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Individual Regret Bounds for the Distributed Online Alternating
Direction Method of Multipliers

Mohammad Akbari , Bahman Gharesifard , and Tamás Linder

Abstract—We consider a distributed online optimization prob-
lem where, at each time, a group of agents choose their individual
states, after which an individual cost function is revealed to each
of them. The whole network then faces a regret according to the cu-
mulative sum of costs incurred by the agents’ chosen states, and
each agent faces an individual regret according to the cumulative
sum of costs incurred by the agent’s state estimation, perceived
as the whole network’s chosen state. In order to tackle the mini-
mization of the individual regret using only local information, we
assume that the group of agents communicate over a fixed undi-
rected connected graph. We then propose an online version of the
alternating direction method of multipliers algorithm, distributed
over the communication graph, which allows each agent to drive
its individual average regret over time to zero.

Index Terms—Network analysis and control, sensor networks,
optimization, optimization algorithms.

I. INTRODUCTION

There is a large body of work in the literature on multiagent systems
that can be cast as a so-called distributed optimization problem. In
this framework, each agent is given an individual cost function and
the objective for the group of agents is to cooperatively minimize the
sum of these functions [15], [16], [18]. In some realistic scenarios of
distributed optimization, for example, localization in sensor networks,
the individual cost functions change over time. The key point here is
that the agents are not aware of the way their cost functions evolve
over time. This variation of the distributed optimization problem has
been investigated recently in [1], [11], [13], and [14], in the context of
online optimization [4], [6], [10], [17], [23].

In this version of the online optimization problem, at each time, an
individual convex cost function is revealed to each agent after the agent
has chosen its current state. In this sense, the agents only see their
cost functions in hindsight and hence their states do not necessarily
correspond to the minimizers of these functions; hence, each agent
incurs a so-called individual regret, which is the difference between
the accumulated collective cost incurred by the agent’s state estimation
and the cost incurred by the best fixed state, when all functions are
known in advance [13]. The objective here is to design algorithms such
that the individual regret will be sublinear in the length of the time
horizon; in other words, the algorithm drives the average regret over
time to zero.
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Several algorithms, provably achieving sublinear regret in time,
have been designed to solve distributed online optimization problems.
In [13] and [14], motivated by consensus-based distributed optimiza-
tion protocols, at each time step, agents choose their future state using
a combination of a subgradient flow step and an averaging step over
the states of their neighbors. Unlike this class of algorithms, in this
note, we investigate distributed online optimization algorithms that are
based on the alternating direction method of multipliers (ADMM). This
method, which is suitable for large-scale constrained optimization prob-
lems [3], [5], has already been used for distributed optimization [3],
[21], [22], by casting the “consensus” step as a linear constraint. In
a nutshell, the ADMM splits this (linearly) constrained optimization
problem into two subproblems. Interestingly, although each step of the
computation is more expensive than the one in the subgradient algo-
rithms, using ADMM, one can achieve a convergence rate of O( 1

T
) for

distributed optimization, in contrast to the O( 1√
T

) rate of consensus-
based methods [7], [21]. The main objective of this note is to investigate
the application of this latter class of distributed optimization protocols
in online settings, and the regret bound that can be guaranteed using
them. In the centralized setting, it is already known that the ADMM
achieves an individual regret bound similar to the subgradient algo-
rithms [20]. A distributed version of ADMM is proposed for minimiz-
ing a version of network regret in [9]. In this note, we instead consider
the more challenging problem of minimizing the individual regret. We
refer the reader to [1], [11], and [13] for more details on the difference
between the individual and network regret problems. Our proposed
algorithm does not have subgradient step, in contrast to [9], and the
regret bounds are explicit in terms of the size of the network.

A. Preliminaries

Here, we introduce some notational conventions used throughout this
note. Let R, R≥0 , R> 0 , Z, Z≥1 denote the set of real, nonnegative real,
positive real, integer, and positive integer numbers, respectively. We
denote by ‖ · ‖2 and ‖ · ‖1 the Euclidean norm and 1-norm on Rd , d ∈
Z≥1 , respectively. We use the short-hand notation 1d = (1, . . . , 1)T ∈
Rd . We let Id denote the identity matrix in Rd×d . For matrices A
∈ Rd1 ×d2 and B ∈ Re1 ×e2 , d1 , d2 , e1 , e2 ∈ Z≥1 , we let A ⊗ B denote
their Kronecker product. For the matrix A, we denote by [A]i , the ith
row of the matrix A.

Convex Analysis: An extended real-valued function f : Rd → R ∪
{+∞} is convex if for all x, y ∈ Rd and for all λ ∈ [0, 1], we have
λf (x) + (1 − λ)f (y) ≥ f (λx + (1 − λ)y). The convex function f is
closed if for all α ∈ R, the sublevel set {x ∈ Rd |f (x) ≤ α} is a closed
set. Given a convex function f and x ∈ Rd , we call gx ∈ Rd a subgra-
dient of f at x, if f (y) − f (x) ≥ gT

x (y − x), for all y ∈ Rd . It is well
known that the set of subgradients of a convex function is nonempty,
convex, and compact for all x ∈ Rd , see [2, Proposition 4.2.1]. We
denote by ∂f (x) the set of subgradients of f at x. We say ∂f (x)
is L-bounded if there exists L ∈ R≥0 such that ‖gx‖1 ≤ L for all
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gx ∈ ∂f (x) and x ∈ Rd . The function f : Rd → R is called Lipschitz,
if for all x, y ∈ Rd , |f (x) − f (y)| ≤ C‖x − y‖2 for some C ∈ R≥0 .
Note that a function with L-bounded subgradients is Lipschitz.

Graph Theory: An undirected graph G = (V, E , A) consists of a
vertex setV = {1, . . . , N}, an edge setE ⊆ V × V with the assumption
that for i, j ∈ V , if (i, j) ∈ E , then (j, i) ∈ E ; and an adjacency matrix
A ∈ Rn×n

≥0 with aij = 1, iff (i, j) ∈ E and aij = 0, otherwise. We also
denote by eij the edge between vertices i and j, with i < j. We assume
no agent has a self-loop, so aii = 0 for all i ∈ V . A path is a sequence
of distinct vertices connected by edges. The graph G is connected if
there is a path between any pair of distinct vertices. We define the
neighbors of node i as N (i) = {j | eij or ej i ∈ E}.

II. PROBLEM STATEMENT

We start by formally describing the distributed online optimiza-
tion problem [13]. For the centralized online optimization problem,
we refer the reader to [6] and [23]. In the distributed approach, we
consider a group of agents communicating with each other over a net-
work, modeled by a fixed undirected graph, with properties that will
be described shortly. At each time step t ∈ {1, 2, . . . , T }, an agent
i ∈ V = {1, . . . , N} chooses its state zi (t) ∈ Rd . After this, a convex
cost function f t

i : Rd → R is revealed, and the agent incurs the cost
f t

i (zi (t)). In this scenario, at each time t, the whole network aims to
minimize the cost function F t (z) =

∑N
i=1 f t

i (z), which is distributed
among agents and is revealed when the agents have chosen their states.
Therefore, each agent estimates its state based on what it thinks the
whole network would choose. Moreover, due to lack of access to the
cost functions before the decisions are made, the decisions do not nec-
essarily correspond to the minimizers and the agents face a so-called
individual regret. The individual regret function for agent j computes
the difference between the network cost incurred by the agent’s state
estimation and the cost incurred by the best fixed choice, when all
functions are known in advance, see [6], [13], and [23]. Formally, the
regret of agent j ∈ V can be written as

Rj (T ) :=
T∑

t=1

N∑

i=1

f t
i (zj (t)) −

T∑

t=1

N∑

i=1

f t
i (z� ) (1)

where

z� ∈ argmin
z∈Rd

T∑

t=1

N∑

i=1

f t
i (z). (2)

Throughout this note, we assume that the minimizer set is nonempty.
The objective here is to design a strategy for the agents so that each
of them achieves an individual regret that is sublinear in T , i.e.,

lim supT →∞
Rj (T )

T
= 0, which guarantees that the average regret over-

time goes to zero.

III. DISTRIBUTED ONLINE ADMM

Our proposed algorithm relies on a distributed version of the so-
called ADMM algorithm. We start by reviewing the ADMM algo-
rithm [3].

A. Alternating Direction Method of Multipliers

Consider the following optimization problem:

min
z∈Z ,ξ∈Ξ

f (z) + g(ξ)

s.t. Az + Bξ = c (3)

where z∈Z ⊆ RN, ξ∈Ξ ⊆ RM, c ∈ RW , A∈RW ×N , B∈RW ×M ,
W, M, N ∈ Z≥1 , and f : RN → R ∪ {+∞} and g : RM → R ∪
{+∞} are (extended)-real-valued functions, assumed to be closed,
proper, and convex. The optimal value of (3) is denoted by p� =
inf{f (z) + g(ξ) |Az + Bξ = c}. A so-called augmented Lagrangian
function is defined to find the optimal value of the problem (3), using the
ADMM algorithm, which will be described next. For β ∈ R> 0 , the aug-
mented Lagrangian is the function Lβ : Z × Ξ × RW → R ∪ {+∞},
given by

Lβ (z, ξ, λ) = f (z) + g(ξ) + λT(Az + Bξ − c)

+
β

2
‖Az + Bξ − c‖2

2 . (4)

The variable λ is called the dual variable and the constant β ∈ R> 0 is
called the penalty parameter. The ADMM at each time t ∈ Z≥0 updates
the triplet of variables (z, ξ, λ) using

z(t + 1) = argmin
z∈Z

Lβ (z, ξ(t), λ(t))

ξ(t + 1) = argmin
ξ∈Ξ

Lβ (z(t + 1), ξ, λ(t))

λ(t + 1) = λ(t) + β(Az(t + 1) + Bξ(t + 1) − c).

It is shown in [3] that the ADMM algorithm converges to the solution
of (3) under the assumption that a saddle point for the Lagrangian
function exists. Moreover, it can be shown that the convergence rate is
O( 1

T
) [19], [21].

B. Distributed Online ADMM

In the distributed optimization problem, a function F (z) =∑N
i=1 fi (z) is distributed among N agents, where each agent i ∈

{1, . . . , N} has information about its own function fi : R → R and
the agents cooperatively try to minimize F (z). To do this, they com-
municate their states through a graph. We consider an undirected graph
G = (V, E), where V = {1, . . . , N} is the set of agents and E is the
set of edges, through which agents can communicate their states. We
label each agent by a number from 1 to N . We denote by eij ∈ E the
edge between agent i and j, with i < j. We also label each eij with a
number from 1 to M , where M = |E|.

We define z = (z1 , . . . , zN )T ∈ RN . We also assign a state ξij to
each edge eij ∈ E and let ξ = (ξ1 , . . . , ξM )T be the vector containing
all ξij s, where l in ξl = ξij is the label assigned to eij . For each
pair of agents i and j connected with an edge eij ∈ E , we assign
the constraints zi + ξij = 0 and zj + ξij = 0, which means that all
agents’ states must agree, since the graph is connected. Consider now
the optimization problem with linear constraints, given by

min
z∈Z ,ξ∈Ξ

F (z) =
N∑

i=1

fi (zi ), s.t. Az + Bξ = 0

where we define the matrices A ∈ R2M ×N and B ∈ R2M ×M , M =
|E|, N = |V| as follows. We set B = IM ⊗ 12 , and A is determined by
the requirement that for each eij ∈ E , the row [A]2 l−1 has a 1 in the ith
position and 0s in all other positions, and the row [A]2 l has a 1 in the
jth position and 0s in all other position, where l is the label assigned
to eij . We also assign the dual variables λij ∈ R and λj i ∈ R to each
eij ∈ E and let λ = (λ1 , . . . , λ2M )T be the vector containing all λij s,
where l in λ2 l−1 = λij and λ2 l = λj i is the label assigned to eij .

We partition the neighbors N (i) of a node i into two sets, denoted
by Ns (i) and N� (i), where Ns (i) = {j | ej i ∈ E , j < i} is the set of
neighbors of agent i with index smaller than i, and N� (i) = {j | eij ∈
E , i < j} is the set of neighbors of agent i with index larger than i.
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Example 3.1: Consider a path graphG = (V, E) withV = {1, 2, 3}
and E = {e12 , e23}, we have

A =

⎡

⎢
⎢
⎢
⎢
⎣

1 0 0

0 1 0

0 1 0

0 0 1

⎤

⎥
⎥
⎥
⎥
⎦

, B =

⎡

⎢
⎢
⎢
⎢
⎣

1 0

1 0

0 1

0 1

⎤

⎥
⎥
⎥
⎥
⎦

, z =

⎡

⎢
⎣

z1

z2

z3

⎤

⎥
⎦ , ξ =

[
ξ12

ξ23

]

and

λ = [λ12 , λ21 , λ23 , λ32 ]T, and

Ns (1) = ∅, N� (1) = {2}, Ns (2) = {1}
N� (2) = {3}, Ns (3) = {2}, N� (3) = ∅.

We also have the following constraints: z1 = ξ12 , z2 = ξ12 , z2 =
ξ23 , z3 = ξ23 , so z1 = z2 = z3 .

As we have described previously, at each iteration t ∈ Z≥1 , each
agent i ∈ V chooses zi (t) ∈ Rd , and after that a convex cost func-
tion f t

i : Rd → R is revealed and agent i incurs cost f t
i (zi (t)). The

distributed online ADMM algorithm is defined as follows.
1) Initialization: Choose arbitrary zi (1) for i ∈ V and arbitrary

λij (1) = −λj i (1) and ξij (1) for all eij ∈ E , which are not neces-
sarily all equal.

2) Updates: For t ≥ 2.
a) Agents, sequentially, update their estimate using

zi (t) = argmin
z i

f t−1
i (zi )

+
β

2

∑

j∈Ns (i)

∣
∣
∣
∣zi + ξj i (t − 1) +

1
β

λij (t − 1)
∣
∣
∣
∣

2

+
β

2

∑

j∈N� (i)

∣
∣
∣
∣zi + ξij (t − 1) +

1
β

λij (t − 1)
∣
∣
∣
∣

2

.

(5)

b) Each agent i updates ξj i , for all j in Ns (i) as

ξj i (t) = argmin
ξ j i

β

2

(∣
∣
∣
∣zj (t) + ξj i +

1
β

λj i (t − 1)
∣
∣
∣
∣

2

+
∣
∣
∣
∣zi (t) + ξj i +

1
β

λij (t − 1)
∣
∣
∣
∣

2
)

. (6)

c) Each agent i updates λj i and λij , for all j in Ns (i)

λij (t) = λij (t − 1) + β(zi (t) + ξj i (t)) (7)

λj i (t) = λj i (t − 1) + β(zj (t) + ξj i (t)). (8)

Note that this algorithm is different from the one presented in [9], in
the sense, it does not have a subgradient step.

IV. REGRET BOUNDS FOR THE DISTRIBUTED ONLINE ADMM

As the main result of this note, we provide an upper bound on each
agent’s individual regret, given by (1), under the distributed online
ADMM algorithm.

Theorem 4.1: Let {f t
1 , . . . , f t

N }T
t=1 be an arbitrary sequence of

convex functions where, for each i ∈ V , f t
i has an L-bounded subgra-

dient. Let the sequences {z(t) = (z1 (t), . . . , zN (t))T}T
t=1 , {ξ(t) =

(ξ1 (t), . . . , ξM (t))T}T
t=1 , and {λ(t) = (λ1 (t), . . . , λ2M (t))T}T

t=1 be
generated by the distributed online ADMM over an undirected fixed
connected graph G = {V, E}, where N = |V| and M = |E|. Sup-
pose that there exist z� ∈ argmin

∑N
i=1

∑T
t=1 f t

i (z) and choose

z� = (z� , . . . , z� ), ξ� satisfying Az� + Bξ� = 0, and let β = (N +
1)
√

T . Then, we have

Rj (T ) ≤ 1
2(N + 1)

√
T
‖λ(1)‖2

2 +
√

TML2 (N + 1)

+
(N + 1)

√
T

2
‖Bξ� − Bξ(1)‖2

2

+
N
√

T

2
‖Az(1) + Bξ(1)‖2

2 .

Before stating the proof, let us mention a few key points about this
results, especially in comparison with other available distributed algo-
rithms for online optimization. This algorithm provides a regret bound
of order O(

√
T ), which is similar to the ones with subgradient flow

protocols. However, this algorithm gives us an explicit dependency of
the regret bound on a polynomial of the size of the network and it does
not depend on the spectral radius of the adjacency matrix of the net-
work, in contrast to the most existing algorithms, see for example [12]
and [13]. It is also worth mentioning that the distributed online ADMM
algorithm presented in [9] considers the problem of bounding the net-
work regret, and not the individual regret. As our proof illustrates, the
latter problem is more challenging.

We now start the process of proving Theorem 4.1. Our proof relies
on a sequence of results, which we establish via Lemmas 4.2–4.7.

Lemma 4.2: Let the sequence {z(t), ξ(t), λ(t)}T
t=1 be generated

by the distributed online ADMM. Then, for any z̃ ∈ RN , we have

N∑

i=1

f t
i (zi (t + 1)) −

N∑

i=1

f t
i (z̃i )

≤ −(A(z(t + 1) − z̃))T (λ(t + 1) + βB(ξ(t) − ξ(t + 1))) .

Proof: For each t ∈ Z≥1 , since zi (t + 1) satisfies (5), we have

0 ∈ ∂f t
i (zi (t + 1)) + β

⎛

⎝
∑

j∈Ns (i)

(

zi (t + 1) + ξj i (t) +
1
β

λij (t)
)

+
∑

j∈N� (i)

(

zi (t + 1) + ξij (t) +
1
β

λij (t)
)
⎞

⎠ .

Hence

− β

⎛

⎝
∑

j∈Ns (i)

(

zi (t + 1) + ξj i (t) +
1
β

λij (t)
)

+
∑

j∈N� (i)

(

zi (t + 1)

+ ξij (t) +
1
β

λij (t)
)
⎞

⎠ ∈ ∂f t
i (zi (t + 1)). (9)

Since each f t
i is convex, we have

f t
i (zi (t + 1)) − f t

i (z̃i ) ≤ (zi (t + 1) − z̃i )gt
i (zi (t + 1))

for all gt
i (zi (t + 1)) ∈ ∂f t

i (zi (t + 1)). As a result, using (9)

f t
i (zi (t + 1)) − f t

i (z̃i )

≤ −β(zi (t + 1) − z̃i )

⎛

⎝
∑

j∈Ns (i)

(

zi (t + 1) + ξj i (t) +
1
β

λij (t)
)

+
∑

j∈N� (i)

(

zi (t + 1) + ξij (t) +
1
β

λij (t)
)
⎞

⎠ .
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Using (7) and (8), we have

f t
i (zi (t + 1)) − f t

i (z̃i )

≤ −(zi (t + 1) − z̃i )

⎛

⎝
∑

j∈Ns (i)

(λij (t + 1) + β(ξj i (t)

− ξj i (t + 1))) +
∑

j∈N� (i)

(λij (t + 1) + β(ξij (t) − ξij (t + 1)))

⎞

⎠

= −(zi (t + 1) − z̃i )
(
([A]i )Tλ(t + 1)

+ β
([

ATB
]
i

)
(ξ(t) − ξ(t + 1))

)

where we have used the definition of A and B in the last equality.
Hence

N∑

i=1

f t
i (zi (t + 1)) −

N∑

i=1

f t
i (z̃i )

≤ −(z(t + 1) − z̃)T ×(ATλ(t + 1) + β
[
ATB

]
(ξ(t) − ξ(t + 1))

)

= −(A(z(t + 1) − z̃))T

× (λ(t + 1) + βB(ξ(t) − ξ(t + 1)))

which proves the claim. �
Lemma 4.3: Let the sequence {z(t), ξ(t), λ(t)}T

t=1 be generated
by the distributed online ADMM. Then, for all t ∈ Z≥1 , we have

BTλ(t) = 0. (10)

Proof: Since ξj i (t + 1) is given by (6), we have

β

(

zj (t + 1) + ξj i (t + 1) +
1
β

λj i (t) + zi (t + 1)

+ ξj i (t + 1) +
1
β

λij (t)
)

= 0.

Now, using (7) and (8)

(λj i (t + 1) + λij (t + 1)) = 0

or equivalently, BTλ(t) = 0, for all t ∈ Z≥1 . �
Lemma 4.4: Let the sequence {z(t), ξ(t), λ(t)}T

t=1 be generated
by the distributed online ADMM. For any z� , ξ� , satisfying Az� +
Bξ� = 0, we have

N∑

i=1

f t
i (zi (t + 1)) −

N∑

i=1

f t
i (z� )

≤ 1
2β

(‖λ(t)‖2
2 − ‖λ(t + 1)‖2

2 ) −
β

2
‖Az(t + 1) + Bξ(t)‖2

2

+
β

2
(‖Bξ� − Bξ(t)‖2

2 − ‖Bξ� − Bξ(t + 1)‖2
2

)
.

Proof: From Lemma 4.2, for z̃ = z� , we have

N∑

i=1

f t
i (zi (t + 1)) −

N∑

i=1

f t
i (z� )

≤ − (Az(t + 1) − Az� )T (λ(t + 1) + βB(ξ(t) − ξ(t + 1)))

= − (Az(t + 1) + Bξ� )Tλ(t + 1)

− β(Az(t + 1) + Bξ� )T(Bξ(t) − Bξ(t + 1))

= − (Az(t + 1) + Bξ� )Tλ(t + 1)

− β

2
(‖Bξ(t + 1) − Bξ�‖2

2 − ‖Bξ(t) − Bξ�‖2
2

+ ‖Az(t + 1) + Bξ(t)‖2
2 − ‖Az(t + 1) + Bξ(t + 1)‖2

2

)
(11)

where we have used the fact that for all u1 , u2 , u3 , u4 ∈ Rd

(u1 + u2 )T(u3 − u4 ) =
1
2
(‖u4 − u2‖2

2 − ‖u3 − u2‖2
2

+ ‖u1 + u3‖2
2 − ‖u1 + u4‖2

2 ) (12)

to obtain the last equality. Note that by Lemma 4.3, we have BTλ(t +
1) = 0; hence, we can rewrite the sum of the first and the last terms
in (11) as

β

2
‖Az(t + 1) + Bξ(t + 1)‖2

2 − (Az(t + 1) + Bξ� )Tλ(t + 1)

= −(Az(t + 1) + Bξ(t + 1))Tλ(t + 1)

+
β

2
‖Az(t + 1) + Bξ(t + 1)‖2

2

=
1
2β

(
2(λ(t) − λ(t + 1))Tλ(t + 1) + ‖λ(t + 1) − λ(t)‖2

2

)

=
1
2β

(‖λ(t)‖2
2 − ‖λ(t + 1)‖2

2

)

which completes the proof. �
Lemma 4.5: Let the sequence {z(t), ξ(t), λ(t)}T

t=1 be generated
by the distributed online ADMM. For all t ∈ Z≥1

‖Az(t + 1) + Bξ(t + 1)‖2
2 + ‖Bξ(t + 1) − Bξ(t)‖2

2

= ‖Az(t + 1) + Bξ(t)‖2
2 .

Proof: Using Lemma 4.3, we can write

0 = (ξ(t + 1) − ξ(t))TBTλ(t + 1),

0 = (ξ(t + 1) − ξ(t))TBTλ(t).

Adding these equation, we can write

0 = (ξ(t + 1) − ξ(t))TBT(λ(t + 1) − λ(t))

= β(Bξ(t + 1) − Bξ(t))T(Az(t + 1) + Bξ(t + 1))

=
β

2
(‖Az(t + 1) + Bξ(t + 1)‖2

2 + ‖Bξ(t + 1) − Bξ(t)‖2
2

− ‖Az(t + 1) + Bξ(t)‖2
2

)

where we have used (u1 − u2 )T(u3 + u1 ) = 1
2 (‖u3 + u1‖2

2 + ‖u1 −
u2‖2

2 − ‖u3 + u2‖2
2 ), for all u1 , u2 , u3 ∈ Rd . This proves the

claim. �
Lemma 4.6: Let {f t

1 , . . . , f t
N }T

t=1 be a sequence of convex func-
tions, where for each i ∈ V , f t

i has an L-bounded subgradient. Let the
sequence {z(t), ξ(t), λ(t)}T

t=1 be generated by the distributed online
ADMM. Then, for all t ∈ Z≥1 and some α ∈ R> 0 , we have

N∑

i=1

f t
i (zi (t)) −

N∑

i=1

f t
i (zi (t + 1))

≤ 2ML2

α
+

α

2
(‖Az(t + 1) + Bξ(t + 1)‖2

2

+ ‖Az(t) + Bξ(t)‖2
2 + ‖Bξ(t + 1) − Bξ(t)‖2

2

)
.
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Proof: Since f t
i is a convex function, we can write

f t
i (zi (t)) − f t

i (zi (t + 1)) ≤ gt
i (zi (t))(zi (t) − zi (t + 1))

≤ |gt
i (zi (t))||zi (t) − zi (t + 1)|

≤ L|zi (t) − zi (t + 1)|
for all gt

i (zi (t)) ∈ ∂f (zi (t)), where we have used that |gt
i (z)| ≤ L.

Now, we have

N∑

i=1

f t
i (zi (t)) −

N∑

i=1

f t
i (zi (t + 1)) ≤ L

N∑

i=1

|zi (t) − zi (t + 1)|.

Hence, we can write

N∑

i=1

|zi (t) − zi (t + 1)| ≤ ‖Az(t) − Az(t + 1)‖1

≤
√

2M‖Az(t) − Az(t + 1)‖2

≤
√

2M (‖Az(t) + Bξ(t)‖2

+ ‖Az(t + 1) + Bξ(t)‖2 )

where we have used the fact that since the graph is connected, for all
i ∈ V , zi (t) has appeared in some elements of the vector Az(t). Using
this, we have

N∑

i=1

f t
i (zi (t)) −

N∑

i=1

f t
i (zi (t + 1))

≤ L
√

2M‖Az(t) + Bξ(t)‖2 + L
√

2M‖Az(t + 1) + Bξ(t)‖2

≤ 2ML2

2α
+

α

2
‖Az(t) + Bξ(t)‖2

2

+
2ML2

2α
+

α

2
‖Az(t + 1) + Bξ(t)‖2

2

≤ 2ML2

α
+

α

2
(‖Az(t) + Bξ(t)‖2

2

+ ‖Az(t + 1) + Bξ(t + 1)‖2
2 + ‖Bξ(t) − Bξ(t + 1)‖2

2

)

where in the second inequality, we have used Young’s inequality:
2uT

1u2 ≤ ‖u1‖2
2 + ‖u2‖2

2 for all u1 , u2 ∈ Rd . �
The next lemma will be instrumental in bounding the individual

regret function for one particular agent’s states, say the jth agent. It is
the final step in proving our main result.

Lemma 4.7: Let {f t
1 , . . . , f t

N }T
t=1 be a sequence of convex func-

tions, where for each i ∈ V , f t
i has an L-bounded subgradient. Let the

sequence {z(t), ξ(t), λ(t)}T
t=1 be generated by the distributed online

ADMM. Then, for all t ∈ Z≥1 , all j ∈ V , and all α ∈ R> 0

N∑

i=1

f t
i (zj (t)) −

N∑

i=1

f t
i (zi (t)) ≤ 2ML2 (N − 1)

2α

+
(N − 1)α

2
‖Az(t) + Bξ(t)‖2

2 .

Proof: Since f t
i is convex with L-bounded subgradients, we have

that f t
i (zj (t)) − f t

i (zi (t)) ≤ L|zj (t) − zi (t)|. Hence

N∑

i=1

f t
i (zj (t)) −

N∑

i=1

f t
i (zi (t)) ≤ L

N∑

i=1

|zj (t) − zi (t)|.

Note that, since the graph is connected, for agent i and j that are
not neighbors, there exists a path connecting them, and we have

|zj (t) − zi (t)| ≤ ‖Az(t) + Bξ(t)‖1 . As a result

N∑

i=1

|zj (t) − zi (t)| ≤ (N − 1)‖Az(t) + Bξ(t)‖1

≤ (N − 1)
√

2M‖Az(t) + Bξ(t)‖2 .

Now, for any α > 0

N∑

i=1

f t
i (zj (t)) −

N∑

i=1

f t
i (zi (t)) ≤ L(N − 1)

√
2M‖Az(t) + Bξ(t)‖2

≤ 2ML2 (N − 1)
2α

+
(N − 1)α

2
‖Az(t) + Bξ(t)‖2

2

where we have used Young’s inequality. �
We are now in a position to prove Theorem 4.1.
Proof. (Theorem 4.1): Using Lemmas 4.4, 4.6, and 4.7, we can

write

N∑

i=1

f t
i (zj (t)) −

N∑

i=1

f t
i (z� )

≤ 1
2β

(‖λ(t)‖2
2 − ‖λ(t + 1)‖2

2 ) +
ML2 (N + 1)

α

− β

2
(‖Az(t + 1) + Bξ(t + 1)‖2

2 + ‖Bξ(t) − Bξ(t + 1)‖2
2

)

+
β

2
(‖Bξ� − Bξ(t)‖2

2 − ‖Bξ� − Bξ(t + 1)‖2
2

)

+
α

2
(‖Az(t + 1) + Bξ(t + 1)‖2

2 + ‖Az(t) + Bξ(t)‖2
2

)

+
α

2
‖Bξ(t + 1) − Bξ(t)‖2

2 +
(N − 1)α

2
‖Az(t) + Bξ(t)‖2

2 .

(13)

Note that

− β

2
‖Az(t + 1) + Bξ(t + 1)‖2

2 +
α

2
(‖Az(t + 1) + Bξ(t + 1)‖2

2

+ ‖Az(t) + Bξ(t)‖2
2

)
+

(N − 1)α
2

‖Az(t) + Bξ(t)‖2
2

=
α − β

2
‖Az(t + 1) + Bξ(t + 1)‖2

2 +
Nα

2
‖Az(t) + Bξ(t)‖2

2 .

(14)

Let

K = −
T∑

t=1

β − α

2
‖Az(t + 1) + Bξ(t + 1)‖2

2

+
T∑

t=1

Nα

2
‖Az(t) + Bξ(t)‖2

2 .

For β ≥ (N + 1)α, using (14), we can write

K =
T −1∑

t=1

−β − α − Nα

2
‖Az(t + 1) + Bξ(t + 1)‖2

2

− β − α

2
‖Az(T + 1) + Bξ(T + 1)‖2

2

+
Nα

2
‖Az(1) + Bξ(1)‖2

2

≤ Nα

2
‖Az(1) + Bξ(1)‖2

2 . (15)
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We also have

−β

2
‖Bξ(t) − Bξ(t + 1)‖2

2 +
α

2
‖Bξ(t + 1) − Bξ(t)‖2

2 ≤ 0 (16)

for β ≥ α. Using (15) and (16) along with (13), we have

Rj (T ) =
T∑

t=1

N∑

i=1

f t
i (zj (t)) −

T∑

t=1

N∑

i=1

f t
i (z� )

≤
T∑

t=1

1
2β

(‖λ(t)‖2
2 − ‖λ(t + 1)‖2

2

)
+

T∑

t=1

ML2 (N + 1)
α

+
T∑

t=1

β

2
(‖Bξ� − Bξ(t)‖2

2 − ‖Bξ� − Bξ(t + 1)‖2
2

)

+
Nα

2
‖Az(1) + Bξ(1)‖2

2

≤ 1
2β

‖λ(1)‖2
2 +

T

α
ML2 (N + 1) +

β

2
‖Bξ� − Bξ(1)‖2

2

+
Nα

2
‖Az(1) + Bξ(1)‖2

2

where we have used the telescopic series to establish the last inequality.
By choosing α =

√
T and β = (N + 1)

√
T , we have

Rj (T ) ≤ 1
2(N + 1)

√
T
‖λ(1)‖2

2 +
√

TML2 (N + 1)

+
(N + 1)

√
T

2
‖Bξ� − Bξ(1)‖2

2

+
N
√

T

2
‖Az(1) + Bξ(1)‖2

2 .

�
Remark 4.8 (Computation Load): In order to execute the above-

mentioned algorithm, each agent i needs to store and update the
variables zi , ξj i , λj i , and λij where j ∈ Ns (i). Hence, the overall com-
putational load of the network is |V| + 3|E|. As we were finalizing this
note, a new ADMM algorithm for distributed optimization has appeared
in the literature [24], which has a lower computation load at each step
of time. Particularly, the number of updated variables in each time step
is 3|V|, which is less than |V| + 3|E| for connected graphs in our case.
The setting in [24] is, however, not online. It is, hence, an interesting
future problem to investigate if this new algorithm can be incorporated
into the online setting to reduce the required computational load.

V. SIMULATION

We illustrate our results by an example on localization in sensor net-
works, motivated by [8]. Consider a network of N = 8 sensors that are
used to estimate a variable s ∈ R. The communication graph is given
in Fig. 1. Each sensor i ∈ V , at each time t ∈ {1, . . . , T }, observes
qt

i ∈ R, a noisy observation of variable s. In this example, we assume
that this noisy observation is given by qt

i = at
i s̃ + bt

i , where at
i ∈ [0, 2]

and bt
i ∈ [−0.5, 0.5] are chosen at random and independently from a

uniform distribution and s̃ is a fixed real value. We use the squared
observation error as the cost function, i.e., f t

i (s) = 1
2 (qt

i − s)2 . The
best estimation of s is the minimizer of the function

ŝ = argmin
s

F (s) = argmin
s

T∑

t=1

N∑

i=1

1
2
(
qt

i − s
)2

.

Let us assume the actual value of s̃ = 1
4 .

Fig. 1. N = 8 sensors are communicating through the graph.

Fig. 2. Sensors’ state estimations versus time for eight sensors are
shown. The network consists of N = 8 sensors communicating over
an undirected graph. The ith sensor observes qt

i = at
i s + bt

i , where at
i

and bt
i are chosen at random from a uniform distribution on [0, 2] and

[−1/2, 1/2], respectively. We use the distributed online ADMM algorithm
to estimate ŝ.

Fig. 3. Average regrets over time Rj (T )/T versus T for two sensors
with the maximum and minimum average regrets are shown, under the
same assumptions as in Fig. 2.
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We use the distributed online ADMM to estimate the variable s.
Here, the noise characteristics are not known to the agents.

Fig. 2 shows the states of four sensors over 200 time iterations.
By using the distributed online ADMM algorithm, the sensors reach a
consensus near the expected value of ŝ, which is one-fourth, as shown
in Fig. 2. Fig. 3 shows the average individual regret of the two sensors
with the maximum and minimum average regrets over time.

VI. CONCLUSION AND FUTURE WORK

In this note, we presented a distributed online version of ADMM
to solve a distributed online optimization problem. We showed that
by choosing proper parameters, we can bound the individual regret
function by O(

√
T ). This bound is similar to the one for consensus-

based subgradient flow protocols, however, our algorithm exhibits an
explicit dependency of the regret bound on the size of the network
and is gradient free. Extending the results to scenarios with additional
internal linear constraints and time-varying graphs and directed graphs
are among the avenues of future work. It is a particularly important
avenue of research to investigate the possibility of extending our re-
sults to directed and time-varying settings. This relies on relaxing the
assumptions on the communication graph in [22], where the undirected
nature of the graph topology plays a major role in assuring that the dual
variables are updated consistently throughout the network.
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