ty 1)fl_1.

(i—1u,v)€T<o(Ly) (@@, pi,v)ET(Lp)

Since the initial terms of all the summands in the last expression are less than the monomial
y~di-17t4i in., (fi—1), we conclude that this S-polynomial reduces to zero modulo the gener-
ators of I (p). It follows from [4, Theorem 15.3] that 4 : A — N is the Hilbert function of
R(®)/1(p).

We now use this to show that I is admissible. Since dimgp)(R(p)/1(p))s = h(a) for all
p € Spec(K), Nakayama’s Lemma implies that the K,-module (Ry/Iy), requires at most
h(a) generators. However, the rank of the Ky-module (Ry/Ip), is also bounded above by
dimy ) (R(0)/1(0)), and the Hilbert function at the generic point (0) € Spec(K) also equals
h(a). Hence, (R/I), is a locally free K-module of constant rank 4 (a) on Spec(K). The map
T: A — Hilbg determined by the admissible R-ideal I is injective, so the dimension of the
imageisd. O

We conclude with the proof of the main result.

Proof of Theorem 1.1. We first show that Hilbg is nonsingular when S = k[x, y] and k is a field.
An ideal in § = k[x, y] with codimension greater than one has finite colength. Hence we may
assume, by Theorem 2.5, that || := ), _ 4 h(a) < co. Given a closed point on Hilb”, Lemma 3.9
shows that the Grobner degenerations of the corresponding ideal I’ give an irreducible rational
curve on Hilbg that contains the points corresponding to I’ and in~_(I’). Since the dimension
of the tangent space is upper semicontinuous, it suffices to demonstrate that each point on Hilbg
corresponding to a monomial ideal is nonsingular. Theorem 3.15 establishes that the points on
Hilbg corresponding to monomial ideals lie on a curve C in which the irreducible components
are associated to positive significant arrows. It follows from Theorem 4.9 that the dimension
of the tangent space is weakly increasing as we move along C from a point corresponding to
a monomial ideal to the point corresponding to Lj. Proposition 5.1 proves that the point corre-
sponding to Lj, is nonsingular. We conclude that dimension of the tangent space is constant along
C and Hilbg is nonsingular. Theorem 3.15 also establishes that Hilbg’ is connected, so it follows
that Hilb" is irreducible.

To complete the proof, let S = Z[x, y] and let n : Hilbg — Spec(Z) be the canonical map.
To show 7 is smooth, it suffices by [10, Theorem 17.5.1] to demonstrate that n is flat and, for
each p € Spec(Z), that the fiber n~!(p) is smooth over the perfect field L [9Zy . Since each
fiber n~!(p) is Hilb% olx.y] (for example, see [12, Lemma 3.14]), combining the first paragraph
with [10, Corollaire 17.15.2] shows that each fiber is smooth. The lex-most ideal on each fiber
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produces a section of 1, which implies that 5 is surjective. The image of this section is irre-
ducible, since Spec(Z) is, and the first paragraph also shows the fibers ™! (p) are all irreducible
as well, so it follows that Hilbg is irreducible. Hence, the underlying reduced scheme (Hilbg)red
is irreducible and dominates Spec(Z), so [14, Proposition I11.9.7] establishes that the canoni-
cal map (Hilbg’)red — Spec(Z) is flat. The fact that the nilradical of Hilbg is the zero sheaf, so

Hilb? = (Hilbg)red, can then be deduced from the fact that each fiber ! (p) 1s reduced. There-
fore, we conclude that Hilbg is smooth and irreducible over Z. O
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