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ABSTRACT. The purpose of this paper is to lay the foundations for a quantitative theory
of relations among discriminants of hermitian RG-modules which are induced by char-
acter relations. This is accomplished by introducing an invariant §(M) attached to an
RG-module M which plays the role of a correction term in such relations and to study
its functorial properties such as localization and induction theorems, behaviour with re-
spect to exact sequences, triviality etc. By means of this formalism it is shown that this
invariant may be computed in many cases.

An application of this invariant is the class number relation of R. Brauer (1951) and,
by using the formalism mentioned above, also that of Dirichlet (1842).

1. Introduction

A hundred and fifty years ago Dirichlet[Di2] proved the following theorem which
he considered to be “one of the most beautiful theorems of the theory of complex
numbers” ([Dil], p. 508).

Theorem 1.1 (Dirichlet, 1842) The class number h(K) of Dirichlet’s biqua-
dratic field K = Q(\/d,v/—d), where d > 1 is square-free, is given by the formula

(1.1) B(K) = LQh(d)h(~d).
Here h(+d) denotes the class number of the quadratic field Q(v/+d) and

1 if N(eg) = +1
(1.2) Q{ 2 z’fN(ei):ﬂ,

where e denotes a fundamental unit of K, except in the case that K = Q((s)
where e = (g denotes an eighth root of unity, and N(ex) = Nk /g (ex) denotes
its “partial norm”.

*NSERC University Research Fellow



2 Ernst Kani

Dirichlet’s own proof of this theorem was by analytic techniques, but in 1896
Hilbert[Hi] gave an algebraic proof of this result. In 1922 Herglotz[He| extended
this theorem to arbitrary biquadratic fields, and this was further generalized by
Kuroda[Ku] in 1950 (see also Kubota[Kb] and Walter[Wa2]).

For a general Galois number field, Nehrkorn[Neh| obtained in 1933 some inter-
esting partial results. The first significant progress, however, was achieved in 1951
by R. Brauer[Br] who proved the following theorem.

Theorem 1.2 (Brauer, 1951) Let K be a Galois extension of Q with Galois
group G. Suppose G is non-cyclic, so that we have a non-trivial character relation

(1.3) > nply =0,
H<G

where the sum extends over all subgroups of G and 13; denotes the permutation
character attached to G/H. Then the class numbers h(K™) of the fized fields
K" H <G, satisfy the relation

(L) [y = TJwE™)ia : @)™ - 7 = [[lwa(K5)G : H)™ - J,
H H H

where w(L) = |U(L)tor| denotes the number of roots of unity in the field L and

wo(L) = |U(L)gz| the number of those of 2-power order, and J is an “invariant”
which depends only on the Z|G]-module structure of the group of units U(K) of K
(and on {ng}).

By using the Jordan—Zassenhaus Theorem that there are up to isomorphism
only a finite number of ZG-lattices of bounded rank, Brauer derived the follow-
ing corollary which may be viewed as a qualitative generalization of Dirichlet’s
theorem:

Corollary 1.3 Fiz a group G and a character relation (1.3). Then, as K runs
over all Galois extensions of Q with group G, the product

[ rx )
H
assumes only finitely many values.

Brauer’s proof consists of two main steps. In the first he uses the Artin for-
malism to derive from the character relation (1.3) the relation

(1.5) [T ¢xn(s)m =1
H

among the Dedekind zeta-functions, and from this he obtains the relation

(1.6) [Tn)yms =TT w(K yreg(k )=ty
H

H
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by comparing residues at s = 1. Here, reg(L) denotes the regulator of L.
His second step consists of a detailed study of the right hand side of (1.6), and
culminates in the proof of the regulator relation

(1.7) J =[G : Hlreg(K"))=m,
H

where J is a certain invariant of the ZG-module U (K') which is defined as the prod-
uct of suitable indices of unit groups. Brauer’s exposition is somewhat difficult
to follow in this step, but a much more transparent treatment with considerable
simplifications was given by C. Walter[Wal] in 1979. In particular, Walter clari-
fied Brauer’s use of the Minkowski units by showing that they play the role of a
“comparison sublattice”.

In this paper we shall follow in the second step a different approach, one that
was in part inspired by Arakelov theory for number fields (cf. Neukirch[Neu] or
Szpiro[Sz]). The underlying idea here is that the regulator of a number field K
may be viewed as the discriminant of the group of units U(K) with respect to a
suitable bilinear form (or metric), a fact that is implicit in the Arakelovian point
of view of number theory. In the case that K/Q is Galois with group G, then
M = U(K) is a Z|G]-module with a G-equivariant metric p; following the usage
of Scharlau[Sch], such a pair (M, p) will be called a hermitian Z|G]-module.

Viewed in this light, it is natural to expect that Brauer’s theorem may be de-
duced from a very general theorem on relations among discriminants of hermitian
ZG-modules, and this turns out to be indeed the case.

The theorem in question is based on the observation that if {ng} defines a
character relation (1.3), then the expression

(1.8) 5 (M) = [ [ disc(M™ hypgm )™
H

does not depend on the choice of the hermitian structure h on the ZG-module
M and hence defines an invariant §*(M) = ¢*({ng}, M) of the ZG-module M.
On the other hand, we can also view equation (1.8) as a discriminant relation,
one that includes Brauer’s regulator relation (1.7) as a special case, once we have
interpreted regulators as discriminants (cf. Theorem 2.7).

Here it should be emphasized that the invariant §* (M), although closely related
to Brauer’s invariant J, is nevertheless substantially different from that of Brauer
since its definition does not require the existence of a “comparison sublattice”.
As a result, the entire theory becomes not only more flexible and more functorial
but also much more general in that the general discriminant theorem (Theorem
2.5) also applies to hermitian Z[G]-modules which have no obvious comparison
submodules. A typical example here is the Mordell-Weil lattice of an elliptic
curve for which one can therefore obtain an analogue of Brauer’s theorem, as will
be shown in a subsequent paper.
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While the above discriminant relation (1.8) suffices to prove Brauer’s class
number relation and its corollary, it sheds little light on the value of the invariant
0*(M). The main purpose of this paper, therefore, is to introduce a formalism
with which the invariant 6(A) may be computed in many cases and thereby to
lay the foundations for a quantitative theory of discriminant relations induced by
character relations. This is accomplished by studying some functorial properties of
the d-invariant such as localization, reciprocity theorems, behaviour with respect
to exact sequences etc. In particular, it will be shown how to deduce Dirichlet’s
theorem directly by examining the Z[G]-module structure of U(K) (cf. Proposition
2.18d)).

In developing this formalism, it is advantageous to modify the above invariant
somewhat. First of all, since the unit groups invariably involve torsion — indeed,
the case distinction in Dirichlet’s Theorem is precisely due to the fact that the
ZG-module structure on U(K') cannot be read off from that of its torsion-free part
UK)=U(K)/U(K)tor — it is useful to redefine the definition of a discriminant
in such a way as to be sensitive to its torsion subgroup. Moreover, by introducing
these modified discriminants, many proofs actually become simpler since these
new discriminants satisfy better functorial properties.

The second modification is to introduce a normalization factor when restrict-
ing a hermitian pairing h on M to its invariant submodule M* (cf. Notation
2.4). Although the resulting modified invariant §(M) is just a minor variation of
the original one (cf. Remark 2.6 for the precise connection), this modification is
absolutely essential for the validity of many of the functorial properties such as
Frobenius reciprocity (Theorem 2.12) and the Triviality Theorem 2.9. Moreover,
it also turns out to be the natural choice for the hermitian pairings on unit groups
(cf. Proposition 8.2).

The basic method for proving the discriminant relation (1.8) and the other
results is to translate the character relation (1.3) into an isomorphism

(1.9) MTeQ~M ®Q

of QG-modules, where M ™ and M~ are certain permutation modules attached to
the character relation (1.3). Viewed in this way, the entire theory can generalized
as follows.

Given a non-degenerate ZG-module M and two ZG-modules M7 and Ms which
are symmetric (or self-dual), i.e. M} ~ M;, and which satisfy (1.9), the expression

(1.10)  6(My, My; M) = dg(My © M, hy @ h)de(My ® M, hy @ h) ™"

does not depend on hermitian structure A on M nor on the unimodular hermitian
structures h; on M;, and hence defines an invariant of M here,

de(M, h) = disc(M®, drhyye).
Moreover, virtually all the functorial properties of the invariant 6*({ng}, M) can

be derived from the analogous properties of the invariant 6(Mj, Ms; M), as will
be shown in sections 6 and 7.
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This paper is organized as follows.

For the convenience of the reader we present in section 2 an overview of the
main definitions and results of the paper. In this overview we focus only on the
results for the invariant 6({ng}, M), but it should be emphasized that virtually
all the theorems here are special cases of the theorems of section 6 which apply
more generally to the invariant §(M;, Ma; M).

In section 3 we define and study the functorial properties of the (modified)
discriminant of a bilinear R-module. For this purpose we first introduce the content
ideal x(f) attached to a linear map f: M — N, which extends the notion of the
content ideal x(T) of a torsion module (cf. Bourbaki[BCA]) and also that of the
“Herbrand quotient” of Fulton[Fu], Appendix A.2, and which reduces to the “g-
invariant” of Tate[Ta] in the case that R = Z. This will then be used to define the
relative invariant x(f,g) of two R-linear maps f,g : M — N which refines and
generalizes the relative invariant of Bourbaki attached to submodules. Finally, the
discriminant will be defined as a suitable relative invariant.

In section 4 we define hermitian RG-modules and study their functoriality
properties via the process of (co)induction and restriction. In particular, we shall
formulate several versions of a generalized Frobenius reciprocity theorem for her-
mitian RG-modules. While the presentation here is much more elaborate than
is necessary for our purposes, it should be viewed as a contribution towards an
equivariant Arakelov theory.

In section 5 we construct the fundamental invariant §(M;, Ma; M). By intro-
ducing suitable Grothendieck rings, it is possible to view this invariant as a pairing
and thereby work with it more efficiently.

In section 6 we formulate and prove the main properties of the invariant
§(My, My; M). As was mentioned above, most of these properties are natural
generalizations of the properties of the invariant §({ng}, M) which are presented
in section 2: the theorem on discriminant relations, the Uniform Boundedness The-
orem, the theorems on induction and inflation, behaviour with respect to exact
sequences, and the Triviality Theorem.

In section 7 we interpret the results of section 6 in terms of character relations
and thereby prove the theorems stated in section 2.

Finally, in section 8 we apply the above theory to study relations among S-
regulators and S-class numbers of number fields by calculating the d-invariant of
the group Ug(K) of S-units. As an application, we prove Dirichlet’s Theorem and
a generalization of Brauer’s Theorem.

This paper developed out of the joint work [KR2] with M. Rosen, whom I would
like to thank very much for the many fruitful discussions as well as for his interest
and encouragement throughout the project. In addition, I have also benefitted
from discussions with J. Ritter and A. Weiss. Finally, I would like to gratefully
acknowledge support from the Natural Sciences and Engineering Research Council
of Canada (NSERC).
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2. Main results

Throughout this paper, the following notations and assumptions are in effect. Let

R be a principal ideal domain,

K = Quot(R) denote its quotient field,

LOK be an extension field,

G a finite group with char(K) f n = |G|,

RG = R[G] the group ring of G with coefficients in R.

Actually, virtually all of the results below are valid if R is a Dedekind domain
or even an arbitrary integrally closed noetherian domain, but for simplicity we
restrict to the case of a principal ideal domain since it is the most general ring
required for the applications which use mainly the case R = Z and L = R.

The following definitions are fundamental for the entire paper and will be dis-
cussed in more detail in the next sections.

Definition 2.1 An L-valued hermitian RG-module is a pair (M, h), where M is
a finitely generated RG-module and

h:M— M*"®L=Homg(M,L)

is an RG-linear map. Here M* = Hompg(M, R) denotes the contragredient RG-
module. We call (M, h) non-degenerate if the induced map

hL ML — M*®L

is an isomorphism.
If G = {1} is the trivial group, then a hermitian RG-module (M, h) will be
called a bilinear R-module.

Remark 2.2 It follows from the definition that an RG-module M which admits
a non-degenerate L-valued RG-module structure h : M — M* ® L satisfies the
symmetry condition M ® L ~ M* ® L, or equivalently , M ® K ~ M* ® K, which
says that the KG-module M ® K is isomorphic to its contragredient module (as
KG-modules). An RG-module M with this property will be called non-degenerate.

Definition 2.3 The discriminant of an L-valued bilinear R-module (M, h) is the
(principal) R-submodule of L defined by

diSC(M, h) = X(Mtor)71 det(h(xi’ x])) : R7

where 1,...2, € M is a basis of M = M/M,,, with M;,, denoting the torsion
submodule of M. Furthermore, h(z;,z;) = h(z;)(z;), and x(---) denotes the
content ideal in the sense of Bourbaki [BCA]. (In particular, if R = Z then
X(Mtor) = |Mt0r| . Z)
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To define the invariant 6({ny}, M), we introduce the following notation.

Notation 2.4 For a hermitian RG-module (M, k) and a subgroup H < G, define
the bilinear R-module Invg (M, h) by

Invg (M, h) = (Invg (M), invg (h)),

where Invg(M) = M¥ = {m € M : hm = m} denotes the R-submodule of
H-invariant elements and

invg (h) = grh™ M7 — (M* @ D) = (M*)" o L

denotes the induced map on the invariant spaces multiplied by the factor I%I
The reason for introducing this normalization factor will be explained below; cf.
Theorems 2.9 and 2.12, and also section 4.

With these definitions and notations we have:

Theorem 2.5 (Discriminant Relation) Let {ny}n<c define a character rela-
tion (1.3). Then we have:

a) (Existence) For any non-degenerate RG-module M there is a unique prin-
cipal fractional R-ideal

(M) =6r({nu}, M)

such that for any non-degenerate L-valued hermitian RG -structure on M we have:

(2.1) §(M) = [ [ discr(Inve (M, h))"".
H
b) (Additivity) The invariant ogr({ng}, M) is bi-additive:
Sr({nu}, My ® Mz) = Or({nm}, M) - 6r({nu}, Ma),
Sr({nm +mu}, M) = 6r({nu}, M) -6r({mu}, M).

¢) (Base change) If R’ D R is a principal ideal domain then we have:
51 (M &g ') = 6p(M) - .
d) (Support) We have §g(M) - R[] = R[1], so 6r(M) is supported on the

prime ideals dividing n = |G|.
e) (Localization) The following localization formula is valid:
(2:2) Sr(M) = () 8r, (M,);
pln

here, the intersection runs over all prime ideals p of R which contain n = |G|. In
particular, if M and M’ are in the same genus (i.e. My =~ My, for all p|n), then

(2.3) dp(M) = dr(M').
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Remark 2.6 In the applications one is often interested in the (unnormalized)
product

(2.4) Sp({nx}, M) = [ [ disca(M", hyppn)™

in place of the product (2.1) which is calculated using the normalization introduced
in Notation 2.4. However, it is easy to relate this quantity to the invariant §:

(2.5) 6" ({nir}, M) = e({ni}, M)o({ns}, M),
where
(2:6) e({nm}, M) =TT |H[mrt O,

H

In particular, it follows that all the assertions of Theorem 2.5 remain true when
we replace 0 by 0*.

We note that it follows from (2.5) that the invariant of the trivial module
M = R is given by

(2.7) or({nu}, R) =] 1H| ™ R
H

because it is immediate that 6*({ng}, R) = R.

In order to be able to deduce Brauer’s results from Theorem 2.5, we need to
relate the d-invariant of the unit group U(K) to the regulators of the subfields of
K. As a consequence of the formalism of d-invariants introduced below, this can
be done more generally for the group Ug(K') of S-units of K:

Theorem 2.7 (Class Number Relation) Let K be a Galois extension of a
number field Ky with Galois group G, and let S be a finite set of places of K which
is G-invariant and contains the set S of infinite places. Then the invariant of
the the S-unit group Ug(K) of K, viewed as a Z|G]|-module, is given by

(7“6911\5([('7)2

0z({nu}, Us(K) =] W) dz({nw}, 2)oz({nu}, Z[S]) ",

H

where regH\S(KH) denotes the S-regulator of K™ with respect to the set S = H\S
of places of KH, and the §-invariants 6z({ny},Z) and dz({ny},Z[S]) are given
by (2.7) and (2.19), respectively.

We thus obtain the following relation among the S-class numbers hH\S(KH)
of the intermediate fields K of K/Ky:

(2.8) H hins (K72 = §(2)5(Us(K)) ' S(U (K )tor) ' 6(Z[S]) "
H

Moreover, if the (finite) places of S are tamely ramified over Ky (e.g. if S = Sx),
then éz({nu},Z[S]) = Z, and so the above class number relation reduces to

(2.9) [T 7 s (K™ = 6(Z)5(Us(K)) ™ 6(U (K )or) "
H
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If G, {ng} and #S are fixed, then, as was explained in the introduction,
it follows immediately from the Jordan-Zassenhaus Theorem that the expression
(2.8) assumes only finitely many values as K varies over all Galois extensions of
Q with Galois group G. However, this result also follows from the following much
more general and more precise theorem:

Theorem 2.8 (Uniform Boundedness) For each character relation (1.3) there
is an element r = r({ng}) € R\{0} such that for any non-degenerate RG-module
M we have

[Myop )N rm* M 5 ({ng}, M) € R, [Myop]Nr™* M ({ng}, M)~ C R,
where N =5 |ng|.

Note that this theorem is considerably stronger than Brauer’s result. Not
only is the bound here uniform in the rank of M, but the result is also valid
for arbitrary principal ideal domains R, not only for those for which the Jordan—
Zassenhaus theorem holds. Furthermore, as the proof shows, it is possible to give
fairly explicit interpretation of the “denominator” r above: its essential constituent
is the “genus defect” attached to a character relation, which measures the failure
of the character relation to be trivial as a genus class (cf. sections 6 and 7 for
further explanations).

In view of the above class number relation (2.8), it would be desirable to be
able to compute the invariant dr(M) for all (non-degenerate) RG-modules M.
While this task seems to be quite difficult in general, the following formalism can
be used to compute this invariant in many cases.

Theorem 2.9 (Triviality) If M is a non-degenerate RG-module which is coho-
mologically trivial then its invariant is also trivial:

The above theorem may be viewed as a justification for the normalization
factor introduced in the definition of §, as well as for the unusual definition of the
discriminant of RG-modules M which may have R-torsion. A further justification
of the latter is also given by the validity of the following result:

Theorem 2.10 (Exact Sequence Formula) Let
oM LML M -0

be an exact sequence of RG-modules. If any two of the modules M, M’ and M"
are non-degenerate, then so is the third, and for any character relation we have

(2.11) s({nm}, M) = 6({nu}, M)6({nu}, M" ) ({nm},9)*,
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where
v({nu},9) = [][x(Coker(g™ : H'(X, M) — H(X, M")))"
X
= JIx(Eer(f: B (X, M) — H'(X, M)))".
X

Combining these two theorems yields the following remarkable consequence:

Corollary 2.11 Let
0O—-M —-P.—.-.-.—>P —-M' -0

be an exact sequence of non-degenerate RG-modules. If the P; are cohomologically
trivial, then for any character relation {ng} the d-invariants of M’ and M" are
connected by the formula

(2.12) O({nmh, M) = 8({nm}, M)V T [ (1, M),
H
where the truncated Euler characteristic X" (G, M) is defined by

(2.13) (G M) = [T x@e G ) =0

q=1

The above corollary allows us to compute the d-invariant of one RG-module
in terms of another one. The following induction/restriction formalism, on the
other hand, relates the d-invariant of (certain) RG-modules to those of modules
belonging to subgroups of G.

Theorem 2.12 (Induction) Let X < G be a subgroup. If M, respectively N, is
a (non-degenerate) RG-module, respectively RX -module, and {ng}u<q, respec-
tively {my }y<x, defines a character relation of G, respectively of X, then we
have

(2.14) Op(ind§ ({my}), M) = 6({my},res§(M)),
(2.15) dr(res$({nu}),N) = o({nu},ind§(N)),

where the induced character relation ind$ ({my}) = {m}; tu<q is defined by ex-
tension by 0 (i.e. my; = my, if H < X and mj; = 0 otherwise), and the restricted
character relation res$({nu}) = {ny }y<x is defined by the formula

(2.16) ny = ngm(HY)
H

where m(H,Y) =#{g € G:gHg ' N X =Y}/(|H|[X : Y]).
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Note that although the above coefficients m(H,Y) of res$ are actually ra-
tional numbers, the denominators disappear if one collects those terms together
which belong to conjugate subgroups; this is possible since the J-invariant does
not change if we replace in a character relation a subgroup by a conjugate.

The above notation suggests that Theorem 2.12 is closely connected to a
“Frobenius induction theorem”. This is indeed the case, for the result is de-
duced from the “Frobenius induction theorem for hermitian RG-modules” (Theo-
rem 4.16).

As an illustration of the above theorem we present the following examples.
The first two follow from the fact that cyclic groups have no non-trivial character
relations and that the process of restriction and induction preserves character
relations.

Example 2.13 a) If M = ind${(N) is induced from a cyclic subgroup X < G,
then for every character relation {ny} we have

(217) 5R({nH},M) = R.

b) If G acts tamely on the G-set S in the sense that all stabilizers are cyclic,
then for the associated permutation module R[S] we have

(2.18) or({nu}, R[S]) = R.
c) For any G-set S we have
(2.19) Sr({nu}, R[S]) = H H H |HNgGeg ™™ - R,
s€G\S H geH\G/G,
where G5 denotes the stabilizer of a point s € S.

Another useful induction-type theorem is the following result which relates the
d-invariants of modules which are lifted (or “inflated”) from quotient groups.

Theorem 2.14 (Inflation) Let X < G be a normal subgroup of G and let Q =
G/X denote the quotient group.

a) Let M be a non-degenerate RG-module and {ny }y<qg be a character relation
of Q. Then, viewing the invariant module M~ as an RQ-module, we have

(2.20) Sr(infd ({nv}), M) = 5r({ny}, M¥),

where the lifted character relation mfg({ny}) = {n}} is given by n}; = 0 if
H % X and by

ny = Y ny/[G:Na(H),
Y~H/X
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if H> X ; here the sum extends over all Y < @ which are conjugate to H/ X .

b) For every non-degenerate RQ-module M and character relation {ng} of G
we have
(2.21) Si({nm}, Resg(M)) = 65 (indg({nm}), M),

where the induced character relation mdg({nH}) = {ny/x }y/x<q is defined by
ﬁy/x = Z ng.
H
H-X=Y

In terms of the d-invariant, equation (2.21) may be written as

(2.22) Sp(ind2({nu}), M) = ex({nu}, M)sp({nm}, ResE(M)),
where €x s defined by
(223)  ex({nu}, M) = e(indd({nu}), M)e({nu}, Resg(M)) ™!
_ H'H n X‘nHrk(MH).
H

Actually, Theorems 2.12 and 2.14 are just two special cases of a theorem which
relates the d-invariants of modules which are restricted and/or (co)induced via
an arbitrary group homomorphism f : G; — Gg; cf. Theorem 7.8 for a precise
statement.

As with restriction to subgroups, the process of inflation and quotient-induction
preserves character relations. Thus, if we use once more the fact that cyclic groups
have no non-trivial character relations, then we obtain from the above theorem
the following examples.

Example 2.15 a) If M is an R-module on which RG acts trivially, then we have
(224)  dr({nu}, M) = Sn({nu}, R)™*OD = TT|H| D R,
H

this generalizes and gives another proof of (2.7).

b) If M = M~ for some normal subgroup X <G with cyclic quotient Q = G/ X,
then
(2.25) Sr({nu}, M) =ex({nu}, M) 'R.

Corollary 2.16 If M is an RG-module which is a torsion module then
ex({nut, M) =1,

and so equation (2.21) holds with &* replaced by 0.
In particular, if M = MX is a torsion module which is invariant under a
normal subgroup X <G with a cyclic quotient G/ X, then

(2.26) 53({HH},M) =R.
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Remark 2.17 This corollary applies in particular to the case that M = U(K)®),
the p-primary component of the torsion subgroup of the unit group of a galois
extension K /K as in Theorem 2.7, provided that p > 2. Thus, in the notation
of Theorem 1.2 we obtain Brauer’s relation (i.e. the second equality in (1.4)) as a
special case:

(2.27) [Tw(E )™ =1, it p > 2.

It is perhaps illuminating to compute the J-invariant in some easy non-trivial
cases. Specifically, we shall prove the following result from which Dirichlet’s The-
orem follows immediately:

Proposition 2.18 Let G = Z/pZ x Z/pZ be the elementary abelian group of
order p?, and put ngy = —l,ng = —p and nyg =1 for |H| = p. Then {ng} is a
character relation of G which is the only one up to integral multiples. Moreover:
a) Suppose M is a ZG-module which is a finite cyclic abelian group. Then
(M) := 6z({nu}, M) = Z except in the case when G acts faithfully on the p-

primary subgroup M) C M. Moreover, in the exceptional case we have p = 2,

8|m = |M| and 6(M) = 2Z.
b) If M is an RG-module such that G acts trivially on M = M /M, then

(2.28) S(M) = p®= IO T x(M/MH )28 5 (Myop)
H

In particular, §(R) = p»~YR.

c) Suppose M is a non-degenerate RG-module of rank 1 such that G acts non-
trivially on M. Then p =2 and there is a unique subgroup X = (o) < G of order
2 such that MX = M. Moreover,

(2.29) S(M) = 36(Mior)X(M/(Meor + M¥))?
= 20(Myor)X(HO(X, Myop))*x(HO(X, M) .

d) Suppose M is a non-degenerate ZG-module such that M is as in ¢) and Myor
is as in a). In addition, assume that o acts on My, by multiplication by —1 and
that 4| m = |My,.|. Then there is a unique subgroup Y < G such that M} = My,
where My = {x € M : 4z = 0}, and we have

(2.30) §(Mior)5(M) = 2| H(Y, M)| >,

Moreover, |fIO(Y, M)| =1 if there is an element x € M such that Ny (x) generates
MY, and |H°(Y,M)| = 2 otherwise.



14 Ernst Kani

3. Content ideals, relative invariants and
discriminants

The purpose of this section is to define and study the content ideal x(f) attached
to an R-module homomorphism f : M — N. This invariant extends the notion of
a content ideal x(T) attached to a torsion module (cf. Bourbaki[BCA], ch. VIL.4.5)
and reduces to the “g-invariant” g(f) of Tate[Ta] in the case that R = Z. We then
define the relative invariant x(f,g) of two R-module homomorphisms f,g: M —
V ®k L which is a slight refinement and generalization of the relative invariant
X(Ma, Ms) of Bourbaki[BCA], ch. VIL.4.6, which is attached to two submodules
My, M5 of a K-vector space V. This refinement will then be used to define the
discriminant of an L-valued bilinear R-module (M, h).

3.1. Content ideals. As before, R is a principal ideal domain, and all R-modules
are tacitly assumed to be finitely generated. If T is any torsion R-module, then
its content ideal x(T') is defined as the product

(3.1) X(T)=p1-pR

of its invariant factors pq|us|---|ur. Alternatively, by the well-known formula
relating invariant factors to determinants, we can also define x(T) as the determi-
nant

(3.2) X(T) = det(f) - R,
where
(3.3) 0—R"L R T 0,

is a presentation of T. From the latter definition it is immediate that we have the
formula

(3.4) Xx(Coker(f)) =det(f)- R

for every f € Endg(R™), provided we set x(7) = 0, if T is not a torsion R-module.
Furthermore, we see that the invariant x(7") agrees with that of Bourbaki[BCA],
ch. VII.4.5. In particular, it follows from [BCA] that x(7) is additive on exact
sequences, i.e. if

0— M — My — M3 —0

is an exact sequence of R-modules then we have
(3.5) X(M2) = x(Mn) - x(Ms3).

We next want to define the content ideal x(f) of an R-linear map f : M — N.
If f is an R-isogeny in the sense that Ker(f) and Coker(f) are torsion modules,
then its content ideal is the (fractional) R-ideal defined by

(3.6) X(f) = xr(f; M, N) = x(Coker(f)) - x(Ker(f))™".
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As above, it is useful to extend the symbol x(f) to all f € Hompg(M, N) by setting
x(f) = 0 whenever f is not an R-isogeny. We thus have by (3.2) that

(3.7) x(f) = det(f)R,

if f € Endgr(M) and M is a free R-module. More generally, if M and N are free
R-modules with bases z1,...,z,, and yi, ..., yn, respectively, then we have

(3.8) X(f) = det(A)R,

where A denotes the matrix of f with respect to these bases, and det(A4) = 0 if
the matrix A is not square.

Remark 3.1 If R D R is a principal ideal domain which contains R and M is
an R-module, then the content ideal of the extended module M ® g R’ is given by
the formula

(3.9) Xr (M ®gr R') = xr(M) R

because on the one hand M is a torsion R-module if and only if M ® R’ is a torsion
R’-module and on the other hand the sequence (3.3) remains exact after tensoring
with R’. Thus, if f : M — N is an R-linear map, then the content ideal of the
extended map f @ R' : M ®g R — N ®g R’ is given by

(3.10) xr(f @ R') =xr(f) R

The following “functorial” properties of the content ideal are easily verified (cf.
Tate[Tal, p. 58).

Proposition 3.2 If f : My — My and g : My — Ms are two R-module homo-
morphisms, then

(3.11) x(go f) =x(9) - x(f).

Corollary 3.3 Let f : My — My be an R-module homomorphism and M| C
M;, (i = 1,2) two R-submodules such that f(Mj) C Ms. Then, if f' = fiu :
M| — M), denotes the restriction of f to Mj, we have

(3.12) XX (My/M7) = x(f")x(Mz/My).

Proposition 3.4 Let

0 — M1 i> M2 i M3 — 0
(313) | | ha | hs
0o - M L vy L oM, - o0

be a commutative diagram of R-homomorphisms with exact rows. Then we have

(3.14) X(h2) = x(h1)x(hs),

except possibly in the case that neither Ker(hg) nor Coker(hy) are torsion mod-
ules. Furthermore, if any two of the h;’s are isogenies, then so is the third and

(3.14) holds.
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In the sequel it will often be convenient to treat the torsion and free part of a
module separately. To this end we introduce the following notation.

Notation 3.5 If M is an R-module, then M;,,. C M denotes its torsion submod-
ule and o
v M — M = M/Mior

the quotient map onto the quotient module M = M/M;,,. Furthermore, if f :
M — N is a homomorphism, then we let

Jtor : Mtor — Nior
f:M—N
denote the induced maps.

By applying Proposition 3.4 to the exact sequences induced by wa; and 7y, we
easily obtain the following formulae:

(3.15) x(f) = x(fror)x(f)

(316) X(ftor) = X(Mtor)_1X(Ntor)
(3.17) X(?) = X(f)X(Mtor)X(Ntor)71
In particular, if M ~ N, then we have

(3.18) X(fror) = R and x(f) = x(f)

In what follows we will need to know the relation of the content ideal x(f) of
a homomorphism f : M — N to that of its dual map f* : M* — N*, where, as
before, M* = Hompr(M, R).

Proposition 3.6 The content ideal x(f*) of the dual map is related to the content
ideal x(f) of f: M — N by the formula

(3.19) X(f) = x()x(fror) ™" = X(F)X(Mior)X (Neor) ™"

Proof. If M and N are free modules with bases z1, ...z, and y1,...y,, respec-
tively, and A denotes the matrix of f with respect to these bases, then the matrix
of f* with respect to the dual bases z7 and yj is the transpose At. We thus have
by (3.8) that
X(f) = det(A)R = det(A")R = x(f*),

which is (3.19) in this case.

In the general case we note that M= M*,N* = N* and f* = f*. Applying
the case just treated to f, we therefore have

x(f*) = X(F) = X(?) = X(F)x(Mtor)X(Nior) ™1,
the latter equality resulting from (3.17). In view of (3.16), this proves (3.19).
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3.2. Relative invariants. As in the previous section, let L D K be an extension
field of K = Quot(R). As was indicated there, we shall be interested in R-
homomorphisms h : M — V, where V is a (finite dimensional) L-vector space.

Definition 3.7 An R-submodule M C V is called non-degenerate with respect
to L (or L-non-degenerate) if M has an R-module basis which is also an L-basis
of V. Since every (finitely generated) R-submodule M C V is free (because R
is a principal ideal domain), it follows that M is non-degenerate if and only if
LM =V and rankgr(M) = dimg(V). In particular, if L = K, then a non-
degenerate submodule M C V is just a lattice in the sense of Bourbaki[BCA],
VIL.4.1.

If M is an R-module and f : M — V is R-linear, then f is said to be non-
degenerate (with respect to L) if f(M) is a non-degenerate submodule of V' and
Ker(f) is a torsion module (and hence Ker(f) = Mior).

Definition 3.8 If M; and M, are two non-degenerate submodules of V', then
their relative invariant is defined by

(320) X(Mh Mg) = XR,L(Mh Mg; V) = det(a)R,
where o € Autr (V) is any automorphism of V' such that
(3.21) a(Mz) = M.

Furthermore, if f; : M; — V, i = 1,2 are two R-linear maps which are non-
degenerate, then their relative invariant is defined by

(3.22) x(f1,f2) = x(f1, 25 V) = X((M1)tor) " X((M2)sor ) X (f1 (M), fo(M2)).

Remark 3.9 a) Note that in the above definition the right hand side of (3.20) does
not depend on the choice of «, for if 3 is another choice satisfying (3.21), then § =
v10a0vye with v; € Autr(M;), and so dety (8)R = detr(y1) detr («) detr(y2)R =
det(a)R since det(y;) € R*. We thus see by [BCA], VIL.4.6, equation (6), that
in the case that L = K the relative invariant x(Mj, Ms) coincides with that of
Bourbaki.

b) The above Definition 3.8 may be extended to the case that M; is degenerate
by observing that since M, is non-degenerate, we can always find o € Endy (V)
such that (3.21) holds, at least if rankr(My) < dim(V) (see c¢) below). Thus
Definition 3.20 still makes sense (provided we set we set x(Mi, M2) = 0 when
rank(My) > dim(V)), and we obtain

(3.23) xX(My, M3) =0 <= M, is degenerate.

In a similar manner we can extend the symbol x(f1, f2) to the case that fy is
non-degenerate and f; is arbitrary by setting

(3.24) x(f1,f2) =0



18 Ernst Kani

whenever f; is degenerate.

¢) More explicitly, Definition 3.8 may be written as follows. Let z1,..., %,
and y1,...,y, be R-bases of the submodules M; and M, respectively. Since My
is L-non-degenerate by hypothesis, we can find ¢;; € L such that

(3.25) T; = Z iy, for 1 <i <m,
j=1

and so we have
(3.26) X(M1, Mg) = det(cij)R,

where we set det(C') = 0 if the matrix C' is not square.

The following properties of the symbol x(f1, f2) follow immediately from the
definitions:

(3.27) X(f2. 1) = x(fi.fa)™h
(3.28) x(f1, f3) = x(f1, f2)x(f2, f3);
(3.29) x(ao fi,f2)) = det(a)x(f1, f2);

here, as before, the f; are non-degenerate R-linear maps to V and « € Autr (V) is
an automorphism. There are analogous properties for the symbol y (M7, M), but
we do not need these here.

The relative invariants are closely connected to the content ideals defined above.
To see this, suppose first that M; and M, are two non-degenerate submodules of
V with My C M. Since both have the same rank, the quotient module My /M, is
a torsion R-module and we have by comparing (3.4) with (3.20):

(3.30) X(My, M) = x(Maz/M;).

More generally, if M; and M, are two non-degenerate submodules of V' which
are commensurable in the sense that there exists a non-degenerate submodule
M D M; 4+ M containing M; and Ma, then we have by (3.30) and (3.28):

(3.31) X(My, My) = x(M/My) - x(M/My)~".

Note that in this case M3 = M; N Ms (as well as M; + Ms) is also non-degenerate,
and so we also have

(3.32) X(My, M) = x(My/Ms)~" - x(My/Ms).

From these formulae we see that if f; : M; — V', i = 1,2 are two non-degenerate
R-linear maps which are commensurable in the sense that M = f1 (M) + f2(M2)
is a non-degenerate submodule of V', then we have
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(3.33) X(f1, f2) = x(f1; M1, M) - x(fo; Mo, M) ™,

where we regard the f; as R-linear maps f; : M; — M C V. In view of this formula,
which follows immediately from the definition (3.22) and from (3.31), many of the
properties of content ideals can be transferred to the relative invariants. For
example, if g; : N; — M, are R-isogenies, then by (3.11) and (3.33) we obtain the
formula

(3.34) xX(fio g1, f2092) = x(91)x(92) " 'x(f1, f2),

at least when f; and fo are commensurable. However, this formula is easily ver-
ified to be correct in the general case. Indeed, since f; and f; o g; are clearly
commensurable, we obtain by (3.28) and the proven case of (3.34) that

X(fiogi,faog2) = x(fiogr, fi)x(fr, f2)x(f2, f2092)
= x(g0)x(f1, fOX(f1, f2)x(92) "' x(f2, f2)
= x(g1)x(g2)""x(f1, f2),

which proves (3.34) in general. Note that this formula continues to be true if we
drop the condition that f; be an isogeny.

3.3. Discriminants of bilinear R-modules. Recall from the previous section
that an L-valued, bilinear R-module is a pair (M, h) consisting of an R-module M
and an R-linear map

h:M— M*"®L=Homg(M,L).
We can also describe h by its associated bilinear map
On:MxM— L
which is given by the formula
(3.35) Br(z,y) = h(z)(y),

for B, and h determine each other via the formula (3.35). (Usually h = {3 is called
the adjoint map of B = B;,.) If no confusion results, then we will just write

h(z,y) = Bu(z,y).

Definition 3.10 The discriminant of an L-valued bilinear R-module (M, h) is
defined as the relative invariant

(3.36) discp,, (M, h) = x(h, ju,L; V)

where
j]\/[ﬁL:Z‘dM*(X)L:M* —-V=M'QL
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denotes the canonical map ja,r(m) = m ® 1. Note that j is trivially non-
degenerate (in the sense of Definition 3.7), so this relative invariant is always
defined.

Remark 3.11 a) If M = M is a free R-module with basis z1,...,x,, then its
discriminant is given by the determinant of the associated Gram matriz, i.e. we
have the formula

(3.37) disc(M, h) = det(h(z;, x;)) - R,

which is the usual definition of the discriminant. To see this, note that if we let
x7,...,x) € M* denote the dual basis of x1,...,2z,, then 27 ®1,... 2z} ®1is an
R-module basis of My = j(M*) CV = M* ® L and we have

h(z;) = Z h(wi, )z} @ 1.
j=1

Thus, if A(x1),. .., h(x,) is a basis of My = h(M), then (3.37) follows from (3.26).
On the other hand, if h(x1),...,h(z,) are linearly dependent, then we have

det(h(z;, x;)) = 0 = disc(M, h),

where the latter equality holds by definition since M; is degenerate, and so (3.37)
holds in all cases.

b) For an arbitrary bilinear R-module (M, h) we have
(3.38) disc(M, h) = x(Myor) " ‘disc(M, h),

where h: M — M ® L = M* ® L denotes the induced map (cf. Notation 3.5).
This is true because we have h = h o mps and jar, 1 = j37 ; and so we obtain from

(3.34) that disc(M, h) = x(h, jar.) = x(ma)x(hs j37 1) = X(Mior) ™ disc(M, h).

¢) It is natural to call (M,h) non-degenerate if h : M — M* ® L has this
property. We then have by Remark 3.9b):

(M, h) is non-degenerate <= disc(M,h) # 0.

For future reference, let us note that discriminants are compatible with base-
change:

Proposition 3.12 Let I’ D L be an extension field of L and let R’ be a principal
ideal domain with R C R' C L'. Then for any bilinear R-module (M, h) we have

(339) dZ'SCR/7L/ (M ®R R/, h® R/) = dZ'SCR’L(]\I7 h) . R/.
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Proof. Write M’ = M ® R’. By flatness we have that M{,. = M., ® R’ , and so
we obtain from Remark 3.1 that

X (M

tor) = X(M) R
Furthermore, since M = M ® R', it follows from (3.37) that
discpp, (W,E ® R/) = diSCR’L(M, E) . R/,

and so the assertion follows in view of (3.38).

Corollary 3.13 For any bilinear R-module (M, h) we have

(3.40) discp,,(M,h) ﬂdzscRp (M, hy),

where the intersection is over all non-zero prime ideals p of R.

Proof. We have
discr (M, h) = (\discr,L(M,h) - Ry = (\discr,,.(My, hy),

where the latter follows from (3.39).

There are various operations that can be performed on bilinear R-modules
(M, h). These will now be considered in turn and their effect on discriminants
determined.

The first of these is twisting an L-valued bilinear module (M, h) by an auto-
morphism « € Aut,(M*® L):

(3.41) a- (M,h) = (M,ah) = (M, a0 h).

A special case of this is the case that a = ¢ - id is multiplication by an element
c € L; in this case we shall also write

(M, h)(c) = (c-id)(M, h).
By formula (3.29) we have:
(3.42) disc(M, ah) = det(a)disc(M, h);
in particular,

(3.43)  disc((M, h)(c)) = disc((M, ch)) = ¢*Mdisc(M, h), if ¢ L.
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Another operation is the pullback of (M, h) with respect to two R-linear maps
frg € Homg(N, M); it is defined by

(3.44) (f,9)"(M,h) = (N,(g" ® L) o ho f).
Thus, the associated bilinear maps are related by the formula
(3.45) Br = Bro(f xg),

where b/ = (¢* ® L) oho f. If f = g then we shall write
(3.46) FR(M,h) = (N, f*h) = (f, f)* (M, h).

Proposition 3.14 If dim(M ® K) = dim(N ® K), then we have
(3.47)  disc((f,9)" (M, h)) = x(f)x(g")disc(M, h)
= X(f)X(g)X(Ntor)X(Mtor)_1diSC(M’ h)

Proof. Since the second formula follows directly from Proposition 3.6, it is enough
to verify the first. Here we have by definition and (3.34)

disc((f,9)"(M,h)) = x((g" @ L) o ho f,jn.L) = x(f)x((g" ® L) © h, jn,L)-
Now if ¢ is not an isogeny, then neither is ¢*, and hence (¢* ® L) o h is degenerate
because dim(M* @ L) = dim(N* ® L). Thus, both sides of (3.47) are zero in this
case, and so we may assume henceforth that g is an isogeny. Then (¢*®L)ojas 1, =
JjN.Log": M* — N*® L is non-degenerate, so we have by (3.28) and (3.34)
x((g*®L)oh,jne) = x((g"®@L)oh,(9"®L)ojur)x(inrog”,ine)
= X(hjam,n)x(g"),

and hence the formula follows.

Corollary 3.15 If (M, h) is a bilinear R-module and M’ C M is a submodule of
finite index (i.e. M' @ K = M ® K ), then

(3.48) disc(M', hyp) = X(M /M2 x(Myor) " x (M}, )disc(M, h).

Proof. This follows from (3.47) by taking f = g : M’ — M as the inclusion map;
recall that then x(f) = x(M/M’) by definition.

The last operations which we consider here are the direct sum and tensor prod-
uct of two bilinear R-modules (Mj, hy) and (Ma, he). These are defined by the
formulae
(3.49) (My,h1) & (M2, he) = (My & Ma,h1 & ho)

(350) (Ml,h1)®(M2,h2) = (Ml ®M2,h1®h2),
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where the maps hy1 @ hs and hy ® hy are the compositions

(351)  MieM"E*MreL e ML) L (M M) oL,

(352)  Mie@M "2 (ML) e M;eL) % (M @ M) ®L,

where p : M{ ® My — (M & My)* and pu : My @ My — (M; ® Ms)* are the
canonical maps (cf. Bourbaki[BA], I1.2.6 and I1.4.4). Thus, for their associated
bilinear forms we have:

(353) 5h1@h2($1 D z2, Y1 ®y2) = ﬁhl(z13y1) +ﬁhz(z23y2)

(3.54) Briohs (T1 @ 2,91 @ y2) = Buy (T1,91) - By (T2, Y2)-

Proposition 3.16 We have

(3.55) disc
(3.56) disc

((My,hy) ® (M2, hg)) = disc(My, hy) - disc(Ma, ha),
(M1, h1) @ (Mg, hy)) =
X((Ml)tor ® (M2)tor)_1diSC(M1’ hl)dQ . diSC(MQ’ h2)d17

where d; = dimg (M; @ K).

Proof. If M; and My are free R-modules, then the discriminants are the de-
terminants of the corresponding Gram matrices and hence these formulae follow
from the usual identities for determinant of a direct sum (respectively, of a tensor
product) of matrices.

Now let M7 and M be arbitrary. Then (M7 ® M2)ior = (M1)tor ® (M2)tor SO
X((My @ Ma)ior) = X((M1)tor) - X((M2)tor) and hence the first equation follows.

Next, since M; ~ (M;)tor © M; we have

(Ml & MZ)tor = ((Ml)tor & (MQ)tor) & (Ml ® (MQ)tor) @ ((Ml)tor ®M2)
= ((Ml)tor X (MQ)tOT) D ((]\41)1507‘)7%]\42 S ((MQ)tor)Tlea

and so

disc(My @ Ma) = x((M1 ® Ma)tor) ™ disc(M1 @ Mo) B B

= X((M1)tor @ (M2) tor) "L X (M) t0r)) =% - X (M2) tor) % -disc(M )92 - disc(My)™
= X((M1)tor @ (M3)sor) " disc(My) 2 disc(My)™,

which proves the second equation.

Corollary 3.17 If (My,hy) and (Ma, ha) are non-degenerate bilinear R-modules,
then so are (My,h1) ® (Ma, he) and (M1, h1) @ (M, hs).

Proof. In view of Remark 3.11c), the hypothesis means that disc(M;, h;) # 0,
for ¢ = 1,2. By formula (3.55), respectively (3.56), we see that disc((Mi,h1) ®
(Ms, ha)) # 0, respectively disc((Mi,h1) ® (Mz,hs)) # 0, and so (My,h1) @
(M3, he) and (M7, h1) ® (Ma, he) are non-degenerate by Remark 3.11c) again.
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4. Induced hermitian R[G]-modules

In this section we shall review the definition of a hermitian RG-module and study
the processes of (co)induction and restriction. In particular, we shall formulate
and prove several versions of a (generalized) Frobenius reciprocity theorem for
hermitian RG-modules.

4.1. Hermitian RG-modules. Recall from section 2 that an L-valued, hermi-
tian RG-module is a bilinear R-module (M, h) such that M is a left RG-module
and h : M — M* ® L is RG-linear. In terms of the associated bilinear map Sy,
the RG-linearity is equivalent to the G-equivariance condition

(4.1) Bn(gm, gm’) = Bp(m,m),¥g € G, m,m’ € M.

The above use of the adjective “hermitian”, which follows in part that of
Scharlau[Sch], p. 244, is justified by the fact that h is essentially a sesquilinear
RG-module homomorphism with respect to the canonical involution * on RG

given by
(Z agg)” = Z a9971~

geG geG

More generally, if * is any involution on R which extends to one on L, then it
can be extended to one on RG and we can define hermitian RG-modules relative
to this involution. It is easily checked that all the results below readily extend to
this more general situation. However, since all the applications only use the case
* = idg (and since the general case is more awkward to state) we restrict attention
to this situation.

The following example will play a major role in the applications to character

relations (cf. section 7).

Example 4.1 Permutation modules.
Let S be a finite set on which G acts from the left, and let

R[S] = P Rs
seS

denote the associated permutation module. Then M = R[S] comes equipped with
a natural hermitian RG-module structure hg : M — M™* defined by

(4.2) hs(s) =s*, forallse S,

where {s*} denotes the dual basis of M* with respect to {s}ses. It is clear that
(R[S], hg) is a unimodular hermitian RG-module in the sense that hg : R[S] —
R[S]* is an RG-isomorphism. Note that if we take S = {s}, a singleton, then we
obtain the trivial hermitian RG-module (R,id) = (R[S], hs) as a special case.
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It should also be remarked that the hermitian RG-module (R[S], hg) is uniquely
determined by the G-set S, for each G-set isomorphism S ~ S’ extends uniquely
to an RG-isometry (R[S], hs) =~ (R[S’], hs').

It is immediate that the operations on bilinear R-modules which were intro-
duced in the previous section readily extend to RG-modules. For the twisting, di-
rect sum and tensor product operations no further assumptions are necessary but
for the pullback we need to assume that the homomorphisms f,g € Homg(N, M)
are actually RG-linear so that (f, g)*(M,h) is again a hermitian RG-module.

4.2. Restriction and Induction. @ We now turn to operations on hermitian
RG-modules which result from changing the group.

Definition 4.2 Let f : G; — G2 be a group homomorphism.
a) If (Ma, ha) is a hermitian RG3-module, then its restriction is defined as

Resf(My, hy) = (M, hsy),

where we view My as an RGi-module via f. Then hs is automatically RG1-linear,
so Res¢(Ma, ha) is a hermitian RG1-module.

b) If (My,hy) is a hermitian RG1-module, then the induced hermitian RGo-
module
I?’Ldf(Ml, hl) = (Indf(Ml),mdf(hl))

is defined as follows. The underlying RG2-module is

Indy(My) = RG2 ®ra, M,
which is endowed with the hermitian structure inds(hi) defined by the formula
(4.3) indy(h1)(g2 ® m, gy @ m') = h1(py(g2, go)m, m’),

where g2, g5 € G2, m,m’ € M, and where p; : RG2 X RGy — RG1 is the R-bilinear
map defined by

(4.4) (g2, 93) = Z g1, for g2,95 € Go.
g1€f7 1 (g5 ' g2)

If the homomorphism f : G; — Gs is clear from the context, then we shall also
write Resg?(Ma, ha) = Resy(Ma, ho) and Ind@? (My, hy) = Indp(My, hy).

Remark 4.3 a) The fact that the above formula (4.3) actually defines a (unique)
hermitian structure hy = indy(h1) on My = Indy(M;) requires some justification.
To this end, we first observe that the function ps satisfies the following properties:

(4.5) pr(92f(91),95) = pr(g2,92)91,
(4.6) pr(g2.95f(91)) = 91" ps(g2.95),
(4.7) pr(992,992) = pr(g2:95),
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where g1 € G and g, g2, g5 € Go.
From the first two properties and the fact that hy is RG1-linear it follows that
the function

ha(g2,m, gh,m') = h1(py(ga, gh)m, m’)
on RGa x M x RG4 x M satisfies

(4.8) ha(g2f(g91);m, g5,m') = ha(ga, gim, gh,m'),

(49) h?(gQamag/Qf(gl)7m/) = h2(927mag/2aglm/)a

and hence induces a unique function hs on (RG2 ®gg, M) x (RG2 ® g, M) which
satisfies (4.3). Furthermore, the third property shows that hy is Ga-equivariant.

b) The above formula (4.3) defines the hermitian structure on Inds(M) in
terms of its associated bilinear form. However, it is not difficult to write down the
hermitian structure he = inds(h1) : My = RG2 ®rag, M1 — M3 ® L directly; in
fact, we clearly have

(4.10) inds(h1) = pyv, @ Loidra, ® ha,

where the map
prm t RGo @ M — (RG2 @ M)*

is defined by the rule
(411) pran(ga@m*)(gy@m') = ps(ga, gh)m™(m) = Y m*(g;'m');
g1€f (g5 ' 92)

here, go,g5 € Go,m’ € M and m* € M*. Note that properties (4.5) and (4.6)
guarantee that ps s, is well-defined and (4.7) shows that it is RG-linear.
For later reference, let us also observe that the rule

(4.12) o9’ @m)(g) = ps(g',9~ " )m,
where g, g’ € Go,m € M, defines by properties (4.5) — (4.7) an RG2-linear map
¢ = (bf,M : RGo ®ORG, M — .HO?nRG1 (RGQ,M).

Example 4.4 a) Let H < G be a subgroup, and let f : H — G denote the
inclusion map. If (M,h) is a hermitian RH-module, then its induced hermitian
RG-module is Ind$ (M, h) = (Ind$% (M), ind% (h)), where Ind% (M) = RG@rg M
denotes the usual induced module and ' = ind% (h) is given by the formula

(4.13) W (g ®mg, > g ®my) =Y h(mg, my),

where all sums are over a system 7 = {g; }+er C G of left coset representatives of
G/H. This follows immediately from (4.3) since we have

pf(gta gs) = 5(gta gs)
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for g;,9s € 7. Note that in this case the map
prar: Ind(M*) — (Ind(M))*

is the same as that defined by [CR1], Proposition (10.28), and is therefor an
isomorphism if M is torsionfree.

b) Let S = G/H denote the left coset space of G with respect to H < G. Then
with the notation of Example 4.1 we have by (4.13) that

(4.14) (R[S], hs) = IndS (R, id).

More generally, for any G-set S we have

(4.15) (R[S),hs) = €D Indg (R,id),
sEG\S

where G5 = {g € G : gs = s} denotes the stabilizer of s € S.
c) Let f: Gy =G — G = {1} denote the trivial map, and let (M, h) be a
hermitian RG-module. Then

(4.16) Indf(M):R®RgM=H0(G,M)=MG:M/DgM

is the 0-th homology module of M, where Dg M is the submodule of M generated
by the elements gm — m, g € G; cf. Serre[Se], ch. VII.4. The hermitian structure
on Ho(G, M) = M/DgM is given by

(4.17) ha(m,m') = h(Ngm,m'), for m,m’ € M,

where Ng =3 c59 = ps(1).
In the sequel we shall denote this example by

(4.18) Ho(G, (M, h)) = (Mg, he) = Indg(M, h).

Proposition 4.5 Let f: G — G2 be an injective group homomorphism, and let
(M;, h;) be a hermitian RG;-module for i = 1,2. Then there is a natural isometry

(4.19) Indf((Ml,hl) XRr ReSf(MQ,hQ)) ~ (Indf(Ml,hl)) Rnr (Mg,hg).

Proof. Fix a system 7 of left coset representatives of G/Im(f), and consider the
R-linear map

¢ = o1 : RG2 ®Rrg, (M1 ®r M2) — (RG2 @R, M1) ®r Ma

defined by ¢(t ® (m1 @ ms)) = (t @ m1) ® tma, where t € T, m; € M, i = 1,2;
such a map exists and is in fact an isomorphism of R-modules because

RGy ®pa, (My®r M) = Pt (M @ M),
teT
(RGy ®Rra, Mi) @r My = @D(t® M) @g M,.

teT
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By a calculation as in [Hu], p. 60, one checks that ¢ is RGs-linear, and hence
is an isomorphism of RGs-modules. To check that it is also an isometry, let
t,t' € T, m;,m, € M;. Then, using the fact that ps(¢t,t') = 6(¢,t') =0 or 1, we
obtain:
(indy(h1) ® h2)(p(t ® (M1 ® ma2)), (t' ® (M} @ m5)))

= (ind¢(h1) @ ho)((t @ m1) @ tma, (' @ m}) @ t'm})

= indf(t ®@ my, ¢’ @ mh) - ha(tma, t'm})

= hi(ps(g,9")mi, my) - ha(ma, msy)
(ha ® ha)(ps (L, ") (m1 @ ma), my & my)
indy(hy1 @ he)(t ® (M1 @ ma), t' ® (M} @ mj)),

which proves that ¢ is an isometry.

The process of induction is functorial in the following sense.

Proposition 4.6 Let f1 : G; — G2 and fy : Go — G35 be two group homomor-
phisms, and let (My,hy) be a hermitian RGi-module. Then there is a natural
isometry

Indf20f1 (Ml,hl) >~ Indfz(lndfl (Ml,hl)).

Proof. Consider the map
Y 1 RG3 ®Rra, (RG2 ®re, M) — RG3 ®ra, M

defined by ¥(g3 ® (g2 ® m)) = g3f2(g2) ® m, which is clearly an isomorphism
of RGs-modules. To see that it is an isometry, we first note that the following
identity holds:

(4.20) Praofi (93f2(92), 93.f2(95)) = . (01, (93, 95) 92, 95)-

Using this, we obtain

indj,op, (h1)(¥(gs ® (92 @ m)), (g5 @ (95 @ m')))
= indg,orp (h1)(g3f2(g2) @ m, g5 fa(gs) ® m')
= hi(p(g3fa(g2), 95 f2(g3))m, m’)
hi(p, (P (g3, 95) 92, g5 )m, m')
= andy, (h1)(pys, (93, 93) (92 @ m), gy @ m')
= indy,(indy, (h1)) (g3 ® (92 @ M), g5 @ (95 @ m')),

which shows that v is an isometry.

Corollary 4.7 Let f : G1 — G2 be an injective group homomorphism and let
(M;, h;) be a hermitian RG;-module. Then there is an isometry

(4.21) Ho(Ga, Inds(Mi, h1) ® (Ma, he)) >~ Ho(G1, (M1, h1) @ Resy(Ma, ha)).
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Proof. Let f' : Go — G5 = {1} denote the trivial map of G3. Then f'of : G; — G
is the trivial map of G4, so we have by Propositions 4.5 and 4.6 (and Example
4.4c))

Ho(G1, (M, h1) @ Resg(Ma,he)) = Indpop((Mi,h1) ® Resy(Ma, ho))
Indf/ (Indf((Ml, hl) ® ReSf(MQ, hg))
>~ Indf/ (Indf(Ml, hl) ® (M27 hg))

Ho(Ga, (Indy(My, hy) ® (Mz, ha))).

1R

The above Corollary 4.7 may be viewed as a (primitive) version of Frobenius
Reciprocity, for over a field R = K one can easily deduce the usual reciprocity
theorem by taking dimensions of the underlying vector spaces. For our purposes,
however, this version is not so useful because the applications require the module

(4.22) H°(G, M) = M® = inva(M)

of G-invariants of M in place of Ho(G, M). Over a field R = K these two modules
are the same, but in general they are only connected by the exact sequence
(4.23) 0 — HY(G, M) — Ho(G, M)~ HY(G, M) — H*(G, M) — 0,

where N¢ is the map induced by the endomorphism m — Ngm of M, and the
H?17 denote the Tate cohomology groups.

Notation 4.8 If (M, h) is a hermitian RG-module, then, as in section 2, we shall
endow the module H°(G, M) = Invg(M) with the hermitian structure

(4.24) invg(h)(m,m’) = ﬁh(m,m’).
The resulting bilinear R-module is denoted by
H°(G, (M, h)) = Invg(M,h) = (Invg(M),invg(h)).

Remark 4.9 The normalization in (4.24) has been chosen so that the hermitian
structure on H°(G, M) pulls back to that on Ho(G, M) via Ng:

(4.25) NE(H (G, (M, h))) = Ho(G, (M, h)).

This follows immediately from formula (4.17) because by the G-equivariance of h
we have

invg(h)(Ngm, Nam') Z h(Ngm, gm') = h(Ngm,m').

|G\ =
4.3. Coinduction. We had seen above that the bilinear module Hy(G, (M, h)) is
a special case of the general construction of induced modules. In a similar manner,
the “dual” module H°(G, (M,h)) is a special case of the dual construction of
coinduced modules which we introduce now.
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Definition 4.10 Let f : G; — G2 be a homomorphism of groups, and let (M, hy)
be a hermitian RG1-module. Then the coinduced hermitian RGo-module

Coindys(Mi, h1) = (Coind (M), coind s (hq))
is defined as follows. The underlying RGs-module is
Coindy(M,) = Hompgea, (RG2, M),

which is endowed with the hermitian structure coinds(h1) defined by the formula

(4.26) coindy(h1)(f1, f2) = > hi(fi(g2), f2(92)),

g2€G2

IGI

where f1, fo € Hompgg, (RG2, My).

Remark 4.11 a) The above bilinear form coindy(h1) is Ga-equivariant because

coindg(h1)(g2f1,92f2) = |G | Z hi((g2.f1)(9), (92.f2)(9))
geGa
= |G | > lfilg92): f2(992))
geG2
= |G1| Z; hi(fi(g (")
g'e

= coinds(h1)(f1, f2).

b) Let Gy = U;c; Im(f)g: be a decomposition of Gy into (left) cosets of
m(f)\G2. Then by the G;-equivariance of h; we have

@2n)  coindg(n)(fi. ) = oo SO h(il). fa(0).
el

|K

The coinduced modules are related to the induced RG-modules Indy(M,h)
and to the invariant modules H°(G, (M, h)) in the following way.

Proposition 4.12 a) If f : Gy — Gy is injective, then there is an isometry of
RG5-modules:
(428) COZ?’ldf(Mhhl) 2Indf(M17h1)
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b) If f: G — G2 is surjective, then there is an isometry of RGa-modules:
(4.29) Coindy(My, hy) ~ H°(Ker(f), (M, hy)).

Proof. a) Fix a system of (right) coset representatives of Gia/Im(f), say Go2 =
Uier 9iIm(f), and define

¢ Hompgg, (RG2, M1) — RG2 ®pa, My

by ¢'(t) = > ,c1 9i ®t(g; 1). Tt is easy to see that ¢/ = (;5]7}\/[1 is the inverse of the
map constructed in Remark 4.3b) and hence is an isomorphism of RGa-modules.
It thus remains to show that ¢’ is an isometry. If ¢, s € Hompg, (RG2, M7) then

indy(h1)(¢'(t),¢'(s)) = indys(h1) (Zgi ©t(g; 1)) 9 ® 8(9i1)>

i€l i€l

= > h(tlg),s(g;") = coinds(h)(t,s)

iel

by (4.13) and by formula (4.27) above since {g; ' };cs is system of left coset repre-
sentatives of Im(f)\G2. Thus ¢’ is an isometry.

b) Put N = Ker(f), and define
Y : Hompg, (RG2, My) — Invy (M) = H°(N, M)

by ¢(t) = t(1). If we view Invy (M) as a Ge-module via the rule f(g1)m = g1m
for g1 € G1 and m € Invy(My), then ¢ is an RGo-module homomorphism because
B(Fg0t) = (Flant) (1) = tf(91)) = g1t(1) = g10(t) = F(g1) - Y(b)

It is immediate that 1) is injective because if (t) = 0, then ¢(1) = 0 and then
t(f(g1)) = g1t(1l) = 0, so t = 0. Moreover, ¢ is surjective: if m € Inuyn (M),
then define t € Hompg(RGy, My) by t(f(91)) = g1m. Note that since M is N-
invariant, t is well-defined. Now t(f(g1)f(91)) = g1gim = g1t(f(g})), so t €
Hompa, (RG2, M), and hence 9 is surjective.

It remains to prove that v is an isometry. If s,t € Hompgg, (RG2, M7), then

invy () (9(s), 9(8) = b (6(s),6(8)) = Theha(s(1),8(1)) = coindy (h1)(s,)
by formula (4.27), and so v is an isometry.
Just like induction, the process of coinduction enjoys the following functoriality

property.

Proposition 4.13 Let f1 : G — G2 and fo : Go — G3 be two group homomor-
phisms, and let (M7, hy) be an hermitian RG1-module. Then there is an isometry
of hermitian RG3-modules:

Coindy, (Coindy, (M, h1)) ~ Coindg,of, (M, h).
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Proof. Define
g . I?[O’ITLRG2 (RG37 ]:.[OTTLRG1 (RGQ, Ml)) — ILIOTTLRG1 (RGd, Ml)

by o(t)(g3) = t(gs)(1). It is easy to see that o is an isomorphism of RGs5-modules;
cf. Cartan-Eilenberg|CE], pp. 28-29, using the identification RG3 ®prg, RGa ~
RGS3.

To prove that o is an isometry, let s,t € Hompgg, (RG3, Hompgg, (RG2, My)).
Then the RG2-linearity means that ¢(f2(g5)g3) = g4t(gs), if g5 € G2 and g3 € RGs5,
S0

t(f2(92)93)(92) = g5t(g3)(g2) = t(g3)(9293),
and similarly for s in place of t. Thus we have

coinds,(coimdg, ())(s.1) = e 3 coindy (h)(s(gn). 03)

93€G3
= ‘G2 g; g; hi(s(g3)(92), t(93)(g2))
= \Gg Z Z h1(s(f2(g2)93) (1), t(f2(g2)g3)(1))
g3€G3 g2€G2
— \Gg Z Z 5(f2(92)93)(1), t(f2(92)g3)(1))
g2 6G2 936G3
— ﬁ Z Z hl 93 ( )(1))
2 g2€G2 g e
= \Gl Z h1(s(gs)(1),t(g3)(1))
93€Gs

= coindpyop (h1)(0(s),0(t)),
which proves that ¢ is an isometry.
Corollary 4.14 If f : G1 — G is a group homomorphism and (My,h1) is a
hermitian RG1-module, then there is an isometry
H°(Gyq, Coind(My, hy)) =~ H°(Gy, (M, hy)).
Furthermore, if f is injective then we also have an isometry
HO(GQ, Indf(Ml, hl)) >~ HO(Gl, (Ml, hl))

Proof. The first assertion follows by taking f; = f and G3 = {1} in Proposi-
tion 4.13 (cf. proof of Corollary 4.7), and the second follows from the first by
Proposition 4.12a).

As we shall see below, the following result will be useful when working with
permutation modules:
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Corollary 4.15 Let f : Gi — G2 be a group homomorphism and let X < G be
a subgroup of G1. If k = |X N Ker(f)|~! - 1g, then there is an isometry between
the coinduced hermitian permutation module attached to G1/X and the k-twist of
the hermitian permutation module attached to Go/f(X):

(4.30) Coindy(R[G1/X], ha,/x) = (R[G2/f(X)], hay 5 (x)) (k)

Proof. Let g = fix : X — Y = f(X) denote the restriction of f to X. Since
foix =iy og, where ix : X — G7 and iy : Y — G5 denote the inclusion maps,
we obtain by Proposition 4.13 an isometry

(4.31) Coindy(Coind$* (R, id)) =~ Coind$? (Coindy (R, id)).
By Proposition 4.12a) and Example 4.4b) we have on the one hand that
(4.32) Coind$ (R, id) ~ Ind$* (R, id) = (R[G1/X], ha, /x);
on the other hand we obtain from Proposition 4.12b) that
Coindy(R,id) = H(Ker(g), (R,id)) = (R, id)(k),

because |Ker(g)| = 1. It thus follows that

Coindg? (Coindy(R,id)) ~ Ind$? (R, id)(k) = (R[G2/f(X)], hay/r(x)) (k).
Substituting this and (4.32) in (4.31) yields the isometry (4.30).

4.4. Frobenius Reciprocity. We are now ready to prove the following version
of Frobenius Reciprocity for hermitian RG-modules.

Theorem 4.16 (Frobenius Reciprocity) Let X < G be a subgroup of G and
let (M', k') be a hermitian RX -module. Then for any hermitian RG-module (M, h)
there is an isometry of bilinear R-modules

H°(G, Ind$ (M, 1) ® (M, h)) ~ H (X, (M', 1) ® Res$ (M, h)).

Proof. By Proposition 4.5 and Corollary 4.14 we have

HG, Ind§(M',h) @ (M, h)) ~ HG,Ind§((M',h') ® Res§ (M, h)))
~ HYX,(M' KW)® Res$(M,h)).

2

Corollary 4.17 If S is a finite G-set and (M, h) is a hermitian RG-module, then
we have an R-isometry

H(G, (R[S, hs) @ (M, h)) =~ @ H(Gs,(M,h)),
seG\S

where Gy = {g € G : gs = s} denotes the stabilizer subgroup of s € S.
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Proof. By additivity it is enough to consider the case S = G/X, where X < G
is a subgroup. By Example 4.4b) we have in this case (R[S], hs) = Ind$ (R, id),
and so the assertion follows by taking (M',h') = (R, id) in Theorem 4.14.

For hermitian RG-lattices, there is a more general Frobenius reciprocity theo-
rem available. This is based on the following analogue of Proposition 4.5:

Proposition 4.18 Let f : Gy — G2 be a group homomorphism, and let (M;, h;)
be a hermitian RG;-module for i = 1,2. If My is R-torsionfree (i.e. an RGa-
lattice) or if |Ker(f)| is invertible in R, then there is a canonical isometry

(433) C’oindf(Ml, hl) [24] (2\427 hg) ~ C’oindf((Ml, hl) X RBSf(MQ, hg))

In order to prove this proposition it will be convenient to isolate the con-
struction of the desired RG2-module homomorphism which is compatible with the
hermitian structures. Subsequently we shall investigate when it is an isometry.

Lemma 4.19 If f : Gy — G5 is a group homomorphism and (M, h;) is a hermi-
tian RG;-module for i = 1,2, then there is a unique RG2-module homomorphism

v:Hompgg,(RG2, M1) ®g My — Hompgg, (RG2, M1 @r M)
such that for t € M := Hompg, (Ra, M1), g2 € Ga2, ma € Ms, we have
(4.34) v(t @ ma)(g2) = t(g2) @ gama.

Moreover, v is compatible with the hermitian structures is the sense that
(4.35) v (coind(hy @ hy) = coinds(hy) @ ha.

In addition, v is an isomorphism if and only if the “cup-product” map
(4.36) upr : MG @p ML — (M @ M)

is an isomorphism where ML denotes the R-module My endowed with the trivial
G1-module structure and M = Homp(RG2a, My) is viewed as a G1-module in the
usual way.

Proof. First note that since v is R-bilinear in ¢ and mg, the above rule (4.34)
defines a unique R-homomorphism

v ITIOT)”LRG1 (RGQ,Ml) Qpr My — HomR(RGQ,Ml ®Rr MQ)

Next we observe that v(t ® ms) € Homgr(RG2, My ® Ms) is Gy-linear because

g1-v(t®ma)(g2) = g1(t(g2) ® gama) = g1t(g2) @ f(g1)gama
t(f(91)g2) ® f(g1)gama = v(t ®@m2)(f(91)92),
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and so Im(v) C Hompg, (RG2, M1 ® Ms). Moreover, v is Ga-linear because

v(g2(t®@ma))(gy) = v((g2t) ® (92m2))(92) = (921)(92) ® gag2ma
t(9292) ® gagama = v(t ®@m2)(g292)
= g2 v(t ®@m2)(gy)-
We have thus verified the existence of the RGs-linear map v. The next step

is to show that equation (4.35) is valid. For this, let mgo, m) € My and ¢, €
}107’7’1,}:5(;1 (RGQ,Ml). Then

coindg(hy @ he)(v(t ® mz) v(t' ®mj))
= |G | > @ ha(v(t @ ms)(g), v(t' @ mb)(g))

g€Go

= |G1| Z h1 ® ha(t(g) ® gma,t'(g) @ gmy)
g€Ga

= |G1 Z hl h2(gm27gm2)
g€G2

= |G1| Z hl hg(mg,mQ)

g€G2
= coindg(h1)(t,t')ha(mza, mb)
(coind(hy) ® ha)(t @ ma,t" @ mj).

It remains to analyze the bijectivity of v. For this, consider the R-linear map
vy M® My — HomR(RGg, M, ® Mg)

defined by (4.34). We note that v is clearly an isomorphism of R-modules since
RG5 is a free R-module and multiplication by gs is an R-automorphism of Ms.
Next we observe that

gr-n(t©ms)(g2) = gt ®@ma)(f(g1) 'g2)
= q1(t(f(91) 92) @ fg1)” " g2ma)
= 9it(f(g1) " '92) @ f(91)f(91) " ' g2mna
= (911)(g2) ® gamo
= vi(git ® m2)(g2),
which means that v/ is G;-linear, if we view M, as a trivial Gi-module when it
appears in M ® My (but continue to view the My appearing in M; @ My as a

G1-module via f). Thus v is an isomorphism of RG1-modules, and hence induces
an R-isomorphism on the invariant spaces:

V= 1/1 (M@Mtrw) (HomR(RGQ,Ml ®M2)G = HomRGl (RGQ,Ml ®M2)
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On the other hand, we clearly have the factorization
v=1 ouyy,

and so it follows that v is an isomorphism if and only if this is true for uys, as
asserted.

Proof of Proposition 4.19. By the above lemma, we only need to verify that v is
an isomorphism under the hypotheses of the proposition.

By the lemma we see that the fact whether or not v is an isomorphism depends
only on the R-module structure of My, so it is enough to investigate the situation
when My = Mﬁ”“ has the trivial Go-module structure. In that case the A = RG4-
module structure on M7 ® M5 coincides with that of Bourbaki[BA], 11.4.2, and also
the above map v coincides with the map v defined there (cf. loc. cit., equation
(7)), if we take B = R, E = RG5,G = M;,F = M, in the notation there. We
thus obtain by [BA], 11.4.2, Proposition 2, that v is an isomorphism if G = M,
is R-projective (or, equivalently, My is R-torsionfree since R is a principal ideal
domain), or if if RGy is RGi-projective. By the lemma below, this is the case
here, and so the assertion follows.

Lemma 4.20 If f : Gy — G2 is a group homomorphism and R a ring in which
|Ker(f)| is invertible, then RGq is a projective RG1-module.

Proof. By factoring f = f5 o f; as a surjection followed by an injection, we see
that it is enough to consider the case that f is surjective since RG, is a free
RG1-module if f is injective. Thus, assume that f is surjective.

To prove that M := RG> is RGi-projective, it is enough to show that M
is G1-cohomological trivial, i.e. HY(G,M) = 0 for all ¢ > 1 and all subgroups
G < G;. Fix G < Gy and put Q = f(G),N = Ker(f) NG. Since |N| is invertible
in R, we have HY(N, M) = 0 for ¢ > 0. Thus, by the Hochschild-Serre (spectral)
sequence (cf. Serre[Se], VIL6), we have HY(G, M) ~ HY(Q,M"N) = HY(Q, M).
But H1(Q, M) = H4(Q, RQ™) = 0, where n = [G2 : Q], so the assertion follows.

In view of Proposition 4.12a), the following theorem generalizes the Frobenius
Reciprocity Theorem 4.16:

Theorem 4.21 (Generalized Frobenius Reciprocity) Let f: Gy — G2 be a
group homomorphism, and let (M;, h;) be a hermitian RG;-module for i =1,2. If
My is an RGa-lattice or if | Ker(f)| is invertible in R, then there is an R-isometry

HO(GQ, C’oindf(Ml, h1) X (MQ, hg)) ~ HO(Gl, (Ml, h1) ® ReSf(Mg, hg))
Proof. By Proposition 4.18 and Corollary 4.14 we have
HO(GQ, C’oindf(Ml, hl) X (Mg, hg))

~ H°(Ga,Coinds((My,h1) @ Resy(Ma, hs)))
~ H°G1,(Mi,h1) ® Resp(Ma, hs)).
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Although we do not need this in the sequel, it would be interesting to know if the
restrictive hypotheses (i.e. M torsionfree or |Ker(f)| invertible in R) in the above
theorem can be removed. For our purposes, however, the following strengthening
of the theorem to the case that (My, hy) = (R[S], hs) is a permutation module is
sufficient.

Theorem 4.22 (Frobenius Reciprocity for Permutation Modules) Let
f: Gy — Gy be a group homomorphism, and let (My,hy) = (R[S], hs) be a her-
mitian RG1-permutation module. Then for any hermitian RGa-module (Ma, ha)
there is an R-isometry

H%(G2,Coinds(My,hi) @ (Ma, h)) ~ H(Gy, (My,h1) @ Resy(Mz, ha)).

Proof. By additivity it is enough to consider the case S = G1/X, where X < G
is a subgroup. Then by Corollary 4.17 we have

(4.37) H%(Gy, (R[G1/X], hg,/x) ® Resp(Ma, hs)) = H°(X, Res (M, ha)).

On the other hand, if we put k = [ XNKer(f)|~! and Y = f(X), then by Corollary
4.15 and Corollary 4.17 we obtain

H°(G5,Coind;(R[G1/X], ha, /x) ® (M2, h2))
~ H%(Ga, (R[G2/Y], hay v) (k) @ (Mo, ha)) =~ HO(Y, (Ma, ho)) (k).

By comparing this with (4.37) we thus see that the assertion follows from the
following lemma:

Lemma 4.23 Let f: Gy — Gs be a group homomorphism and (Ms, hs) a hermi-
tian RGo-module. For a subgroup X < Gi put Y = f(X) and
k=Y|/|X|=|XnKer(f)| ™"

Then we have
H(X,resf(Ma, he)) = H(Y, (Mz, ha)) (k).

Proof. Clearly M := Invx(res¢(Ms)) = Invy(Ms) as submodules of M,. Thus,
if we let h denote the restriction of hs to this submodule, then we have

H°(X,resp(Ma, ha)) = (M, x7h) = (M, 57h) (k) = H(Y, (M2, ha))(k),

and so the lemma follows.
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5. The construction of the invariant ¢

In this section we shall construct the fundamental invariant (M, Ma; M) in three
steps. First we introduce the invariant dge (M, h) which is attached to any
hermitian RG-module (M, h). This will then be used to construct the prelimi-
nary invariant A((My, hy), (Ma, hy); M). By introducing the Grothendieck ring
H(RG, L) of hermitian RG-modules, this invariant may also be viewed as a pair-
ing of a certain ideal of this ring with the Grothendieck ring Mod(RG)non—deg of
non-degenerate RG-modules. Finally we show that A induces the desired invari-
ant d. In the next section we shall study the main properties of this invariant,
and then in a subsequent section relate this invariant to the one discussed in the
introduction.

5.1. The invariant drg(M,h). In the previous section (cf. Notation 4.8) we
had defined the “0-th cohomology module” H°(G, (M, h)) = Invg(M, h); taking
its discriminant (cf. Definition 3.10) yields the invariant dre (M, h):

Notation 5.1 If (M, h) is an L-valued hermitian RG-module then we let
dra.L(M, k) = discr(Invg(M, h)) = discr(H°(G, (M, h)))

denote the discriminant of the bilinear module of invariants of (M, k). If the ring
R and the field L are clear from the context, then we shall write dg in place of
dra,L-

Remark 5.2 Following the line of thought of section 4, we could also consider
the invariant

’RG’L(M, h) = discr(Mg, hg) = discr(Ho(G, (M, h))).

However, this invariant is of secondary importance because all the applications use
only the invariant dgg 1. Moreover, by (4.25) and (4.23) (and Prop. 3.14), these
two invariants are related by the formula

(51) /RG,L(Mv h) = X(HO(Gv (Mv h))tm‘)X(HO(Ga (Mv h))tOT)ilh(GvM)Q
'dRG,L(M, h)

where ~ . .

(5.2) h(G, M) = x(Ng) = x(H°(G,M)) - x(H~ (G, M)~

denotes the “Herbrand quotient” of M. (The latter is a natural generalization of
the usual Herbrand quotient which is commonly only defined for cyclic groups G
and R = Z; cf. Serre[Se|, ch. VIII.4.)

We first verify that drg (M, h) # 0 whenever (M, h) is non-degenerate, i.e.
whenever discr(M, h) # 0 (cf. Remark 3.11c)).
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Lemma 5.3 Let Ni; = |G| — Ng = >_ (1 — g) € RG, where, as before, Ng =
decg. Then for any hermitian RG-module (M, h) we have
a) MG 1 NLM;
b)) M@K =(MY®K)® (N;M®K)=(NegM®K)® (N.Me K);
c) if discr(M,h) # 0 then also drg(M, h) # 0.
Proof. a) Since (1 — g)m =0 for all g € G, and m € MY, we have
h(m, Ngm') = h(m, (1= g)m') = Y h((1 =g~ )m,m') =0,
geG geqG

if m € M% and m’ € M, and so a) holds.

b) Since Ng(M ® K) C (M® ® K), it is enough to prove that Ng(M @ K) &
NL(M @ K) = M ® K and this follows since Ng + N =n -1 and n = |G| is
invertible in K.

c) Put M’ = A @® N M. Since the canonical map f : M’ — M is an isogeny
by b), it follows from Proposition 3.14 that discg(M’, f#h) # 0. Furthermore, by
a) we have that (M', f#h) = (MG,EMG) & (NLM, EN/Gﬁ) and so by Proposition
3.16 we obtain

) ) —G - ) — =
discp(M', f#h) = discgr(M ,h‘ﬁc)dzscR(NéM,h‘Néﬁ),
. . . —G -
which shows that discr (MY, hipe) = X((M%) o) " tdiscr(M ’hlﬁc) #0.

Some elementary properties of the invariant dg are summarized below.
Proposition 5.4 a) The invariant drg is additive:
drc((M1,h1) ® (M2, h2)) = drg(Mi, hi)dra (M2, he).

b) In the situation of Proposition 3.12 we have

drg.rr(M @R ,h®@R') =drg.(M,h)-R.
¢) The following localization formula is valid:

dr,(M,h) = () dg,.L(Mp, hy).
d) The invariant of a twist by r € R is given by the formula
dra.p(M,rh) = P GCM) g 1 (M, h).

Proof. a) Since H(G, (M1, h1) ® (Ma, ha)) = H(G, (My,hy)) ® HY(G, (M, hs)),
this follows directly from Proposition 3.16.

b) Since R’ is flat over R we have H(G, (M'®R',h@R')) = H°(G, (M, h))®@R’,
and hence the assertion follows from Proposition 3.12.

c¢) As in the proof of Corollary 3.13, this follows immediately from b).

d) This follows immediately from formula (3.43).
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5.2. The invariant A. The construction of the invariant A is based on the
following fundamental but perhaps somewhat technical fact.

Proposition 5.5 Let (M;, h;), i = 1,2,3, be three non-degenerate hermitian RG-
modules. If M1 ® K ~ M>® K, then there is an RG-isogeny f : My — Ms and for
any such f there is an automorphism a € Autyc(M{®L) such that f#hy = aoh,.
We then have

(5.3) dre((My,h1) ® (M3, h3)) = A - dra((Mz, he) ® (Ms, h3))
where
(5.4) A = x(invg(f® z'alMS))2 det(invg(a ® idMg*@L))_l

'X(i’fl’t)g(Ml ® MS)tOT)X(inUG(MQ ® MB)tor)il

and invg (f @ idag) @ invg (M1 ® M3) — invg(Ma ® Ms) denotes the induced map
on the tnvariant spaces. In particular, the principal R-module

(5.5) A = dg((My, ) © (M, hs))da((Mz, he) @ (Ms, hs)) ™"
does not depend on hs.

Proof. We first observe that the last assertion follows immediately from (5.3) since
A does not depend on h3. (Note that by Lemma 5.3c¢) it follows that dg((Ma, h2)®
(M, h)) # 0 because (Ma, ho) ® (Ms, h3) is non-degenerate by Corollary 3.17.)

We now prove the first assertion. By hypothesis there is an isomorphism f €
Homgg(M; ® K,Ms ® K) ~ Homga(My, Ms) ® K (cf. [BCA], 11.2.7). Thus
f=f®Q/r) with f € Hompg(M;, M) and 0 # r € R. Since f : My — My is
automatically an RG-isogeny, this proves the existence of the desired f.

Next, suppose that an RG-isogeny f is given. Since hy, f#hy : My — M; ®
L are non-degenerate, we see by Remark 3.9¢) that there is a (unique) o €
Auty (M} ® L) such that f#hy = oo hy. Since f#hy and hy; are RG-linear,
so is a, and so the second assertion follows.

It thus remains to prove equation (5.3). Here we first note that since a ® id is
an LG-isomorphism of (M; ® M3)* @ L = (M7 ® L) ® (M5 ® L), it induces the
isomorphism invg(a ® id) on the invariant space invg((M; ® M3)* ® L), and we
have invg(a®id) o invg(hy ® hg) = invg((aohy) ® hs). Thus by equation (3.42)
dg((Ml, hl) ® (Mg, hg)) = disc(invg(Ml ® Mg),invg(hl &® hg))

= det(invg(a ® id)) " tdisc(invg (My @ M3),invg(a o hy ® h3))

= det(invg(a ® id)) " disc(invg (M1 @ Ms),invg (f7 (hy) @ h3)).
Furthermore, since invg(M; @ M3 ® K) ~ invg(My ® M3 ® K), it follows that
the hypothesis of Proposition 3.14 is satisfied, and so we obtain
disc(invg(My @ M3),invg((f#(ha)) @ h3))

= disc(invg(f @ id)# (invg(My @ M3),invg(he @ h3)))
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= x((inve (My ® Ms))tor)x((inve (Ma @ Ms))ior) ~*
“x(invg(f @ id))?disc(invg(My ® M3, ho ® h3)),
from which formula (5.3) follows.

The following corollary will later play an important role in the construction of
the invariant 4.

Corollary 5.6 If, in the situation of Proposition 5.5, we have in addition that
M, ~ My and that hy,hy are unimodular (i.e. that h; : M; 5 M are isomor-
phisms), then we have that A = R.

Proof. We may assume that M; = My = M. Then f = idy; and @ = oy ® L,
where ag € Aut(Mo), so x(invg (idy @idn,)) = R and det(invg(a®idyzor)) =
det(invg(ao ® iday)) = R, and hence A = R.

We now come to the definition of the invariant A, which is defined for RG-
modules M which are non-degenerate in the following sense.

Definition 5.7 An RG-module M is non-degenerate ift M @ K ~ M* @ K (as
K G-modules).

Remark 5.8 It is well-known (cf. [Hu], p. 29) that M is non-degenerate if and
only if M ® L ~ M* ® L, and this is in turn equivalent to the existence of a
non-degenerate L-valued hermitian RG-module structure h: M — M* ® L.

Notation 5.9 Let (Mj, hy) and (Maz, he) be two non-degenerate hermitian RG-
modules and let M be a non-degenerate RG-module. Then by Remark 5.8 M
admits a non-degenerate hermitian RG-module structure h : M — M* ® L. We
now put

Are,L((My,hy), (M, he), M) = da((My,h1) @ (M, h))da((Ma, ho) @ (M, h)) ™",

which, by Proposition 5.5, is independent of the choice of h.

5.3. The Grothendieck ring H(RG, L). In order to be able to work efficiently
with the above defined invariant A, it advantageous to be able view it as a pairing
of certain groups. To this end we introduce here the Grothendieck ring of hermitian
RG-modules, which enables us to write everything in a much more compact and
transparent form.

Notation 5.10 Let H(RG, L)T denote the set of RG-isometry classes of L-valued
non-degenerate hermitian RG-modules (M, h). It is easily checked (using Corollary
3.17) that the operations & and ® make H(RG, L) into a commutative semi-ring
with unit (R, idr). We let H(RG, L) denote the associated Grothendieck ring (in
the sense of Scharlau[Sch], p. 30), and

ic : H(RG,L)" — H(RG, L)
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the canonical semi-ring homomorphism. Thus H(RG, L) is a (commutative) ring
which is universal with respect to semi-ring homomorphisms f : H(RG,L)* — A
to rings A in the sense that f = f’ o ig factors uniquely over a ring homomor-
phism f’: H(RG, L) — A. For future reference, note that by the construction of
H(RG, L) given in Scharlau[Sch], p. 30, each « € H(RG, L) has the form

(56) T = [Mla hl] - [M27h2]7

where [M;, h;] = ig((Mi, h;)) denotes the image of (the isometry class) of (M;, h;)
in H(RG, L).

As a first application of the universal property, we note that there is a canonical
ring homomorphism

k=kg: H(RG,L) — Ko(KG) = Go(KQ)
to the Grothendieck ring of (projective) K G-modules (cf. [CR1], p. 406) such that
#([M, h]) = [M @ K],

for the map (M, h) — [M ® K] defines a semi-ring homomorphism H(RG, L)" —
Ko(K@G) which therefore factors over H(RG, L).
By Remark 5.8 we see that the image of  is

Im(r) = Ko(KG)sym = {V1] = [Va] : Vi = Vi},

the subring of Ky(KG) generated by the symmetric KG-modules. On the other
hand, if we let
H(RG, L)" = Ker(x)

denote the kernel, then by (5.6) we have
(5.7) H(RG, L) = {[My,hi] — [Ma,ho] : M1 @ K ~ My, ® K}.

In a similar manner, if Mod(RG) denotes the Grothendieck ring associated to
the semi-ring Mod(RG)™ consisting of RG-isomorphism classes of (finitely gener-
ated) RG-modules, then we have a natural ring homomorphism

p=pa: H(RG,L) — Mod(RQG)
such that p([M, h]) = [M]. Note that by Remark (5.8) its image is
Im(p) = Mod(RG)non—deg,

the subring generated by the non-degenerate RG-modules. Furthermore, the map
k factors over p:
K =TRonp.
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By identifying the group Id(R, L) of non-zero principal R-submodules of L
with the quotient group L*/R*, we see by Lemma 5.3c) that drg,; defines a
homomorphism of semi-groups

d}ey  M(RG,L)" — Id(R,L) = L* /R*.

By the universal property of Grothendieck groups there is a unique induced group
homomorphism
drc : H(RG,L) — Id(R,L) = L™ /R*.

With the above notations we can now express the fundamental invariant A as
follows.

Theorem 5.11 There is a unique pairing

Arc.r : H(RG,L)° x Mod(RG)non—dgeqg — Id(R, L) = L* /R*
such that for any x € H(RG, L)°, y € H(RG, L) we have
(5.8) Arc,L(z,p(y)) = dra(z - y).

Proof. Since p : H(RG,L) — Mod(RG) is surjective, there exists at most one
map satisfying (5.8). To prove existence, we shall use the invariant A which was
introduced in Notation 5.9. Using the notation of the following Lemma 5.10, we
note that A defines a bi-additive map

A (H(RG, L)Y @ H(RG, L)")" x Mod(RG)}\,, _4., — L™/ R*.
Since it is immediate from the definition (cf. Notation 5.9) that
A(My, hy, My, hy, M) =0,
the following lemma shows that A induces the desired bi-additive map.
Lemma 5.12 Let AT and BT be two commutative semigroups with associated
Grothendieck groups A and B and canonical mapsis : AT — A andip : Bt — B,

respectively. Suppose f : A — C is a homomorphism to an abelian group C and
put A° = Ker(f) and

(AT @ AT = {(a1,a9) € AT @ AT tia(ar) —ialag) € A%}
Furthermore, let D be another abelian group and suppose that
g: (AT AN x BT = D
s a bi-additive map of semigroups such that

(5.9) 9((a,a),b) =0



44 Ernst Kani
for alla € A*,b € BT. Then g induces a unique bi-additive map
G:A°xB—D

such that
(5.10) glia(ar) —ia(az),ip(b)) = g((a1,a2),b),
for all (a1,a2) € (AT x AT)? and b € BT.

Proof. Since A° consists of expressions of the form i(a;) — ia(az2) and B is
generated by the elements i (b), it is clear that g is uniquely determined by (5.10).
To define g, fix (a1,a2) € (AT & AT)? and define g4, 4, : BT — D by

Yay,az (b) = g((a17a2)7 b)

Since g is additive in b, it follows that g, 4, induces a unique homomorphism
: B — D such that

9as,az
Jar,a2(i5(07)) = g((a1,a2),07), for b € BT
We note that if (a},a}) € (AT & AT) is another element, then we have
(5.11) Jar,a(0) +Gar a1, (0) = Tay 10l ag+a;, (D)
for every b € B. Furthermore, it follows from (5.9) that
(5.12) Gaq =0, forall ae AT,
From this we obtain that
Jar.as T Jas.ar = Jar+as.a1+as = 05

or, equivalently, that
(513) gag,al = _gahag'
We next show that if (a1, as), (a},ab) € (AT & AT)? are such that

(5.14) ia(a1) —ia(a2) =ia(a)) —ia(al),
then
(5.15) 9a1,a2 = Yal,,al,

Indeed, by (5.13) we have i4(a; + ab) = ia(az + a}), so there exits an az € A
such that a1 + ab + a3 = a1 + @ + ag. We thus obtain by (5.13), (5.12) and (5.11)
that

Jar,az ~ 9aj.al = Jai,az + 9al,a *+ Gag,05 = Yay+al+az,az+a)+az — 0,
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which proves (5.15). Thus, the rule
g(a,b) = ga,,a,(b), where a =1i4(a1)—ia(az),

defines a map g : A° x B — D which is bi-additive by (5.11) and (5.13).

We now investigate some of the properties of the pairing A. Its elementary
properties are summarized in the next proposition.
Proposition 5.13 a) For any non-degenerate hermitian RG-module (M, h) and
any x = [My, h1] — [Ma, ho] € H(RG, L)° we have
(5.16) de((My, 1) ® (M, h)) = A(z, M)dg((Ma, ha) ® (M, h)).

b) If 2,y € H(RG,L)° and M, M' are non-degenerate RG-modules, then

Az, Mo M) = Alz,M) Az, M)

c) If v € H(RG, L)° and M, M’ are non-degenerate RG-modules, then for any
non-degenerate hermitian RG-module structure h on M we have

(5.17) Az, M @ M') = A(z - [M, h], M").
In particular,
(5.18) Az, M) = Az - [M,h],R).

d) Let R’ be a principal ideal domain which is an extension ring of R contained
in an extension field L' of L. Then there is an induced “base change” map

p:H(RG,L) — H(R'G, L")
and we have for each non-degenerate RG-module M and x € H(RG, L)° the com-
patibility relation
(5.19) A (plw), M & R') = Ay (z, M) - R
Proof. a), b) are clear from the construction.

c) Write y = [M, h],z = [M’,h'], where b’ is some non-degenerate hermitian
RG-module structure on M’. Then by definition

Alx, M@ M') =dra(z- (y-2)) = dra((z-y) - 2) = Az -y, M),
which proves the first assertion. The second follows by taking (M’, k') = (R, id).

d) Since the map p*(M,h) = (M ® R',h ® R’) defines a homomorphism of
semi-rings p* : H(RG, L)™ — H(R'G, L')*, we have by the universal property of
Grothendieck rings an induced ring homomorphism u : H(RG, L) — H(R'G,L').
From Proposition 5.4b) (and (5.16)) it follows that formula (5.19) is valid.
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5.4. The pairing 6. We now come to the definition of the invariant §. For this,
it is useful to introduce the following additional Grothendieck rings.

Notation 5.14 Recall from Example 4.1 that a hermitian RG-module (M, h) is
called unimodular if h : M = M* is an RG-module isomorphism. Note that in
this case M is automatically R-torsionfree, or an RG-lattice in the terminology of
Curtis-Reiner[CR1].

Let H(RG);LM denote the semi-ring consisting of isometry classes of unimodular

hermitian RG-modules, and let H(RG)/ , denote the associated Grothendieck
ring:

H(RG)yni = {[Mi, h1] — [Ma, ha] : (M;, h;) is unimodular for i = 1,2}.

Then by the universal property of Grothendieck rings, the inclusion H(RG):M -
H(RG,L)" induces a ring homomorphism

nrG,z ¢ H(RG)uni — H(RG, L).

Furthermore, if we let Mod(RG)sym denote the Grothendieck ring associated

to the semi-ring Mod(RG){,,, consisting of isomorphism classes of symmetric (or

self-dual) RG-modules M ~ M*, then we also have an induced map
psym : H(RG)uni — Mod(RG)sym

which is clearly surjective. We thus have the following commutative diagram:
H(RG)uni > H(RG, L)
(5.20) | pevm Lo N
Mod(RG)sym -5 Mod(RG)pon—deqg ~ Ko(KG)

Keeping in harmony with earlier notation, we let

Mod(RG)Y,,, = {[Mi]— [Ma] € Mod(RG)sym : M1 ® K ~ M, ® K}
= Ker(Ro7).

Theorem 5.15 There is a unique (bi-additive) pairing

Src : Mod(RG)?,.. x Mod(RG)non—deqg — Id(R, K)

sym

such that
(5.21) 3(psym (), y) = A(n(z),y)
for x € Mod(RG)?,,, and y € Mod(RG)non—deg-

sym
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Proof. Since psym, is surjective, the uniqueness assertion is clear. To prove ex-
istence, we shall apply Lemma 5.12 again. Here we take A" = Mod(RG)Y,,,,
Bt = Mod(RG)},,_4.q f =FoTand D = Id(R, K). The map

g:(AteoAT)Y =D

is defined by
g((M17M2)aM) = A([Mlvhl} - [M27h2]aM)7

where h; : M; = M is any unimodular hermitian RG-module structure on M;,
for i = 1, 2; note that by Corollary 5.6 the right hand side does not depend on the
choice of h;. Since g clearly satisfies (5.9), we obtain by the lemma the desired
map 6.

Notation 5.16 Let M; ~ M and My ~ Mj be two symmetric (or self-dual)
RG-modules such that M; ® K ~ My ® K, and let M be a non- degenerate RG-
module (ie. M ® K ~ M* ® K). Then z = [M;] — [M,] € Mod(RG)Y,,, and
y = [M] € Mod(RG)non—deg, and hence we can define the fundamental invariant

(5.22) O(My, Ma; M) = d(x,y),

whose main properties will be studied in the next section.

Remark 5.17 Although there is no easy method for actually computing the in-
variant (M7, Ma; M), Proposition 5.5 does give us an explicit formula which turns
out to be useful in many cases. The drawback is that the formula depends a num-
ber of choices, as follows.

To be precise, there are three (independent) choices to be made: we need to
choose a unimodular structure h; : M; = M} on M; for i = 1,2 and also an RG-
isogeny f : My — M,, whose existence is guaranteed by Proposition 5.5. Once
these choices have been made, there is a unique o € Autgxg(M; ® K) such that
f#hy = aohy, and for any (non-degenerate) M the associated d-invariant is given
by the formula

(5.23) 6(My, My; M) = x(inve(f ®idar))? det(invg (o @ idyrgx)) ™"
'X(inUG(Ml & Mtor))X(inUG(M2 ® Mtor))il;

this follows from Proposition 5.5 and equation (5.21), combined with the fact that
(iTL’UG(Mi oY M))tor = ZnUG((Mz o2y M)tor) = invG(Mi o2y Mtor)a

because M; is torsionfree.
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6. The main properties of invariant o

In this section we shall derive the main properties of the fundamental invariant
d(My, Ma; M) which was constructed in the previous section. For the most part,
these properties are generalizations of the main theorems presented in section 2:
the theorem on discriminant relations (Theorem 2.5), the Uniform Boundedness
Theorem (Theorem 2.8), the theorems on induction and inflation (Theorems 2.12
and 2.14), behaviour with respect to exact sequences (Theorem 2.10), and the
Triviality Theorem (Theorem 2.9).

6.1. Elementary properties. Recall from the previous section that the invari-
ant d(My, Ma; M) was constructed via the pairing

§ : Mod(RG)Y,,, x Mod(RG)non—deg — 1d(R, K),

where the Grothendieck rings Mod(RG)sym and Mod(RG)non—deq are as defined
in Notations 5.14 and 5.10, respectively, and Mod(RG)gym denotes the kernel
of the map R o7 : Mod(RG)sym — Ko(KG) (cf. Notation 5.14). Furthermore,
Id(R, K) denotes as in Notation 5.10 the group of fractional R-ideals. Then we
have:

Theorem 6.1 (Discriminant Relations) Let My and My be two symmetric (or
self-dual) RG-modules with My @ K ~ My ® K, and let M be a non-degenerate
RG-module (i.e. M @ K ~ M*® K ). Then x = [M;] — [Ms] € Mod(RG)", .. and

sym
y = [M] € Mod(RG)non—deg, and for the invariant §(My, Ma; M) = 6(z,y) the
following properties are valid:

a) (Discriminant relation) For any unimodular hermitian RG-module structure
h; on M; (i =1,2) and any L-valued hermitian RG-module structure h on M we
have

(6.1) disc(Invg(M; @ M,hy ® h)) = d(x,y) - disc(Invg(Mz ® M, hy ® h)).

b) (Additivity) ¢ is bi-additive: if M1, M} and M’ satisfy the same hypotheses
as My, My and M respectively, then we have:

5(M1@M{,M2@M2/;M) = 6(M1,M2;M)'6(M{’M£;M);
5(M1,M2;MEBM’) = 5(M1,M2;M)~5(M1,M2;M/).

¢) (Symmetry) If M3 ~ (M3)* is symmetric then
(62) 5(M1,M2,M3®M) :6(M1®M3,M2®M3,M)

d) (Base change) If R’ D R is a principal ideal domain which contains R then

we have

(6.3) Sp(My @ R, My ® R'; M ® R') = §(My, Ma; M) - R
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e) (Localization) We have

(6.4) Sr(My, My; M) = () 0r, (M), (Ma)y: My).
P

In particular, if My and My are in the same genus class (i.e. (My), =~ (Mz)y, for
all p € Spec(R)), then
(6.5) O0(Myi,Ms; M) = R.

Similarly, if M’ is in the same genus class as M then

(6.6) 6(My, Ma; M) = 6(My, My; M').
f) (Support) Let n = |G|. Then
(67 §(0My, Ma; M) - R[] = B[ .

Thus 6(My, Ma; M) is supported on the prime ideals dividing n.

Proof. a) This follows immediately from the construction of §, in particular from
equations (5.21) and (5.16).

b) ¢ is bi-additive by construction.

c) Write z = [M3] € Mod(RG)sym,. Then §(z - z,y) = d(z,7(2) - y) by associa-
tivity of the tensor product, which proves (6.2).

d) In view of (5.21), this follows directly from Proposition 5.13d).

e) As in the proof of Corollary 3.13, this follows immediately from d).

f) By d) we may assume that R = R[1]. Since by hypothesis M1 ®K ~ My®K,
it follows from Curtis-Reiner[CR1], p. 642-643 (and p. 582) that M; and Ms are
in the same genus class, and so the assertion follows from e).

Remark 6.2 a) In the sequel it will be convenient to have a name for RG-modules
M, M5 satisfying the hypotheses of Theorem 6.1. Thus, we shall call a pair
(My, Ms) of RG-modules admissible if each M; is symmetric (i.e. M; ~ M}) and
b) The fact that the invariant 6(Mi, Msy; M) is defined via the pairing 6 on
the Grothendieck rings implies a number of other relations as well; for example, if
(My, Ms) and (Ms, M3) are admissible pairs, then so is (M7, M3) and we have

(68) (5(M1,M2;M)(5(M27M3;M) :§(M1,M3;M).

As was mentioned in the introduction, most of the interesting examples of
RG-modules M for which we want to compute §(M) are those involving torsion.
Since RG-lattices are technically easier to handle, it is therefore often useful to
know the relation between the invariant §( My, Mo; M) attached to M and between
the invariant 6(My, My; M) attached to the torsionfree part M = M /My, of M.
While no simple relation seems to exist, we do have the following result:
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Proposition 6.3 Let My, M and M be as above. Then we have
(6.9) §(My, Ma; M) = cpa(My, M)cra (M, M)~ 5(My, My; M),
where for 1 =1,2 the correction term cra(M;, M) is defined by
(6.10) crg(M;, M) = x(invg(M; @ Myo))x(invg (idy, @ mar))?

= x(invg(M; ® th,))*lx(Coker(va(idMi ® 7rM)))2.

Proof. We shall apply formula (5.23) of Remark 5.17. With the notation there we
obtain

§(My, My; M)S(My, My; M)™1

X(invg (f @ idar)) X (inve (f @ idgy))
x(invg(My @ Mo, ))x(invg(My @ Myo)) ™t
= x(invg(idy, @ mar))*x(invg (idp, @ Tar)) >

X(inva(My @ Mior))x (invg (Ma @ Myor)) ™
= cpa(My, M)cpa(My, M)~ .

Here the first equation follows from (5.23) together with the fact that M =M,
so the two determinant factors cancel each other out, and the second follows from
the identity

x(inva (ida, @ mar))x (inve (f @ idar)) = x(inve (f © idgp))x(inva (idar, © mar))
which in turn follows by applying Proposition 3.2 to the commutativity formula

invg(idy, ® mar) 0 invg (f ® idy) = invg(f @ idgy) o invg (ida, @ Tar).

6.2. The Uniform Boundedness Theorem. We now turn to the Uniform
Boundedness Theorem which, as was explained in section 2, may be viewed as a
quantitative generalization of Brauer’s Finiteness Theorem (Corollary 1.3).

In order to be able to state as precise a statement as possible, we introduce the
following interesting invariant.

Notation 6.4 Let M and M’ be two RG-lattices with M ® K ~ M’ @ K. Then
the genus defect of M relative to M’ is defined as the R-ideal

(6.11) vra(M : M') = > x(M/M"),
M’IEF
where the sum extends over the set I' =T'(M, M) = {M" C M : M" Vv M’} of all

RG-sublattices M"ofM which are in the same genus class as M’ (i.e. M" Vv M’
in the notation of [CR1]).
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Remark 6.5 It is useful to observe that there always exists an RG-submodule
Moz € T(M, M') such that

(612) X(M/Mmam) = 7(M : M/);

any such M, ., is clearly maximal among the RG-submodules in I'; but there may
be more than one such submodule.

To see that at least one such submodule M,, ., exists, note first that this is clear
if R = R, is a local ring (hence a discrete valuation ring) because in that case the
R-ideals are linearly ordered. In the general case we thus have for each p € Spec(R)
an RypG-submodule M"(p) C M, with M"(p) ~ My. Put M" =N M"(p); then
My = M"(p) (cf. [BCA], VIL.4.3) and

N(M/M") = (X (M /ML) = (v, (My = M) D (M : M),

On the other hand, since by construction M” v M’, it follows that x(M/M") C
~v(M : M) and hence we see that (6.12) holds for M,,., = M".
The same argument also shows that we have the localization formula

(6.13) Yre(M : M') = (\yr,c(M, : M).
P

Note that as a special case of (6.12) we see that M and M’ are in the same
genus class (i.e. M Vv M’) if and only if v(M : M') = R; this justifies the name
“genus defect”.

Theorem 6.6 (Uniform Boundedness) If M; and My are symmetric RG-
modules of rank d with My @ K ~ My ® K, definer € R and N € N by the
formulae

rR =ny(M,: My)*, N = (2n+ 1)d,

where, as before, n = |G|. Then for any non-degenerate RG-module M the ideals
X(Mior) X" DS (My, My; M) and - x(Myop) Ve M0 §(My, My; M)~

are R-integral. In other words, for any prime ideal p of R, the p-exponent of
d(My, Ma; M) is uniformly bounded:

v (6(My, Ma; M) < rk(M)vp (r) + Nup (x(Mior))-

Proof. In view of the localization formula (6.13) we may assume that R = R, is

local. In this case
WMy My) = x(f),
f



52 Ernst Kani

where the sum extends over all RG-isogenies f : M7 — Ms. It is thus enough to
show that

(6.14) [vp (6(My, My; M))| < (2n + 1)dvp (X (Mior)) + 2drvp () + 4rvp (x(f)),

for every RG-isogeny f : My — My, where r = dim(M ® K).

Fix such an isogeny f. To compute v, (6(Mq, Ma; M)), we shall use formula
(5.23) of Remark 5.17. Thus, if h; : M; = M} is a unimodular structure on M;
for i = 1,2, then a = f#hyohi' = f*ohyo fohy' € Endrg(M,), and we have
by equations (3.7), (3.11) and (3.19) that

(6.15) det(a) - R = x(f*)x(f) = x()*.
Now by Proposition 6.3 and formula (5.23) applied to M we have
(6.16) O(My, Ma; M) = cpg(My, M)cra(Mo, M)~ 6(My, Ma; M)
= cre(My, M)cgra(Ms, M)™!
X(inve(f ® idyp))? det(inve(a ® idﬁ*@)K))_l

Applying the results from the Lemmata 6.7, 6.9 and 6.10 below we therefore
deduce from (6.16) that

[vp (6(My, M2; M))| < [vp(cra (M1, M)) — vp(cra (M2, M))|
+ 2[vp (x(inve (f @ idgz)))| + [vp (det(invg (o @ idgze g i )))|
< (2n+ 1)dvy (x(Mior)) 4 2drvy (n) + 2rv, (x(f)) + rvp (det(ar))
= (2n+ 1)dvy(X(Mior)) + 2drvy (n) + 4rvp (x(f)),

where the last equality follows from (6.15).
We thus see that the inequality (6.14) and hence Theorem 6.6 are proved once
we have established the validity of the following lemmata.
Lemma 6.7 For any prime ideal p of R we have
—d - Up (X(Mtor)) S Up (CRG(Mi7 M)) S 2nd - Vp (X(Mtor))~
Proof. By definition
(6.17)  cra(M;, M)x(inva(M; @ Myo)) = x(Coker(invg (idy, ® mar)))?

is R-integral, so we obtain the inequality

vp(cra(M;, M) > —vp(x(invg(M; @ Mior)))
> —Up (X(Mz ® Mtor)) = _dvp (X(Mtor))a

since M; @ Myor ~ M2

for as -modules. This proves the lower bound.
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To prove the upper bound we first note that
(6.18) Coker(invg (idy, ® mar)) ~ Im(c) C HY(G, M; ® Myoy),
where ¢ denotes the connecting homomorphism in the cohomology sequence
H°(G,M; ® M) — H°(G,M; ® M) = H'(G, M; ® Mo,)
which results by taking cohomology of the exact sequence
0— M; ® Myor — M; @ M — M; @ M — 0.
Furthermore, for any RG-module T which is R-torsion we have that
(6.19) (HY(G,T)) > \(T)"

because H!(G,T) is a subquotient of Homg(RG,T) ~ T™ (as R-modules). Ap-
plying this to T = M; ® My, we obtain from equations (6.17), (6.18) and (6.19)
that

vp(crg (M;, M) 2vp, (Coker(invg (idar, ® mar)))
20, (X(H*(G, M; @ My,,)))
2n - ’l)p (X(MZ ® Mtor))

2nd - vy (X (Mtor)),

VAN VANNVAN

which proves the desired upper bound.

Lemma 6.8 Let u : Ly — Lo be an isogeny of RG-lattices of rank s, and let
tnvg(u) : Invg(Ly) — Invg(Lg) denote the induced map on the invariant spaces.
Then we have

(6.20) nx(u) C x(invg(w)).

Proof. Let L), = N,L; and L = LY @ L. Since u is RG-linear, it induces R-
homomorphisms u® : LY — LS, ' : L} — L) and v” : L} — LY. Now since
v =u® @u' and nL; C L C L; (cf. the proof of Lemma 5.3b)), we see that all
these maps are R-isogenies. Thus, by Corollary 3.3 it follows that

)x(w) = x(u") = x(u)x(L1/LY)x(L2/L5") .
Since all the x-ideals are R-integral, we obtain the inclusions
x(u®) 2 x(u") > x(u)x(L1/LY).

But x(L1/LY) D x(L1/nL1) = n®R, and so the assertion follows.
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Corollary 6.9 In the situation of the theorem we have

[vp (x(inve (f @ idyp)))| < drog(n) + rvp(x(f))-

Proof. Apply Lemma 6.8 to L; = M; ® M and u = f ®idyz; note that here s = dr.

r

Thus the assertion follows from (6.20) because we have x(u) = x(f)".

Lemma 6.10 Let
cho(t) =t —1t1) - (t —tq)

denote the characteristic polynomial of a @ K € Autxa(V), where V.= My @ K.
Then the characteristic polynomial of @ = invg(a @ idy-gK) is of the form

char(t) = (£ = t1)™ -+ (t —ta)"™,
for suitable integers 0 < ny < r, where 1 < k < d. In particular, det(a) € R and
det(a’) | det(a)".

Proof. Write W = M* ® K. Since dim(W) = r, the characteristic polynomial of
a®idwy on VW is chy(t)". By Lemma 5.3b) we have V@ W =V’ ® V" where
V' =TInvg(V@W)and V" = N,(V @ W). Since « is RG-linear, the map a ® id
maps each of the spaces V' and V" into itself. Thus, if o’ = (a ® id)|y~, then we
obtain

Cha/ (t)cha// (t) = Cha®id(t) = Cha (t)r.

Thus chqy (t) | cha(t)", which proves the first statement. Since o € End(M), the
coefficients of ch(t) are in R, and hence the same is true for chy/ (t). By Gauss’s
lemma it follows that

char(t) [ cha(t)" in RIt];

in particular, the constant coefficient of the former polynomial divides that of the
latter, which proves the second statement.

6.3. Frobenius Reciprocity Formulae. We now turn to developing the
induction/restriction formalism of the invariant 6. Here we shall first focus on the
behaviour of the invariants drg and A, and then later apply this to ¢ itself. We
begin by introducing the following notation.

Notation 6.11 Let f : G; — G5 be a group homomorphism. The restriction
map
ress : H(RG2, L)T — H(RGq, L)"

as defined in section 4 induces a ring homomorphism

resy : H(RG2,L) — H(RG1, L)



Discriminants of hermitian R[G]-modules 55
of the associated Grothendieck rings. Furthermore, the induction map
indy : H(RG1,L)" — H(RG2,L)*
defined in Definition 4.2 induces a homomorphism
indy : H(RG1,L) — H(RG2, L)

of the associated Grothendieck groups. Similarly, the process of coinduction as
defined in Definition 4.10 defines an (additive) homomorphism

coindy : H(RG1, L) — H(RG>, L).
In a similar manner we have a ring homomorphism
resfg : Mod(RG2)non—deg — Mod(RG1)non—deg
and group homomorphisms
indy, coindy : Mod(RG1)non—deg — Mod(RG2)non—deg:

it is clear that these commute with the forget maps pg, and pg,:

PG, OTeSy =Tess 0 pa,, (co)indy o pa, = pa, o (co)ind;.
Similarly, we have induced maps

resy : Ko(KG2) — Ko(KG1), (co)indy: Ko(KG1) — Ko(KGs),

which are compatible with the maps x¢, and kg, defined in Notation 5.10:

resg o kg, = kg, oresy, (co)inds o kg, = Ka, o (co)indy,
In particular, we see that
(6.21) res;(H(RGo, L)°) C H(RG4,L)°, ind;(H(RG1,L)°) C H(RG2, L)°,

and similarly for coind.

Remark 6.12 Most of the results of section 4 translate into structural properties
of the maps resy, indy and coindy. Specifically, we have:

a) If f: G; — G4 is an injective group homomorphism, then by Proposition
4.5 we have the formula

(6.22) inds(x - resy(y)) = inds(x) -y,
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which means that ind; is a homomorphism of H(RG2, L)-modules, if we view
H(RG1, L) as an H(RG2, L)-module via resy. A similar statement holds if we
replace H(RG;, L) by Mod(RG;)non—deg-

Similarly, by Proposition 4.18 we have that coindy is a module homomorphism
if |[Ker(f)| is invertible in R. Moreover, the formula

(6.23) coinds(x - resy(y)) = coinds(x) -y,

is also valid if y € H(RGa2, L) lies in the subring H(RG2, L)1q: generated by the
hermitian RGs-lattices.

b) If f1 : G — G2 and fy : Go — G5 are group homomorphisms, then by
Propositions 4.6 and 4.13 we have

6.24 indg,or, =indys, oindys,, coindys,or, = coindy, o coind
fa0f1 f2 fi fz0f1 f2 f1

¢) From Corollaries 4.14 and 4.7 we obtain the relations
(6.25) dra, = dra, o coindy; dpg, = drg, © indy.
Furthermore, if f is injective, then
(6.26) coind; = indy
by Proposition 4.12a), so in this case we also have
(6.27) dRG1 = dRG2 o indf.

We now formulate the “Frobenius Reciprocity Formulae” for the invariants drg

and A.

Proposition 6.13 Let f : Gy — G2 be a group homomorphism with |Ker(f)]
invertible in R. Then we have

(6.28) dra, (coindy(x1) - x2) = dra, (x1 - Tesf(x2)),
if x; € H(RG;,L), i = 1,2. In particular, for z; € H(RG;,L)° and y; €
Mod(RG;)non—deg, © = 1,2, we have
(6.29) ARg, (coindy(z1),y2) = Arg, (21,7es7(y2)),
(6.30) Aprg, (resp(z2),y1) = Apgg,(x2,coind;(y1)).
Moreover, if f is injective then these formulae hold with coindy replaced by indy.
Proof. By (6.23) and (6.24) we have

dra, (coinds(x1) - x2) = dra,(coinds(xy - ress(x2)))

= dpa, (1 - resp(22)),

which proves equation (6.28) and hence by (5.21) also the other two equations
(6.29) and (6.30).
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Remark 6.14 If |[Ker(f)| is not a unit in R, then formulae (6.28) — (6.30) remain
valid if we impose certain additional restrictions on the x; and y;. Indeed, the
above proof shows that formula (6.28) is still correct as long as xo € H(RG2, L)jqt
(which was defined in Remark 6.12). Moreover, by appealing to the Reciprocity
Theorem 4.22 in place of (6.23) and (6.24), we see that (6.28) is true whenever
x1 = [R[S]] is the class of a permutation module. It thus follows that if either z; =
[R[S]] is of this type or if yo € Lat(RG2)non—deg, the subring of Mod(RG)non—deg
which is generated by the classes of (non-degenerate) RG-lattices, then formula
(6.29) continues to hold, and similarly, formula (6.30) is true provided that =5 €
H(RG;, L)Y, = H(RG;, L)’ N H(RG,;, L) 4t

We now apply the above formulae to the invariant §. Since the restriction map
defines a ring homomorphism

resf : H(RG2)uni — H(RG1)uni,
we see that the analogue of formula (6.30) is valid:

Theorem 6.15 (Coinduction) Let f : Gi — G2 be a group homomorphism,
and let o € Mod(RG2)sym and y1 € Mod(RG1)non—deg- Then:

(6.31) Orc, (resy(x2),y1) = Ora, (T2, coind s (y1)).
Proof. Choose 7o € H(RG;)? . such that psym(Z2) = x;. Then res(Z2) €

uni

H(RG1)Y,,:» and ng, (ress(Z2)) = resf(na, (Z2)), so we have by (5.21) that

dra, (resg(z2),y1) = Agra, (resy(n6,(%2)), y1) = Ara, (Na, (22), coind(y1)),

the latter equality resulting from equation (6.30) (which is valid even if |Ker(f)|
is not a unit in R because ng,(Z2) € H(RG2, K)iat; cf. Remark 6.14). Applying
(5.21) once more yields the result.

Corollary 6.16 Let H < G be a normal subgroup of G, and put Q = G/H. If
My and My are symmetric RQ-modules with M7, @ K ~ My ® K, then for any
non-degenerate RG-module M we have

(6.32) Sra(My, My; M) = Srg(My, My; M)
if we view My and My as RG-modules and M = Invy (M) as an RQ-module.

Proof. Let f : Gy = G — Go = G/H denote the projection map. Then
Coinds(M) = M (cf. Proposition 4.12), so the result follows from the theo-
rem.

On the other hand, in general it is not possible to find an analogue of equation
(6.30) for the invariant 6. The basic problem here is that the maps ind; and
coind; do not necessarily lift to maps between the Grothendieck rings H(RG;)uni
of unimodular hermitian RG;-modules, as Corollary 4.15 shows. However, we do
have:
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Proposition 6.17 If f : G; — G5 is an injective group homomorphism and
(Mjy, hy) is a unimodular hermitian RG1-module, then the hermitian RG2-module
Coindy (M, hy) is also unimodular.

Proof. Since f is injective, we have that Coind¢(Mi,h1) ~ Inds(My,h1) by
Proposition 4.12a). Now the definition of induction, particularly (4.10), shows
that he = inds(h1) : M2 = RG2 ®ra, M — Mj is given by

he = ps a, 0idra, @ hi.

Since pyay ¢ Indp(M{) — Indy(Mq)* is an isomorphism (cf. Example 4.4a))
and hi : My — M7 is an isomorphism by hypothesis, it follows that hy is also an
isomorphism, as asserted.

Thus, if f: G; — Gs is injective, then we have by the proposition an induced
map

such that ind([M, h]) = [Inds(M, h)]. Similarly, as is well known, we have a map
indy : Mod(RG1)sym — Mod(RG2)sym.

It is clear from the definitions that these maps are compatible with the maps psym,
n and 7 (cf. Notation 5.14), and so we obtain as in (6.21) that

(6.33)ind s (H(RG1)on:) € H(RG2)5, inds(Mod(RGh)2,,,) C Mod(RG>)?

sym:

We thus obtain the following induction formulae for the invariant ¢:

Theorem 6.18 (Induction) Let f : G1 — Gy be an injective group homomor-
phism. Then for z; € Mod(RG;)%,,, and y; € Mod(RG;)non—deg we have

sym
(6.34) OrG, (indf(r1),y2) = Ora, (v1,7es7(y2)),
(6.35) draG,(resf(x2),y1) = Ora, (z2,inds(y1)).

Proof. Since f is injective, we have that ind; = coind; by (6.26), and so the second
equation (6.35) is just a restatement of (6.31). Furthermore, in view of Proposition
6.17, a proof analogous to that of Theorem 6.16 yields equation (6.34).

As was already mentioned, it is not possible to extend Theorem 6.18 to arbi-
trary maps. However, if one restricts attention to permutation modules, then such
an extension is indeed valid:

Theorem 6.19 (Coinduction for Permutation Modules) Let f : G; — Go
be a group homomorphism. If S; and Ss are Gi-sets such that K[S1] ~ K[Sa],
then (Coind;(R[S1]), Coind;(R[S2])) is an admissible pair of RGo-modules, and
for any non-degenerate RG2-module My we have
(636) 6RG2 (Comdf(R[Sl]), Coindf (R[SQ]), Mg)

= ef(S1, Ma)ef(S2, Ma) ™' Spa, (R[S1], R[S]; Res (M),
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where fori=1,2

(6.37) £4(Si, M) = H |Ker(f)n (Gl)s|Tk(H°(f((G1)s),Mz)).
S€G1\Si

Proof. Since

(6.38) RIS]~ @ RIG:/(G)sl= @ RIG:/X)"X)

$€G1\S; X<Gy
it follows from Corollary 4.15 that
(6.39) Coindf(R[Si]))~ €D RIG2/f((G1)s)] = €D RIGa/f(X))" ).

SEGl\S X<G:

Thus Coindy(R[S;]) is again a permutation module, and hence is symmetric.
Moreover, since tensoring with K commutes with the process of coinduction, we
see that Coind;(R[S1])® K ~ Coind;(R[S2])® K, which proves the first assertion.

To prove formula (6.36), put n(X) = n1(X) — na(X), where n;(X) is defined
by equation (6.38), and choose a non-degenerate hermitian RGs-module structure
ho on Msy. Then by the definition of § we have

(6.40)  dga, (R[S1], R[S2]; Resy(Ma))

= H dra, ((R[G1/X],hg,/x) @ ® (Resg(M), ha))™X)
X<Gy

- H dRG2 (COanf(R[Gl/X]a hGl/X) ® (MQ, hg))n(x);
X<Gy

here we have used the reciprocity formula (6.28) which is applicable in this case
by Remark 6.14.
For a subgroup X < G put k(X) = |X N Ker(f)|~! and

r(f(X)) = rk(H®(G2, R[G2/ f(X)] ® Ma))) = rk(H"(f(X), M2)),

where the latter equality follows from Corollary 4.17. Now by Corollary 4.15 we
have

Coindy(R[G1/X], ha, /x) = (R[G2/ f(X)], hay/px)) (k(X)),
and so substituting this in the above computation (6.40) we obtain by Proposition
5.4d) that

Ora, (R[S1], R[S2]; Res (Ma))
= [ dre.((RIG2/F(X)], hayypix) (B(X)) @ (Ma, hy)))" )

X<Gy
= ] k) YNdge, (RIG2/f(X)] haaypx) @ (Ma, ha)))) )
X<Gy

= ([ #&x)"OrGCM ke, (Coinds(R[S1]), Coinds(R[Sa]); Ma),
X<G,
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where the last equation follows from the definition of § and (6.39). This proves
(6.36) because the factor in front of 4 is by (6.39) equal to e ¢(S1, Ma2)e (S2, Ma) ™.

6.4. The exact sequence formula. We next investigate the behaviour of the
invariant (M7, Ma; M) with respect to exact sequences. Although § is in general
not additive on exact sequences, the difference can be understood in terms of group
cohomology. To this end we first introduce the following notation.

Notation 6.20 Let f : M’ — M" be a homomorphism of RG-modules. Then for
any RG-module M we have the induced R-module homomorphism

S =inva(idy @ f) = Invg(M @ M) — Invg(M @ M")
on the invariant spaces. We put

v (M, f) = x(Coker(fi}))-
Moreover, if N is an RG-module with ¥ (M, f) # 0, then we put

Y (M, N; f) = a(M, flva(N, )~

With this notation we can now formulate the exact sequence formula, which
may be viewed as a generalization of Proposition 6.3 which relates the J-invariants
of M, My, and M = M /M;,,.

Theorem 6.21 (Exact Sequence Formula) Let
0— M LML m -0

be an exact sequence of RG-modules. If any two of the modules M, M’ and M"
are non-degenerate, then so is the third, and for any admissible pair (M, Ms) of
RG-modules we have the relation

(6.41)  8(My, Ma; M) = (M, Ma; M")5(My, Ma; M")ih( My, Ma; g)?,

where (My, Ma; g) = ¢(My, g)y(Ma, g)~ ' is as defined above. Furthermore, for
i =1,2 we have
(6.42) $(M;, 9) = x(Ker((idu, ® f)')),

where (idy, ® f)* : HY(G, M; ® M') — HY(G, M; ® M) denotes the induced map
on cohomology.

Proof. Since KG is semi-simple we have M @ K ~ (M' @ K) & (M" ® K), and so
we see that if M@ K ~ (M")*®@ K and M"@ K ~ (M")*® K, then also M @ K ~
M*® K. On the other hand, if M@ K ~ M*® K and M/ ® K ~ (M')* ® K, then
also M @ K ~ (M")* ® K because the cancellation law is valid for KG-modules.
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Since the same argument holds when M’ and M” are interchanged, this proves
the first assertion.
We next prove equation (6.42). Since M; is R-torsionfree, hence R-flat, the
sequence
0> MM —M;®@M — M, @ M" — 0

is exact, so by the long exact sequence of cohomology, viz.

G 9, ING € 77l GO g
M; M) = MM - H (G,M;eM") " =" H(G,M; ® M),
we obtain Coker(g§;.) ~ Ker((idy, ® f)'), and hence (6.42) follows.
Finally, to prove formula (6.41), let to : M; — My be an RG-isogeny, let
h; © M; — M} be unimodular hermitian structures on M; for ¢ = 1,2, and put

ap = (t#hg ohih ® K € Autga(Vh), where Vi = M7 @ K. Furthermore, let
t = invg(to ® idyr) : (My @ M)S — (My @ M)C,

and a = invg(ay ® idy) € Autga(Vi @ V), where V = M* ® K, and define

similarly ¢/, o', V' (respectively, t”, ", V") by replacing M by M’ (respectively by

M'). Then by formula (5.23) we have

(6.43) d (M, My M)S(My, Moy M)~ 16(My, My; M”) ™
x(t)*det(a) ™t - x(#) "2 det(a’) - x(t") "% det(a).

Now since the diagram

i *\G i *\G
0 — (Vl ® V//)G ( d®_g) ) (Vl ® V)G ( d% ) (‘/1 ® VI)G —~ 0

(6.44) Lo la Lo

. *\ G . *\G
0 — Mevne W7 (wgye VDT qgigyne g

is commutative with exact rows, we see that the determinant terms in (6.43) cancel
out, and so we are left with

(6.45) d = x(t)*x(t')2x (") 7.
On the other hand, since the diagram

G
Iy
—

0 — (M1®M,)G (M1®M)G (M1®M//)G

(6.46) IR% 1t 1 e

G G
f My Iniy

0 — (M2®MI)G — (MQ@M)G — <M2®MN)G
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is also commutative with exact rows, we obtain from Proposition 3.4 the relation

x(t) = x(t")x(s"),

where s” : Im(g§;,) — Im(g$,) denotes the restriction of #” to Im(g§}, ). Now by
Corollary 3.3 we have

x(s") = x(t")x(Coker (g, ))x(Coker(g5;,)) ™" = x(t" ) (My, Ma, g),

which yields
X(t) = x()x (") (M, My, g).
Substituting this in (6.45) gives equation (6.41).

The following corollary will be used and strengthened in the next subsection.

Corollary 6.22 If, in the situation of Theorem 6.21, M’ is cohomologically triv-
ial, then we have

(647) (5(M1,M2,M> :5<M1,M2,M/)(5(M1,M2,MN)
Similarly, if M is cohomologically trivial then we have
(648) (5(M1,M2,M) = 5(M17M2;MI)5(M1,M2;MH)
X(HNG, My @ M")*x(H' (G, Mz @ M")) 2.
Proof. If M’ is cohomologically trivial, then so is M; @ M’ (cf. Serre[Se], I1X.3),

and so Ker((idy, ® f)') = HY (G, M; ® M') = 0. This proves (6.47), and (6.48)
is proved similarly.

6.5. Triviality. The last result which we shall prove here is the following useful
formula which justifies in part the unusual definition of the discriminant introduced
in section 3:

Theorem 6.23 (Triviality) Let M be a non-degenerate RG-module which is co-
homologically trivial. Then the associated §-invariant
5(M1,M2;M) = R
is trivial for any pair (My, Ms) of symmetric RG-modules with M1 @ K ~ My ® K.
We shall prove this theorem first for projective modules and then for arbitrary
cohomologically trivial modules by using the exact sequence formula.

The key to proving the theorem for projective modules is the following technical
lemma concerning the map

pM:pﬁ]V[:R@M* —>(R®M)*
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which was defined in Remark 4.4; here f : G — {1} denotes the trivial map. More
explicitly, pps is defined by the formula

pr(r@m) (¢ ©m') = re'm* (3 gm’) = ro'm* (N,
geG

where 7,7 € R,m* € M* and m’ € M.

Lemma 6.24 If M is a projective RG-module, then
pyv i R®pe M* — (R® M)*

18 an isomorphism.

Proof. Let us first suppose that M = RG. Then R®rc RG* = R, and if {g*}4cc
denotes a dual basis of the standard basis of RG, we have

pu(l®g)(1eg) = g*(z glg’) =1,
g1€G

for all g,¢' € G. Thus py(1®g*) =1 € Homr(R®rg RG, R) = R, for all g € G,
which shows that pj; is an isomorphism in this case. Since pj; is additive in M,
it follows that pjs is an isomorphism for any direct factor of a free RG-module,
which proves the lemma.

Proposition 6.25 If P is a projective RG-module with a unimodular hermitian
RG-module structure h: P = P*, then

(649) HO(Ga (Pv h)) = HO(Gv (Pa h))
s a unimodular bilinear R-module. In particular, we have that

(6.50) dra(P,h) = dpe(P,h) = R.

Proof. We first note that since P is projective we have H~ (G, P) = H(G, P) = 0,
and so by the exact sequence (4.23) and Remark 4.9 we obtain the desired isometry
(6.49).
From (4.10) we see that the bilinear structure ind(h) on Ho(P) = Inds(P) is
given by
indg(h) = ps.poidr ® h,
where f: G — {1} denotes the trivial map. Now h is an isomorphism by hypoth-

esis, hence so is id ® h, and thus it follows from Lemma 6.24 that ind(h) is also
an isomorphism, as asserted.
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Corollary 6.26 If (P,h) is as in the proposition, then for any unimodular her-
mitian RG-module (M, h') we have

dre((M,1') @ (P, h)) = R.
In particular, for any admissible pair (M, M) the associated d-invariant is trivial:

(5(M1,M2;P) = R.

Proof. We first note that P/ = M ® P is again RG-projective. Indeed, it is
cohomologically trivial by Serre[Se], IX.3, and hence projective by Serre[Se], IX.5,
because P’ is clearly R-torsionfree. Thus, since (P’,h”) = (P,h) ® (M, h') is again
unimodular, the first equation follows directly from (6.50).

Moreover, the second equation follows from the first because

§(My, Ma; P) = dpa((My, h1) @ (P, h)) - dra((Ma, he) © (P,h)) ™",
for any choice of a unimodular structure h; on M;, for i = 1,2.
Remark 6.27 In the case that (P,h) = (RG, hg) is the regular hermitian RG-
module, a more direct proof of this corollary can be given via the Frobenius Reci-
procity Theorem. Indeed, since (RG,hg) ~ Ind$ (R, idg), where H = {1} (cf.

Example 4.4b)), we obtain by the Frobenius Reciprocity formula (6.28) (together
with (6.26)) that

ng((M, h) & (RG, hg)) ~ dRH(Res(M, h) ® (R, ZdR)) = diSCR(M, h) = R.

We have thus proven the Triviality Theorem for symmetric projective RG-
modules. To go further, we shall use:

Lemma 6.28 If R is a discrete valuation ring, then every projective non-degene-
rate RG-module P is symmetric.

Proof. Since P is non-degenerate, we have an K G-isomorphism P® K ~ P*® K.
But P* is also projective (cf. Curtis-Reiner[CR1], (10.29)), so it follows from
[CR1], (32.1), that P ~ P*, as asserted.

Lemma 6.29 If M is a non-degenerate RG-module which is cohomologically triv-
ial, then M has a presentation

(6.51) 0—-P —P—M-—0,

where P and P’ are non-degenerate projective RG-modules.
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Proof. Let 0 — M’ — P — M — 0 be an RG-module presentation of M
with P = RG™ a free module. Since M and P are non-degenerate, so is M’ by
Theorem 6.21. Furthermore, since M and P are cohomologically trivial, the long
exact sequence of cohomology shows that this is also true for M’. Since M’ C P
is R-torsionfree, it follows that M’ = P’ is RG-projective (cf. Serre[Se|, IX.5).

Proof of the Triviality Theorem. Suppose first that M = P is a (non-degenerate)
projective RG-module. If p € Spec(R) is any prime ideal of R, then M, is a
symmetric RpG-module by Lemma 6.28, and so 0r,c((M1)p, (M2)p; My) = R, by
Corollary 6.26. From the localization formula (6.4) we thus obtain that

drag(My, My 1) M ﬂ5Rp ((My)p, (Ma)p; My) ﬂRp

which proves the theorem if M is projective.

Now suppose that M is an arbitrary cohomologically trivial module, and let
P and P’ be as in Lemma 6.29. Applying the exact sequence formula, notably
Corollary 6.22, to (6.51), we obtain

§(My, Mo; M) = §(My, Mo; P)5(My, My; P')~!

Since P and P’ are RG-projective, we have §( My, Ms; P) = §(M;, Ma; P') = R by
the case treated above, and so the theorem is proved.

With the help of the Triviality Theorem, Corollary 6.22 can now be strength-
ened. It is convenient to separate the two cases of the corollary as follows.

Corollary 6.30 Let

0—M LM -0
be an exact sequence of non-degenerate RG-modules, and suppose that M’ is co-
homologically trivial. Then for any admissible pair (M, M) of RG-modules we

have:
(652) 6(M1,M2,M) :5(M1,M2,M”)

Proof. Since 6(My, Ma; M') = R by the Triviality Theorem, this follows immedi-
ately from (6.47).
Corollary 6.31 Let

0O—-M —-P.—. ... P —-M' -0

be an exact sequence of non-degenerate RG-modules, where the P; are cohomolog-
ically trivial for 1 < i <r. Fiz an admissible pair (M7, Ms) of RG-modules and
write §(M") = 6(My, Ma; M') and 6(M") = §(My, Ma; M"). Then we have:
(6.53) S(M'y = S(MMEY (G, My @ M)2XT(G, My @ M) 2
S(M™YTY" (G, My @ M"Y x (G, My @ M")~2
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where, for an RG-module M, the truncated Euler characteristics x" (G, M) and
xr(G, M) are defined by

X'(G M) = [[xH(G, M),

=1

r—1
(@) = [ E )
=0

Proof. We first note that the second equation follows from the first since for ¢ = 1, 2
we have by the usual dimension-shifting argument that

HYG,M; @ M') ~ H*™"(G,M; ® M"), for all q € Z;

here we have used the fact that M; ® P, is cohomologically trivial for 1 < k < r.
To prove the first equality in (6.53), we shall induct on r. If » = 1, then the
assertion is just equation (6.48) of Corollary 6.22, combined with the fact that
d(P1) = R by the Triviality Theorem; thus, assume r > 1.
Applying the induction hypothesis to the exact sequence

()—)]\4’—)]37.—>~-~]32—>]\4—>07
where M = Ker(P; — M"), yields

r—1

(M) = (M) DX My @ MY (Me @ M),
and similarly, consideration of the exact sequence
0O—-M—P —M'—0
shows that
§(M)=0o(M")"'x(H (G, M1 ® M))*x(H" (G, M2 ® M))~2.
Thus, by combining the last two equations we obtain

(6.54) S(M'y =o(M") V" . c2ey?,

where ¢; = "1 (M; @ M")x(HY (G, M; ® M))=D""". But by dimension-shifting
as above we have

HY(G,M; ® M) ~ H*"1(G, M; @ M),
and so it follows that
ci = XN M @ M)X(H" (G, M; @ M")) "V = y"(M; @ M").

Substituting this into (6.54) yields the first equation of (6.53), as desired.
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7. The invariant 6 and character relations

We now interpret the results obtained in the previous section in terms of character
relations. Since character relations are naturally associated with the subgroup
module S(G), we first introduce this space. However, the functorial properties of
character relations are best understood in terms of the Burnside ring 2(G), and
so we study this ring in some detail. Next we observe that the J-invariant may
be viewed as a pairing of a certain ideal Q(G)? C Q(G) with the Grothendieck
ring Mod(RG)non—deg of non-degenerate RG-modules, and this will then be used
to translate the results of the previous section into the form in which they were
presented in section 2.

7.1. The space of character relations. Recall from the introduction that a
character relation is a relation of the form

H<ZG

where the ny are integers and 1% = Ind$ (1) denotes the permutation character
of the G-set G/H. To study such relations, consider the subgroup module

S(G)= > Z-H
H<G

which is the free abelian group generated by the subgroups H < G. Thus, each
element z € S(G) may be written as a formal sum x = > nyH, or as a tuple
x = {ng}; the latter was the notation used in the introduction.

We have a natural additive map

che : S(G) — ch(QG)

from the subgroup space S(G) to the character ring ch(QG) = Ko(QG) which
associates to each subgroup H < G its permutation character:

chg(H) = 13.

The kernel of the character map chg is called the group of character relations of
G and is denoted by
S(@)? = Ker(ch).

Clearly an element z = Y nyH € S(G) lies in S(G)" if and only if its coefficients
satisfy the character relation (7.1); this justifies the above terminology for S(G)°.

For our purposes it will be also useful to consider the map

chie : S(G) — ch(KG) = Ko(KG)
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defined by chig(X) = Ind§(K) for X < G. However, this map is not really
something substantially new for we have

chxa = jrg o chg,

where jx¢ : Ko(QG) — Ko(KG) denotes the canonical injection. (In the case that
char(K) = 0, this is just the base-change map induced by the inclusion Q C K,

whereas when char(K) = p # 0, this is the map obtained by the composition
Ko(QG) — Ko(Q,G) = Ko(FpG) — Ko(KG).) It thus follows that

S(G)° = Ker(chke).

We note that the map chi¢ factors over the map
EoT : Mod(RG)sym — Ko(KQG)
defined in Notation 5.14; in fact, if we define the map
chre : S(G) — Mod(RG)sym

by chpa(X) = [Ind$(R)] for X < G, then we clearly have
(7.2) chgg =FoTochgg.
In particular, we see that

(7.3) chra(S(G)°) € Mod(RG)°

sym*

We next want to consider functorial properties of character relations. To this
end, let f : G; — G2 be group homomorphism. We then have an induced additive
map

f* : S(Gl) — S(Gg)

which is defined by the rule f,(X) = f(X) for X < G;. We note that f. preserves
character relations, viz.

(7.4) £(8(G1)%) € S(G2)°,
because by Corollary 4.15 we have the formula
(7.5) coindys o chg, = chg, o f.

It is more difficult, however, to construct a map f* which relates the character
relations of G5 to those of GG;. Here we cannot work integrally, but have to allow
denominators. This means that we can define f* only as a Q-linear map

f*:Sq(G2) — Sg(Gh),
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where Sg(G;) = S(Gi) ® Q. Explicitly7 f* is given by

£ O 1
7.6 Y = Y, X)X,
(7.6) \Gl gG T Yy XESGI mg(Y, X)

where m;(V,X) = #{g € G2 : f(gYg™') = X}/([G1 : X]-|Y]). However, the
fact that denominators appear here limits the usefulness of f*, particularly since
there is a way to circumvent this difficulty.

7.2. Burnside rings. It is possible to avoid denominators in the above defini-
tion of f* if we replace the subgroup module S(G) by the Burnside ring Q(G)
of G. By definition, Q(G) is the Grothendieck ring associated to the semi-ring
Q(G)™ consisting of isomorphism classes of G-sets, with addition and multiplica-
tion induced by the disjoint sum and direct product of G-sets, respectively; cf.
Curtis-Reiner[CR2], ch. 11.

The additive structure of (G) is easily understood, for Q(G) is by [CR2], (80.6)
a free abelian group with the canonical basis {[G/H]} m<,q; in other words,

(7.7) @) = @ z-(a/H),

H<cG

where the notation “H < G” means that the index set runs over a system of
representatives of the set of conjugacy classes of all subgroups of G.
We have a natural surjection

sq : S(G) — QG)

which associates to each subgroup H < G the isomorphism class of the G-set G/H;
thus sq(H) = [G/H]. Tt is clear that the map chg : S(G) — ch(QG) factors over
$G, so we have an induced map

chac) : G) — ch(QG),

whose kernel is denoted by

Q(G)O = Ker(chq));
thus, by definition we have

s (QUEG)°) = S(@).

More generally, we also have the ring homomorphism
76 QG) — Mod(RG) sy

which associates to each G-set S its associated permutation module:
(7.8) Tra(S) = R[S].
From the definitions it is clear that we have

(7.9) Tra © Sq = chra.
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Remark 7.1 The ranks of the modules S(G)° and Q(G)° are easily determined
by using Artin’s Induction Theorem (cf. [KR1]):

(7.10) rank S(G)° = #(subgroups of G)
—#£(conjugacy classes of cyclic subgroups of G),
(7.11) rank Q(G)? = #(conjugacy classes of non-cyclic subgroups of G).

In particular, it follows that if G is cyclic, then S(G)? = Q(G)? = 0 (and con-
versely).

If f: Gy — Go is a group homomorphism, then we have an induced ring
homomorphism

I7:Q(Ge) — QGh),

which is obtained by restriction of operators: each Ga-set S is naturally a G1-set
via the rule g1 - s = f(g1)s.

To obtain a map in the other direction, let S be a G1-set, and define the G2-set
G2 x5 S as follows. Considering the cartesian product Ga x (Ker(f)\S) as a left
f(G1)-set via the rule f(g1) - (92,) = (92f(g1) ", g15), we make the orbit space

Ga xS = f(G1)\(G2 x (Ker(f)\S))

into a left Ga-set via g2 - (f(G1)(g,8)) = f(G1)(g29, s). We thus obtain an additive
map
fe 2 Q(G1) — Q(Go)

by setting f.([S]) = [G2 x ¢ S].
In the sequel it will be useful to know the matrix representations of f* and f,
in terms of the canonical bases of Q(G;) and Q(Gz). To this end we prove:

Proposition 7.2 Let f : Gi — G2 be a group homomorphism.
a) For each subgroup X < G1 we have

(7.12) f[G1/ X)) = [G2/ F(X)).

b) For each subgroup Y < G5 we have

(713) f([G2/Y)) = > [Gi/f MaYg D= D (Y. X)[Gi/X],

gef(G1)\G2/Y X<g,G1

where np (Y, X)=#{g € G2 : fH(gYg™ ') ~ X}/([G1: X]-|Y]).

Proof. a) Consider the map

t: Gy x (Ker(f)\G1/X) — Ga/ f(X)
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defined by t(g2, Ker(f)g1X) = g2f(91)f(X). It is clear that ¢ is constant on the
f(Gy)-orbits of the cartesian product and hence induces a map

t: Gy xy (G1/X) — Ga/ f(X).

Clearly, t is a Ga-equivariant surjection, and is easily checked that # is also injective.
Thus G2 x5 G1/X ~ G2/ f(X) as Ga-sets, and the assertion follows.

b) To prove the first equality, we shall use the decomposition
G/Y = |J  AGgY/Y
9€f(G1\G2/Y

as G1-sets. Now for each g € G, the assignment ¢4(g1) = f(g1)9Y induces a map
tg:Gi/f " (gYg™h) — f(G1)gY)Y,

which is clearly a surjection of G-sets. Moreover, t, is injective because if t4(g1) =
tg(g1), then f(g})g = f(g1)gy with y € Y, so g; 'gf € f~'(gYg™") and hence
g fHgYg™) = 1f Y (gYg™!). Thus t, is an isomorphism of Gi-sets, which
proves the first equality in (7.13).

By what has just been proved we have

—1 —1 _ 1 —1 —1
S G/ gYe ) = ZW[GW‘ (9Yg™")]

gEF(G1)\G2/Y geG2
1
xiaien =, |f(G1)gY|

N gYg H~X

Now if f~'(gYg~!) ~ X, then |X| = |Ker(f)| - [f(G1) NgYg~!| = |[Ker(f)| -
Y| 1f(GDI/If(G1)gY| = |G1]-Y|/|f(G1)gY ], and so the coefficient of [G1/X] is
precisely n;(Y, X), which proves the second equality of (7.13).

Corollary 7.3 If S; is a G;-set, then

(7.14) mrG: (f7([S2])) = Resp(R[S2]),
(7.15) Tra, (f+([S1])) = Coinds(R[Ss]).

In particular, the maps f. and f* preserve character relations:

(7.16) FAQ(GH)) € QG2)% F(AG)") € G

Proof. The first equation is clear from the definitions. To prove the second, we
may assume S; = G1/X, where X < G;. Then by (7.12) and Corollary 4.15 we
have

Tra, (f+([G1/X])) = R[G2/ f(X)] = Coind;(R[G1/X]),

which proves (7.15). The last assertion follows from (7.14) and (7.15) by taking
R = K and noting that nxg = chka.
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Remark 7.4 It also follows from the proposition that the maps f, and f* on the
Burnside rings Q(G;) agree with those defined on the subgroup modules S(G;):

(7]‘7) SG2 © f* = f* © SGU
(7.18) sg,of* = ffosg,.

Here the second equation is understood to hold only after tensoring all spaces and
maps with Q.

7.3. The pairing ¢ on S(G)° x Mod(RG)non—deq- Recall that in the previous
two sections we had constructed and studied the pairing

§: Mod(RG)?, . x Mod(RG)non—deg — Td(R,K) = K™ /R*.

sym
Since the homomorphism
chra : S(G) — Mod(RG) sym
maps S(G)° into Mod(RG)?,,., (cf. (7.3)), we can pull § back to a pairing

sym
6 =dra : S(G)° x RG — Idr(K)

via the rule
(7.19) (X ngH, M) = d(chra(XngH), M).

Whenever convenient, we shall denote this pairing just by § = 5.
Since chrg = Tra © sg, We see that the pairing factors over Q(G)? to yield a
pairing which we shall also denote by 9:

§:Q(G)° x RG — Idr(K).

We first show that this pairing § = b is precisely the pairing which was intro-
duced in section 2.

Proposition 7.5 If (M, h) is a non-degenerate, L-valued hermitian RG-module,
then for any character relation {ngx} € S(G)° we have

(7.20) S({na}, M) = ][ disc(Invs(M,h))"".
H<G

Proof. By Example 4.4b) and the reciprocity formula (6.28) we have

s({nu}, M) = ][ drc((RIG/H], ha/m) @ (M,h))""
H<G

=[] drcUnd$(R,id)® (M,h))""
= HdRH(Resg(Ma h))",
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which proves (7.20).

Next we shall use the maps f* and f, which were defined in the previous
subsection to formulate the coinduction formulae. For this, recall the following
notation from section 2:

Notation 7.6 For an element x = Y nx X € S(G)? and a RG-module M, let
(7.21) 0ra(x, M) = epa(x, M)opc(x, M),
where the element egg(z, M) € K* is defined by

(7.22) era(z, M) = [ |x[xr+),
X

Since € is additive in x and is constant on conjugacy classes of subgroups, it follows
that epe and hence 6* factor over Q(G). Explicitly we have for a G-set S:

Gs
crcl(S).00) = T 16,
SEG\S

Note that if x is fixed, then epg (2, M) depends only on the KG-module structure
of M ® K, and hence is additive on exact sequences.

Remark 7.7 If (M, h) is a non-degenerate hermitian RG-module, then it follows
from Proposition 7.5 and Proposition 5.4d) that

(7.23) Spa({nut, M) = [ disc(M™, hypgu)).
HLG

Thus, 6* is the same invariant as that of Remark 2.6.

Theorem 7.8 (Coinduction) Let f : Gy — G be a group homomorphism, and
let M; be a non-degenerate RG;-module. Then we have for any z; € Q(G;)° the
formulae:

(724) 5RG1(f*(I2),M1) = §RG2(x2,Coindf(M1)),
(7.25) Opa, (fe(x1), M2) = Ogg, (21, Resy(Ma)).

In other words, we have
(726) 5RGQ (f* (x1)7 MQ) = ef('rlv M2)6RG1 (xlv ReSf(Mg))

where for x1 = nxX € S(G1) the correction term e(x1, Mz) is given by

e7(w1, My) = e(@y, Resp(M))e(fu(w1), Ma) ™ = [ |Ker(f) n X |xrtOE),
X<Gy
(7.27)
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Proof. In view of (7.14), the first equation follows directly from the Coinduction
Theorem 6.15. To prove the second one, write x; = [S1] — [S2]. Then by (7.15) we
obtain from the Coinduction Theorem for Permutation Modules (Theorem 6.19)
that
J(f*(:rl), Mg) = 5RG2 (COanf(R[Sl]), COZTLdf(R[SQ]), MQ)
= (81, M)es(S2, M)~ bra, (R[S1], R[S2]; Res (M),

where, as in Theorem 6.19,

er(SiM) = ] 1Ker(f) N (Gy),|HH G (GD)M:))
SEGl\Si

T 0 1)s) 2
_ H < 1(G1)s| ) k(H(f((G1)s),Mz2))

AL AT
= e([8i], Resy(M2))e(f.([Si]), M2) ™
here we have used (7.12) and the fact that HO(f(X), M) = H°(X, Res;(M>)) for
every X < (. This proves (7.26) and (7.27), from which (7.25) follows readily.

7.4. Proofs of the main results. We can now proceed to prove the main results
stated in section 2, with the exception of Theorem 2.7, which will be considered
separately in the next section.

For the most part, the proofs just consist of translating the results of section 6
into the language of character relations, which is done as follows. Let > nglj, =0
be a character relation, and put

My = @ Ind§(R)™, My = @) IndS(R)™"".

ng>0 np <0
Then M ® K ~ M> ® K and we have in the notation of sections 5 and 6:
d({nmg}, M) =6(My, My; M);
this follows immediately from the definitions (cf. (7.19) and (5.22)).

Proof of Theorem 2.5: Since by Proposition 7.5 we have

§(My, My; M) = [ [ discr(Inve (M, )™,
H

the assertions of Theorem 2.5 follow immediately from those of Theorem 6.1.

Proof of Theorem 2.8: This follows immediately from the more precise Uniform
Boundedness Theorem 6.6.

Proof of Theorem 2.9: This is a special case of the Triviality Theorem 6.23.
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Proof of Theorem 2.10 and of Corollary 2.11: These follow from the Exact Se-
quence Formula (Theorem 6.21) and Corollary 6.31, combined with the fact that
by Shapiro’s lemma (cf. [CE], ch. XII, Ex. 7) we have

HYG, M; ® M) = €D HU(X, Ind$(M))*"x ~ @ HY(X, M)®"%, for q > 0.
X<G X<G

Proof of Theorem 2.12: Let f : X — G denote the inclusion map. Then by the
definition of f, in subsection 7.1 we have

indg'; (Z myY> = f (Z myY),
and so (2.14) follows directly from (7.26) (and (7.17)). (Note that (7.27) shows
that ef(z, M) =1if f is injective.) Moreover, by (7.6) we have

resg';(ZnHH> = Z Z ngm(Y,H)Y = Z ngf*(H) :f*(ZnHH),
Y<X H<G H<G

so (2.15) follows from (7.24) and (7.18). This proves Theorem 2.12.

Proof of Example 2.13: a) This follows immediately from Theorem 2.12 by noting
that if X is cyclic, then res$({ng}) € Q(X)? = 0 by (7.16) and Remark 7.1.

b) The hypothesis means that M = R[S] is a direct sum of modules induced
from cyclic subgroups (cf. Example 4.4b)), and so the assertion follows from a).

c¢) By decomposing S into its orbits, we may reduce to the case that G acts
transitively on S. Then R[S] = Ind$(R) by Example 4.4b), where X = G, and
so we obtain by applying Theorem 2.12 with N = R that

Sr({nm}, RIS])) = 6({ni-}, R) = [TIVI™™
Y

by (2.7). Now by (2.16) we have

H|Y‘—n§, — HH|Y|—nHm(H,Y)
Y H' 'Y

- H H lgHg™" ﬂX\—"H/(\H\[X:gHg*nX])
H geG

II Il mEngxg ',

H geH\G/X

which proves (2.19).

Proof of Theorem 2.14: a) We shall apply Theorem 7.8 to the quotient map f :
G — @Q = G/X. By definition of f* (cf. (7.6)) we have

f*<z nyY) = Z Z nymys(Y,H)H.

Y<Q H<GY<Q
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Now m(Y,H) =0 unless H ~ f~}(Y), and in this case

#geQ: fgYg™") = H}Y/(G: H]|Y])
#HgeQ:gYg " = f(H)}/(G: H|Y])
INo(f(H))|/(IG : H]|Y])
INa(H)|/|G| =[G : No(H)| ™!

TYLf(Y, H)

since H > X. Thus

P my)= > > w/IG: Na(IH = inf& ({ny}).

Y<Q X<H<GY~f(X)

Since Coinds(M) = M¥ by Proposition 4.12b), the assertion (2.20) follows im-
mediately from (7.24).

b) Here we have

LX) =3 naf () =3 " nuY = indg({nu}),
H H H

Y
FH)=Y

so equations (2.21) — (2.23) follow directly from equations (7.25) — (7.27).

Proof of Example 2.15: a) Apply Theorem 2.14b) with X = G.
b) By hypothesis, M may be viewed as an RQ-module, so the assertion follows
from (2.22) because mdg({ng}) € S(Q)° =0 by (7.16) and Remark 7.1.

Proof of Corollary 2.16: Here we have rank(M*) = 0 for all subgroups H < G,
so ex({nm}, M) = 1. This proves the first assertion, and the second follows from
Example 2.15b).

Proof of Proposition 2.18: Let Hy, ..., H, denote the p+1 subgroups of G of order
p. We then have the relation

p
> Ny, =Ne+p-1,
=0

where Ny = deHg € RG. This yields > ngeg =0, where ey = |—11{‘NH € KG,
and so we obtain Y ngylj = 0 because for any irreducible character x we have
O _nuly, x)e = xO_nuen) = 0.

Thus z = Y ngH € S(G)° is a character relation. Moreover, since 7k(S(G)°) = 1
by Remark 7.1, it follows that every character relation of G is a rational and hence
an integral multiple of x because some ny = 1.
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a) We first note that since M, = (M®)), for p = (p), it follows from the
localization formula (2.2) that §(M) = §(M®)), and so we may assume henceforth
that M = M®) = Z/p"Z. Let X = Ker(a : G — Aut(M)), where o denotes the
map defining the action of G on M. If X # 1, then G/X is cyclic and M* = M,
so (M) = Z by Corollary 2.16.

Thus, assume that X = 1. Here G is a subgroup of Aut(M) = (Z/p"Z)*, so
Aut(M) cannot be cyclic, which forces the conditions p = 2 and r > 3. More-
over, in that case we have that « induces an isomorphism «a : G = Aut(M)y =
{Fidpr, (1 + 2" 1)idys }, so if we choose 0,7 € G such that a(o) = —id, a(r) =
(1 +2"1)id, then we have that

(7.28) M) = MO = MY = M, and M™ =2M.

We thus obtain §(M) = (|M{ |- | M- | M| | M|~ | MC|=2) "1 Z = (2-27 1.
2.277.272)717 = 27, which proves a).

b) By the exact sequence formula (Theorem 2.10) we have
(7.29) S(M) = 6(Mior )6 (M)tp(mar)?,

where ¢(mar) = [[ x(Coker(rly « M7 — MH))”H Since M = M, we have
the exact sequence

0 — Mo/ ME

1 — M/M" — Coker(rl}) — 0,
from which we obtain the relation
x(Coker(mi)) = x(M/M™)x(Myor /M{3,) ™" = x(M/M™)x(Myor) ' x(M;3,)
and hence
Glrn) = x(Miop) ™2 T (M) T (/)
= 6(Muor) " [T x(M/paym,
where we have used the fact that > ngy = 0. Substituting this in (7.29) yields

S(M) = 6(Myor)*5(R) T x(M/ATH )25
H

because M = R", where r = rk(M). Moreover, by (2.7) we have

=0

p
S(R) = ][ 1H I R = <H IHF) e
H

and so b) follows.
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c¢) The non-degeneracy hypothesis means that V ~ V*, where V = M ® K.
Since V* ~ V®P—1) e see that this is only possible for p = 2. This proves the
first assertion.

To prove the next one, put X = Ker(G — GI(M)) = Ker(G — GI(V));
by hypothesis we have that X # G. Moreover, since dim(V) = 1, it follows by
elementary representation theory that G/X is cyclic, so | X| = p = 2. This proves
the second statement.

To prove the first equality in equation (2.29), we shall use the exact sequence
formula (7.29) again. Here we have

Umar) = x(Coker(M — 1) = x(W/NX) = x(M/(Muoy + M),

because VH = M = 0if H # X, {1} and Coker(M — M) = 0, and so by (7.29)
we obtain o
(7.30) S(M) = §(Miop )6 (M) x (M) (Myor + MX))2.

Next we compute §(M) via the formula (7.20). In order to apply this, we shall
view M = R as a hermitian RG-module via the standard pairing h(z,y) = zy.

Since M = 0 for H # X, 1 and M = we see that formula (7.20) reduces to
5(M) = disc(M, 1h) - disc(M,h)™' = LR

Substituting this in (7.30) proves the first equality of (2.29).
To prove the last equation, consider the exact sequence

MX — M — HY(X, My,,) — H*(X, M) — H (X, M).

Since X acts trivially on M we have H'(X, M) = Hom(X, M) = 0 because M is
R-torsionfree. We thus obtain the exact sequence

(7.31) 0— M/MX — HY (X, Myy,) — H (X, M) — 0
which yields the relation
(7.32) X(M/MX) = x(H' (X, Mior)) - x(H (X, M)) ™.

Now since X is a cyclic group, the theory of Herbrand quotients (cf. Serre[Se],
VIII.4) is applicable, and so by Serre[Se], VIIL.4, Proposition 8 and its corollary
we have:

X X(Hl(Xthor)) = X(?O(XyMtor))v
X(HO(X, M))x(H' (X, M) = x(H°(X,M))x(H'(X,M))"" = 2R.

Here the last equality is valid because M = R is a trivial RX-module and so

H°(X,M) = R/2R and H'(X, M) =0.
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Substituting these relations in (7.32) yields
X(M/MX) = x(H°(X, Mior)) - 2x(H*(X, M) ™",

and so the second equality of (2.29) follows.

d) Put Y = Ker(G — Aut(My)). Then Y # G because X acts non-trivially
on My, and Y # 1 because Aut(My) = Z/27Z is cyclic. Thus Y = (7) is cyclic of
order 2, which proves the first assertion.

To prove formula (2.30), put d = [M : (Mo + MX)]. We shall show that the
formulae

(7.33) d-|H(Y, M) |H(Y, Myor)|
(7.34) §(Myor) - |H(Y, Myor)| = 2Z

are valid, from which (2.30) follows immediately because by (2.29) we have
§(Mior)5(M) = 3[6(Myor)d]* = §[2/H(Y, M)|7']%.

Moreover, it follows from (7.33) and (7.34) that |H°(Y,M)| divides 2 because
0(M,o,) is integral by a), and so the last assertion of d) is also evident.

It thus suffices to prove formulae (7.33) and (7.34). For the first, it is clearly
enough to construct the exact sequence

(735) 00— M/(Myop + M¥) ™ HO(Y, Myy) — HO(Y, M) — 0.
To construct this sequence we shall start with the obvious sequence
(7.36) 0 — Ny (M)/Ny (M) — H(Y, Myop) — HO(Y, M) — 0
which is exact because MY = M} . Next we observe that

(7.37) Ny (M*) € MY N2Myor C Ny (Myor),

and hence Ny induces a surjective homomorphism

Ny : M/(Mtor + MX) - NY(M)/NY(Mtor)>

which will be seen to be an isomorphism.
To prove (7.37), let us first verify the following fact:

(7.38) (0 —1Dx+ (14 7)z € 2Myp,Vr € M.

To see this, let a be a generator of My, = Z/mZ. Then o(a) = —a and
7(a) = ka with (k,m) = 1; we note that k¥ = 1 mod 4 because by definition of
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we have 7(Fa) = Ja, so k% = F mod m. Now since (0 — 1)z, (1 + 1)z € Myop,

we can write (0 — 1)z = kya, (1 + 7)x = koa for some integers ki, k2. Then

or(z) = o(—x+kea) = —(x+kia)— kea,
To(z) = 7(x+kia) = —x+kea— kkaa,

which yields the relation (kk1 4+ k2)a = — (k1 +k2)a or k1(14+ k) 4 2k2 = 0 mod m.
Since k = 1 mod 4 and 4|m this gives k1 + k2 = 0 mod 2, which proves (7.38).
From (7.38) it follows immediately that Ny (MX) C MY N 2M,,, which is
the first inclusion of (7.37). Next, suppose € MY N 2M;,,. Then x = 2y with
y € My, and we have 7(y) —y = z € My. Thus z = 2y = Ny (y) — & € Ny (Mior)
because Ny (My) = M, and so (7.37) follows.
We thus obtain the desired map Ny. To prove that Ny is injective, it is enough
to show that
(7.39) Ker(Ny : M — M) C My,, + M™.

This again follows from (7.38). Indeed, if 2 € Ker(Ny), then by (7.38) we have
(0 — 1)z =2y with y € Myop, s0 o(x +y) = 2 + 2y + o(y) = « + y, which means
that z+y € MX. Thus x = —y+ (v +vy) € My, + MX, which proves (7.39). This
shows that Ny is an isomorphism, and so we obtain the desired exact sequence
(7.35).

It remains to prove equation (7.34), for which we shall distinguish two cases:

Case 1: G does not act faithfully on M.

Since Y := Ker(G — Aut(M®@)) C Ker(G — Aut(My)) =Y, and Y # 1 by
hypothesis, it follows that ¥ =Y. Thus Y acts trivially on M) and hence

HO(Y, Myoy) = HO(Y, M®) = M® j2M? ~ 7,/27.

Since we have §(Myo,) = Z by a), this proves (7.34).

Case 2: G acts faithfully on M ().

Here we shall show that R
(7.40) H(Y, My,,) =0,

from which (7.34) follows immediately because by a) we have in this case that
5(th~) = 2Z

To prove (7.40), first note that since 7 acts trivially on My, it follows from
(7.28) that (M )Y = 2M (2. Moreover, since a’ = Za is a generator of M(?), we
see that Ny (a') = a/+ka’ = 2(1E)a’ is a generator of 2/ ?) because k = 1 mod 4,
and so Ny (M®) = 2M®@) . Thus HO(Y, My,,) = HO(Y, M®) = 0, as desired.

This concludes the proof of equation (7.34) and hence, as was explained above,
also of Proposition 2.18.
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8. Applications to class number relations

In this final section we apply the theory of discriminants of hermitian ZG-modules
to study relations among S-regulators of number fields. For this, we shall first
introduce a hermitian structure on the group of S-units and relate its discriminant
to the S-regulator. This will then be used to compute the d-invariant of Ug(K),
from which Theorem 2.7 (and hence Brauer’s Theorem 1.2) follows readily. Finally,
we shall prove Dirichlet’s Theorem 1.1.

8.1. The S-unit group. Let K be a number field and let S D S, be a finite
set of places of K containing the archimedean places. As usual, the S-unit group
of K is defined by

Us(K)={zx € K : |z|, =1,Yv & S}.
Here we shall view it as a bilinear Z-module via the pairing pg defined by

(8.1) ps(u,u’) = Zd” log |u|, log |u'|,, for u,u’ € Ugs(K),
veS

where d, = [K, : Q,] denotes the absolute degree of the completion K, and |- |,
is the absolute value associated to v which is normalized in such a way that its
restriction to Q coincides with the usual p-adic or archimedean absolute values of
Q. Thus, with this normalization the product formula for v € Ug(K) becomes:

(8.2) IT luld = 1.
vES

We now want to compute the discriminant of the bilinear module (Us(K), ps).
As one might expect, its essential ingredient is the S-regulator of K, which, as in
Tate[Tal, p. 22, is defined by

(83) regs(K) = [ det((dy log |uils) 1<i<r);
veS\vg
where vy € S is an arbitrarily chosen place and wuq,...,u, denotes a basis of

Us(K) = Us(K)/Us(K)tor; recall that by the S-unit theorem its rank is r =
rk(Us(K)) = [S] - 1.

Proposition 8.1 The discriminant of the bilinear Z-module (Us(K), ps) is given
by the formula

(8.4) disc(Us(K), ps) = regs(K)*d(S)/(w(K)p(S))Z,
where wW(K) = |Us(K)tor| = |Us.. (K)tor| denotes the number of roots of unity in

the field K,
d(S)=>_d, and p(S) =[] du

veES vES
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Proof. Let ui,...,u, be a basis of Us(K) = Us(K)/Us(K)ior, and let G = (gi;)
denote the associated Gram matrix; thus

gij = Z dy log |u; |y log |ujly, for 1 <i,5 <r.
vES

Then by (3.38) and (3.37) we have
(8.5) disc(Us(K), ps) = |Us(K)tor| ! det(G)Z = w(K) ™! det(G)Z.

In order to relate det(G) to the regulator, write S = {vy,...,v,41} and consider
the matrix
dy, log [u1o, T dy, log [ty |v, dy,
A= : z SF
dv7‘+1 IOg |U1 |U7‘+1 e dvr+1 IOg |u7‘|vr+1 dvr+1

which is related to G by the formula

_ 1 1 G 0
Aldiag(—,...,——)A = ;
Zag(dvla ) dv7,+1) ( 0 d(S) > )
this follows by multiplying out the left hand side and applying (8.2). We thus
obtain:

(8.6) det(G) = det(A)?/(d(S)p(9)).

Finally we want to compute det(A4). By adding the first r rows to the last one
and applying (8.2) again, we obtain

dy, logluly, -+ dy, logluply,  dy,
det(A) = det : : D = tregs(K) - d(S).
dy, log g |v7~ < dy, log |UT‘vT dy,
0 e 0 d(S)

Substituting this in (8.6) and (8.5), the assertion follows.

From now on we shall consider the case that S is invariant under a group
G < Aut(K) of automorphisms of K, so Ug(K) is a naturally a ZG-module. Tt is
immediate that pg is G-equivariant, and thus (Ug(K), ps) is in fact a hermitian
ZG-module.

To compute its d-invariant, we shall determine the invariant modules of U s(K)
with respect to subgroups H < G.

Proposition 8.2 For each subgroup H < G there is a natural isometry
(8.7) i (Ums(K™), pins) = Invg (Us(K), ps),
where we view H\S as the set of places of the fizved field K™ which lie below S.
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Proof. Clearly Ug(K)" = Us(K) N K = Uy s(K*), and hence the inclusion
map iy : Uy s(K) — Us(K) induces an isomorphism
i Umns(K7) = Us(K)™.
To compare the hermitian structures, let u, v’ € Ug(KH), where S = H\S. Then
ps(in(w)in(u)) =" dylog |ufslog |u'|s = |H]|ps(u,u),
veS v|v

because

(8.8) > d, = dy|H|.

v|v

Thus invy (ps) = pg, which proves the assertion.

Corollary 8.3 Let z =Y. nyH € S(G)° be a character relation. Then

d(H\S)regm s(KT)2\ ™"
p(H\S)w(KH) '

(8.9) 8(x, Us(K)) = [ ]

H

Proof. By Proposition 7.5 and Proposition 8.2 we have

§(x,Us(K)) = [ [ disc(Invu(Us(K), ps))™™ = [ [ disc(Ums(K™), prs)™™,
H H

and so (8.9) follows from Proposition 8.1.

The above formula (8.9) can be simplified by means of the following lemma.

Lemma 8.4 Let S be a G-invariant set of places of K, and let x = > . nyH €
S(G)° be a character relation. Then:

(8.10) [TaE\s)"

0(x,7Z),
(8.11) [[p(E\S)™ = 6(,Z[S)).

Proof. a) If H < G is a subgroup, then by (8.8) we have
d(S) = [H|d(H\S),

and so we obtain

[TaE\s)™ =T(HI"ds) = (HIHI_"H> : <Hd(5)"H> =0(x,2);
H H

H H
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here we have used (2.7) and the fact that

(8.12) > ng=> nu(la,15)e = 0.
H H

b) By decomposing S into its G-orbits and treating each orbit separately, we
may assume without loss of generality that G acts transitively on S. Thus, if
we fix vg € S and let Z = G,, denote the stabilizer (or decomposition group)
of vy, then the map g — guvg induces a bijection G/Z = S. Moreover, since the
decomposition group of v = gvg is gZg~', we obtain the relation

(813) dv == |ngil|dw = |Z‘dwa

where w is the place of K¢ lying below any v € S.

If H < G is any subgroup, then the H-orbit space S = H\S may be identified
with the double coset space H\G/Z, and for each ¥ € S we have the analogous
formula
(8.14) dy =|HNgZg dy, if v= guo|o,

because Zy(v) = H N gZg~! is the decomposition group of v = gvy with respect
to H. Comparing (8.14) with (8.13) gives

|Z

8.15 dy = —— "\
(8.15) |HNgZg™1

and so we obtain

|Z|d.
8.16 p(H\S) dy = _—
(8.16) )= 11 I mraze
vEH\S geH\G/Z
This yields
|Z|dw " —1l|—ng
[pemsre =11 1 (gagzem) —11 11 1#nezeime,
i [HNgZg™!|
geEH\G/Z H geH\G/Z

where the latter equality follows from the fact that

(8.17) > nulH\G/Z| = ZnH 1%5,1%)a = 0.
H

(In the last formula we have used the fact that |H\G/Z| = (1%;,1%) by Mackey’s
Theorem and Frobenius Reciprocity.) In view of Example 2.13c), this proves
(8.11).
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8.2. Proofs of the main results. @ We can now proceed to prove the main
theorem on class number relations:

Proof of Theorem 2.7: Write x = > nyH. Then by Corollary 8.3 and Lemma 8.4
we obtain

(818)  o(, Us(K)) H(d(H\S)regH\S(KHF)

LI @S w(K)

re Hy2\ "

H

which proves the first assertion of the theorem. To deduce equation (2.8) from
this, we first note that Brauer’s formula (1.6) may be generalized to S-regulators
and S-class numbers in the following manner:

(8.19) 11 (regens(E™ )b s (KT yw(K™) )" = 1.
H

This follows from the usual Artin formalism applied to the Artin L-functions
Ls(s,x) (as defined in Tate[Tal, p. 23), using the fact that

. hH\S(KH)regH\S S|H\S|_1

Ls(s,13) = Cen m\s(s) ~

in a neighbourhood of s = 0 (cf. [Ta], p. 23).
Thus, by (8.19) and (8.18) we obtain

T sy = Lty T (2ems B2
i H 17 w(KH)
= 3@, UK)1or) ™ (3(x, Us(K))d(w, 2) ™ 8(w, Z[S)) "

which proves equation (2.8). The last assertion follows immediately from Example
2.13b).

As an illustration of the above class number formula, let us now prove Dirich-
let’s Theorem:

Proof of Theorem 1.1: Since G = Gal(K/Q) ~ 7Z/27 x Z/27Z, we obtain from the
first assertion of Proposition 2.18 and Theorem 2.7 the class number relation

(5.20) [(Q(Vd))h(Q(V=d) Q&) A(K) T h(Q) ] = 2(8(U (K))S(U (K )1or)] ",
8.20
where we have also used the fact that §(Z) = 2Z; cf. Proposition 2.18b).

In order to compute the right hand side of 8.20, we shall apply Proposition
2.18d) to M = U(K), and thus need to check that M satisfies the hypotheses
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there. For this, note first that M is as in Proposition 2.18c) because by Dirichlet’s
Unit Theorem we have rk(U(K)) =r =71 +r2 —1 =1since r; =2 and rp = 1,
and hence G acts non-trivially on M since rk(M%) = rk(U(Q)) = 0. Moreover, if
K+ = Q(v/d) denotes the real subfield of the CM-field K, then rk(U(K ™)) = 1, so
the o of 2.18c¢) is just the complex conjugation automorphism. Next we note that
Mo is cyclic, being generated by a suitable root of unity ¢ of K, and so ¢ acts
by multiplication by —1 since 0({) = { = ¢~'. In addition we see that 4 divides
| M| because i = /—1 € K. Thus M satifies all the hypotheses of Proposition
2.18d), and so substituting (2.30) in the right hand side of (8.20) and using the
well-known fact that h(Q(:)) = h(Q) = 1 yields the relation

[M(d)h(~d)h(K) ') = |HO(Y, M) .
We thus see that (1.1) holds with
(8.21) Q =2/H (Y, M)|~".

It remains to verify that this definition of @) coincides with the one given in (1.2).
For this, we first note that Y = Gal(K/Q(i)) because Y fixes My = (i). Thus, if
K # Q((g), then U(K)Y = U(Q(3)) = (i) and Ny (U(K)) = (+1, Ny(¢)), and so
the desired coincidence is immediate in view of the last assertion of Proposition
2.18d). On the other hand, if K = Q({g), then My, = Mg = ((s), and so
by the proof of Proposition 2.18d) (or otherwise) it follows that HO(Y, M) =
HO(Y, My,,) = 0. We thus obtain from (8.21) that Q@ = 2 in this case, which
proves the assertion.

Remark 8.5 The above proof also shows that the invariant () can be interpreted
as an index of unit groups. Indeed, if K # Q((s), then it follows from (2.30) and
(2.29) that

Q= [U(K) : (U(K)ior + UKT))],

which is the usual index considered in the theory of abelian fields and CM-fields
(cf. Washington[Wash], p. 39).

In order to include also the case K = Q((s), we note with Herglotz[He] (cf.
also Kubota[Kb]) that the above index is equal to the index

Q= [U(K) : U(K)],

where U(K) denotes the subgroup generated by the unit groups of the proper
subfields of K, and that this formula is also true for K = Q((g).

We have thus also proven Herglotz’s version of Dirichlet’s Theorem. Note
that this version is actually considerably easier to obtain by our methods than
Dirichlet’s version because it uses essentially only Proposition 2.18¢) and not part
d) which required a much more detailed analysis.
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