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Fig. 6. Signature segmented with function FI(i)(6max = 37/8, K = 3).
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Fig. 7. Signature segmented with function FI(¢)(6max = 37/8, K = 3).
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the next one after #1) of Fig. 7 as well as the small and acute vertex
#4. A drawback of the method (and perhaps of every method?) is its
difficulty to segment an almost complete circle, as in the one shown
after point #5 in Fig. 7. Indeed, function FI(7) of Fig. 7(b) appears
with two local maxima without the function passing through zero.
The segmenting point indicated by an arrow on Fig. 7(a) was added
manually afterwards for the sake of the discussion. To overcome this
problem, it is necessary to diminish the value of 6p,,x, allowing FI(i)
to reach zero between the two peaks.

IV. CONCLUSION

We have presented an algorithm that makes it possible to estimate
the perceptual importance of each of the points of a signature (or
other types of continuous cursive handwriting) as a basis for its
segmentation. The main idea of the algorithm is that for each point
i of the signature, it tries to iteratively construct a vertex centred on
that point with the help of neighboring points to either sides of it until
certain geometric conditions are met. The method has been applied
successfully to a signature database, and the location and relative
importance of the segmentation points are generally in agreement
with human perception. Moreover, they are also in accordance with
our most recent segmentation theory [11]. An interesting application
of the algorithm is to use it to quantify one of the difficulties (at the
perception level) that could be experienced by a typical imitator in
reproducing a signature [2], [4]. This difficulty index, together with
an intrapersonal variation index, could be used to identify problematic
signers in a particular signature database and adapt the thresholds of
the ASV system to improve its overall performance.

One object of our continuing research effort is to implement the
algorithm on a neural network and automatically fix the optimal
thresholds of the only two parameters of the method.
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Fast Nearest-Neighbor Search in Dissimilarity Spaces

Andris Faragd, Tamds Linder, and Gabor Lugosi

Abstract—A fast nearest-neighbor algorithm is presented. It works in
general spaces where the known cell (bucketing) techniques cannot be im-
plemented for various reasons, such as the absence of coordinate structure
and/or high dimensionality. The central idea has already appeared several
times in the literature with extensive computer simulation results. This
paper provides an exact probabilistic analysis of this family of algorithms,
proving its O(1) asymptotic average complexity measured in the number
of dissimilarity calculations.

Index Terms— Average complexity, dissimilarity spaces, fast nearest-
neighbor search, pattern recognition, probabilistic analysis of algorithms.

I. INTRODUCTION

Finding a nearest neighbor of a point among several others is a task
one often encounters in a number of practical situations such as vector
quantization of signals, pattern recognition, etc. In a Euclidean space,
this is one of the so-called closest-point problems of computational
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geometry, and efficient algorithms are known both in the worst-
case sense [1] and expected-time sense [2], [3]. However, there is
a demand for nearest-neighbor algorithms that work well under more
general conditions. In some practical applications, the underlying
metric may be different from the Euclidean metric (possibly the
measure of similarity between two points is not even a metric), and/or
no direct coordinate structure may be given for the sample space. In
trying to find efficient algorithms in these harder situations, several
authors seem to have arrived at similar versions of an idea of nearest-
neighbor search [4]-[8]. These algorithms make use of some geomet-
ric properties induced by the triangle inequality and seem to show
the following behavior, which is most explicitly stated in Vidal [5):

"The algorithm finds the nearest neighbor using an asymptotically

constant number of distance calculations on the average."
Moreover, they are easily implementable even in high dimensional
spaces, whereas, an optimal algorithm in a Euclidean d space in
expected time sense (see, €.8., [3]) becomes impractical very rapidly
as the dimension increases, which is typical for the cell technique or
“bucketing” methods [9]. Vidal’s quoted conclusion was drawn on the
basis of extensive computer simulations and subsequently supported
by practical experiments [10], but no theoretical justification has been
published thus far. In this paper, we make an attempt to grasp the
basic idea behind these more general algorithms and carry out an
exact probabilistic analysis of the performance in a rather general
framework.

To this end, in Section II, we introduce the notion of dissimilarity
space, which can be considered to be a generalization of a metric
space, give some examples, and describe our algorithm for fast
nearest-neighbor search in such spaces. The algorithm has O(n)
preprocessing and storage cost, where n is the number of points.
In Section III, we introduce a probabilistic model and show that the
algorithm performs O(1) dissimilarity calculations on average, that is,
it has a constant expected complexity in the number of dissimilarity
calculations. In Section IV, some practical remarks and comparisons
are made.

II. THE ALGORITHM

The standard problem of nearest-neighbor searching in a Euclidean
space is to find, among n points, the nearest to a query point as
quickly as possible. In a number of problems, however, we are
given n sample points from a more general space (possibly with
no direct coordinate structure), and the task is to determine which is
closest to the query point in a certain (not necessarily metric) sense.
In this case, the most efficient bucketing methods for closest point
problems cannot be applied since typically, we can only calculate the
“distances” between points. This model applies in all cases when the
distance (or dissimilarity) measure is computationally or conceptually
complex; thus, a “black box” model for the distance calculation is the
only feasible assumption. A relevant practical example is the so-called
dynamic time warping (DTW) distance used in speech recognition,
when a distance calculation involves a dynamic programming shortest
path search in a trellis [10]. DTW is a good example for a “distance”
measure that is not a metric, but in some sense, it behaves like a
metric. In order to describe problems of this kind, we introduce the
notion of dissimilarity space, which is, in some sense, a generalization
of the concept of metric space.

Definition 1: A nonempty set D with a functionp: DXxD — R
is called a dissimilarity space if for any z,y € D the following
conditions are satisfied:

o(z,y) >0,
plz,y) =0iff z =y,
p(z,y) = p(y, z).

A dissimilarity space in which the triangle inequality holds is a
metric space. Just as in metric spaces, a subset H of a dissimilarity
space is called bounded if sup{p(z,y) : z,y € H} < oo. The notion
of the metric is relaxed here, but (obviously), one needs to impose
some geometric structure and dimensionality on a dissimilarity space.

Definition 2: Let D be a dissimilarity space, and let « > 3 > 0.
The points 21, 22, ..., 2x € D are said to form a basis at level (o, 3)
for a set H C D if for any z,y € H

ap(z,y) > |o(z, 2:) — p(y, z:), i=1,....k @
and
Zax lo(z, z;) = p(y, 2;)| > Bp(z, y). 0]

Moreover, a dissimilarity space D is called finite dimensional if there
exist « > 4 > 0 and a positive integer k (depending on D only)
such that for any bounded subset H C D, there are k points in D
that form a basis at level («,3) for H.

Example 1: It is not hard to see that R¢ with the Euclidean metric
is a finite (e.g., d41) dimensional dissimilarity space. A possible basis
for a bounded set H C R? is formed, for example, by the vertices
of a sufficiently large regular d-dimensional simplex containing H.
Elementary geometric calculations show that level values o = 1 and
3 = 1/2 can be chosen.

Example 2: Let P be a full dimensional bounded polytope in R¢
with vertices =1, z2,..., zx. Denote by a;(z, y) the angle subtended
by Zy at z;. Set

pl,y) = max ai(x,y).

It is left to the reader that the points of P with dissimilarity measure
p is a finite dimensional dissimilarity space. Another infinite family
of examples is given by the following result, which is proven in
Appendix A.

Theorem 1: Every finite-dimensional normed vector space is
a finite-dimensional dissimilarity space with dissimilarity measure
plzy) = |lz -yl

The nearest neighbor searching problem in a dissimilarity space is
the following: We are given a set of n points Xi,...,X,, which
are elements of a bounded set H C D. A nearest-neighbor algorithm
should determine in an efficient way, using some preprocessing of
the points, the closest of these points to a new query point X coming
from H. Here, closeness means similarity, that is, the nearest neighbor
of X is X; if p(X, Xi) < p(X,Xj), j =1,...,n. The common
idea of the (coordinate free) algorithms [4]-[8] is that they restrict
the search to some appropriately chosen neighborhood of the query
point with the following crucial properties:

* The neighborhood is large enough to contain the nearest neigh-

bor with certainty.

* The neighborhood is small enough to ensure that the aver-
age number of sample points contained remains asymptotically
bounded.

* The neighborhood is defined constructively in terms of distances
to points known during the preprocessing stage.

To grasp and analyze this common idea, we describe an algorithm
that contains it in a pure form and is isolated from additional factors.

Let D be a finite dimensional dissimilarity space, and let the points
21,..., 2, form a basis for the bounded set H at level (a, 3). Our
proposed algorithm is the following.

Algorithm 1: Preprocessing Compute and store all the values
(Xizj), i =1,...,n55 =1,...,k. As k is fixed, this means
O(n) preprocessing time and storage cost.

Nearest neighbor searching

INITIALIZATION: Set 7 — {Xi,...,Xa}.
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STEP 1: Compute the value of
Y(Xi) = jmax Ip(Xi, 25) — p(X, 2)]

for each X; € 7.
STEP 2: Set tp + min; ¥(X;). Delete all the points X; from T
for which

X)) > %to

holds.
STEP 3: Find the nearest neighbor of X in the remaining part of
T by exhaustive search:

VN = arg min p(X,U)

UeT
STOP. TV s the result.

The next theorem shows the correctness of the algorithm.

Theorem 2: Algorithm 1 always finds the nearest neighbor.

Proof: 'We have to show that the correct nearest neighbor, which
we denote by XV, is never deleted from 7 in Step 2. Set
X, = arg min v(X;).
i=1,..,n

In the definition of X" and X, in case of ambiguity, we choose
a random index among the candidates. Suppose that YXNNy >

%7(X;), that is, Step 2 excludes X NN From this, using Definition
2, we have

1 1 % - .
p(X, XNV > ;w(x,iv”) > FAXD) 2 p(X X0

which is a contradiction. O

It is quite clear that in the worst case, that is, when no exclusion
is carried out in Step 2, the algorithm executes n dissimilarity
calculations. However, the next section shows that in a rather general
probabilistic setup, the average case is substantially different from
the worst case. In particular, the number of dissimilarity calculations
remains constant on the average as n increases.

In a strict sense, the complexity of the algorithm is not only
determined by the number of dissimilarity calculations but also by
other computations in Steps 2 and 3. From a practical point of view,
however, if p(-,-) is a function of high complexity, then the running
time of the algorithm is determined essentially by the number of
dissimilarity calculations, as is shown by the simulation results cited
above. We will address this question in Section IV.

III. PROBABILISTIC ANALYSIS

For the analysis of the average complexity, we have to set up a
probabilistic model. Let (D,S) be a measurable space, where the
family of sets S is termed the collection of measurable subsets of
D. 1t is assumed that the measurable sets of the finite dimensional
dissimilarity space D include the closed balls B(z,7) = {y € D :
p(z,y) < v} of radius r centered at z forall » > 0, x € D. We
assume further that p : D x D — R is a Borel measurable function
on the product measurable space (D x D, S x S). Note that in the
examples mentioned above, these conditions are satisfied.

Let X, X, ..., X, be independent identically distributed random
elements taking their values from a bounded subset H of D. Introduce
the notation

p(z,7) = Px(B(z,r)) = Pr{X € B(z,7)}.

We assume that the following regularity condition holds for the
common distribution of X, X1,..., X,.

Condition 1: There exists a d > 0 and a function f: D - R
such that

tim 257 — 42 > 0 o)
uniformly for almost all x € D (mod Px).

Remark: Note that for D < R? with an arbitrary norm-based
metric and for random variables with density, Condition 1 indicates
the uniform convergence in Lebesgue’s density theorem (see [11]).

Now, we can state the main result.
Theorem 3 Let F,, be the number of dissimilarity calculations
executed by Algorithm 1 for n points. If Condition 1 holds, then

2d
timsup E(F,) < k + (%)

n—oo

where E(-) denotes expectation, and k, o, 3 are as in the description
of the algorithm.

Remark: The theorem asserts that E(F,,) = O(1). It follows
from Example 1 that in R4, if the X; have well-behaved density in
the sense of Condition 1, then limsup, E(F,) < d+1+ 44,

Before proving the theorem rigorously, it is worth mentioning
that the main idea is the following: We show that a ball of radius
cp(X. XNy (c > 0 fixed) centered at the query point X contains
asymptotically only a constant number of sample points on the
average. To present the exact proof, we have to explore first some
properties of finite dimensional dissimilarity spaces and probability
distributions defined on them.

Definition 3: A set A C D is called discrete if there is a constant
po > 0 such that x,y € A, x # y implies p(z,y) > po.

Lemma 1: Let A be a bounded discrete set in a finite dimensional
dissimilarity space D. Then, A is finite.

The proof of the lemma is in Appendix B. The next lemma will
be a useful technical tool in the proof of Theorem 3 and is proven
in Appendix C.

Lemma 2: Let X be a random element taking its values from
a finite dimensional dissimilarity space D. Suppose that Pr{X €
A} =1 for some bounded measurable subset A of D. Then for any
fixed r1 > O there exists an € > 0 such that

Pr{p(X,r1) > ¢} =1.

Now we are armed to prove Theorem 3.

Proof of Theorem 3: Since the p(Xj, z;) values are given by the
preprocessing, Step 1 of the algorithm requires only k dissimilarity
calculations. Thus, it is enough to consider the number of points T,
not deleted from 7 in Step 2 for F, = k + T,.. Let X, and XNN
be as in the proof of Theorem 2. Using Definition 2, for each X;
remaining in 7 after Step 2, we have

1 «
X. X)) < =9(X) £ = X:
ol )< 3 )_ﬁﬂ( )
2
@
< (X5 < o X, @
Put ¢ = %:— > 1. Denoting by 7, the number of X; with

(X, X:) < cp(X,XYN), by (4), we have T,, < T, and thus,
it suffices to show that

lim E(T.) =% )

n—oo

From now on, in the proof, Ig will denote the indicator of the set
B, and the abbreviation R, = p(X, XY™ will be used. Now, using
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the i.i.d. property of X, Xi,...,X,, we can write

E(T,,,) = E(ZI(X,-GB(X.CRn)}) = nE(I{xneB(X.cRn)))
i=1
= nE(I{anB(X,cRn)}I{anfo})
+ nE(I{xnes(x.cﬁn)}l{xnﬂf-"”})' ©

The first term in (6) is obviously n%, whereas the second can be
written as

nE(I{x,eB(x,cRa-1)}) = "E(I{x,eB(X.Rn_1)})
where the second term is again n % Thus, (6) amounts to
E(T,) = nE(I{x,eB(X.cRu_1)})
= nE(E[{x,eB(X.cRn_}X]) = nE[p(X,cRu1)]

where, in the last step, we used the independence of the X;. Since
E[p(X,Ra_1)] = Pr{X, € B(X,Rn-1)} = Pr{X, = XV} =
1/n, we conclude that for » > 0

.\ _E[p(X,cR.)|
E(Tn+1) - E[p(X, Rn)]

=E[P(X’ cRn )I{Rnsr}] + E[P(X’ cR, )I(Rn>r)]
E[p(X, Ra)(r, <r}HEP(X, Ra) (R, >r}]

Now, by Lemma 2, ¢ > 0 can be chosen such that

Pr{p(X,r)>e}=1

™

yielding
Pr{R. >r} = E[(1-p(X,r)"}]<(1~-#)"

that is, Pr { R, > r} tends to zero exponentially quickly. Since the
second terms in both the numerator and the denominator of (7) are
bounded above by this probability and since the denominator is 1/n
and the numerator is greater, it follows that

. . E[P(X» cR, )I{R <r}]
lim E(T. = lim — n=
n—oo ( +1) n—oo E[p()ﬁ, Rn)I{RHSr}]

for arbitrary r > 0, provided that the limit on the right-hand side
exists. However, by the uniform convergence in Condition 1, for any
€ > 0, an r > 0 can be chosen such that the following inequalities
hold:

®)

E[(1 = &) f(X)(cRn) (R, <r}]
E[(1+ &) f(X)RiI R, <r}]

E[p(X,cRn)) (R, <r}]
= E[p(X,Re)) (R, <r}]

E[(1+f)f(X)(CRn)dI{Rngr}]
= E[1-e¢f(X)RiLir,<r}] ~

After cancellations, we obtain

E[p(X,cRn)) (R, <r}] ﬁcd
- E[P(Xa Rn))I{RnSr}] Tl-e

Since e is arbitrary, (8) and (9) together imply

l—fcd
1+e€

©)

lim E(T,) = ¢,

and the proof is completed.

IV. CONCLUSION

The algorithm and its analysis should be considered to be an at-
tempt to find the mathematical foundations of a family of fast nearest-
neighbor algorithms working well in practice in high dimensions,
under general conditions, using no coordinates of the sample points.
As a measure of complexity, the number of dissimilarity (“distance”)
calculations has been chosen, ignoring all the side computations. This
point of view can be defended considering the following facts. First,
the practical simulation results in the cited references show that when
the dissimilarity measure is of high computational complexity, the
running time of the algorithm is essentially determined by the number
of dissimilarity computations. Second, the side computations in Step 2
of the algorithm actually mean that one has to execute a full search in
a transformed space where any Y € D is represented by the k-tuple
Y = (p(Y,21),...,p(Y, 2x)), and the distance is induced by the
maximum norm. However, this problem is simpler than the original
one, and it is possible to use the existing cell technique solutions
of low complexity (for a survey, see [3]). Therefore, the number
of dissimilarity calculations represents the additional complexity
induced by the more general instance. Therefore, the results can be
interpreted to mean that finding the nearest neighbor in these more
general spaces is theoretically of the same complexity as doing so
in Euclidean spaces. On the other hand, the new algorithmic idea
is necessary because cell/bucketing methods cannot be implemented
efficiently for the general problem.

Vidal ez al. [10] investigated a version of the algorithm analyzed in
this paper that was implemented for an isolated word recognition sys-
tem of a 200-word vocabulary. Their conclusion was that the number
of executed dissimilarity calculations was reduced by 94-96%. Since
the DTW dissimilarity measure is rather complex compared with,
e.g., the Euclidean metric, this reduction in the number of DTW
calculations resulted in a one order of magnitude decrease in the
running time.

It is intuitively clear from the analysis that in practice, the algorithm
works well if the data is “well clusterable” because Step 2 of the
algorithm is likely to delete a large proportion of the points from
further investigation. This type of data is typical in pattern recognition
tasks. The increased efficiency of a version of the algorithm for
well-clusterable data was pointed out in [13].

APPENDIX A

Proof of Theorem 1: Let S be a finite dimensional normed space
with norm || - ||. If we define the operations c(z,y) = (cz,cy) and
(z1,91) + (22,92) = (21 + 22,91 + y2) on §2 = § x § and
introduce the norm ||(z,y)|| = ||z|l + ||yl on 52, then again, a finite
dimensional normed vector space is obtained. Now, fix a real number
0 < 7 < 1 and for each z € S, define the set A, C S* by

TEET LR

A, ={(z,y) e §*: ,
{”y’ TEY T Tyl

Furthermore, let H C S? be the following set:
H={(x,9): Izl €2, lyll £ 1, llz — 9l > 1/2}.

We will use the following properties of these sets:

i) H is closed and bounded.

ii) A. is open.

i) # C U,cs4:-
Clearly, i) and ii) follow from the definition. To see iii), it is enough
to observe that for any x # y € S, (z,y) € A: holds.

Thus, the sets {A., z € S} form an open cover of H. It follows
from the Heine—Borel theorem that there exists a finite subcover, that
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is, there are points z1, ..., z; with H C U:.;l A.,. This means that
for any (z,y) € H

Ny = zill = llz — |l

! 10

BT @0

holds for some 1 < j < k. Now, take two points z # y € S with

llzll < L1wll < Ljlz = yll = A < 1/2. Set 2’ = §(z = (1= A)).

Then, ¢ = Az’ +(1—))y holds, that is, z divides the line segment z'y

such that H = 125. As flz—yl| = A, this implies ||z’ —y|| = 1,

which yields ||z'|| < 2 for 2 > [|2’ — y|| + lly]l > ||2’||. Collecting

these facts, we have (z',y) € H. However, by (10), there is a z; with

>T

lly — 25l = ll=’ — z;ll
> 11
llz" - wll
Now, using the convexity of the norm, we can write
lly = 2,11 = llz = =51
o=l
5 ly = 25l = Mla" = 251l + (1 = Mlly ~ =4[
= A
= lly = =l = ll=" = |
lly — 2zl — ll=' — =l
= >T. (12)
ll=" - yll

Thus, if z,y € B = {u € S :
Jj € {1,...,k} such that

[lu]] < 1}, then there is a

[z =zl ~ lly = 2l | 2 7ll= = 9]l (13)

holds. This follows from the definition of H and from (10) and (12).
Since the triangle inequality guarantees (1) with o = 1 and we have
just proved (2) with 8 = 7, we obtain that the points z1,..., zx form
a basis at level (a, 3) = (1,7) for the closed unit ball in S in the
sense of Definition 2.

Now, let A be an arbitrary bounded subset of S with r =
sup,¢ 4 ||z[|. Then, x,y € A implies iz, %y € B. Then, we have

Hlz = rzll = lly = r25ll | 2 7lle - wll

for some j € {1,...,k}, and we conclude that {rzi,..
basis for A at level (1, 7), which completes the proof.

.. T2} isa

APPENDIX B

Proof of Lemma 1: Construct a graph G such that the vertices
are the points of A, and any two of them are connected by an
undirected edge, i.e., G is complete. Color the edges of G with
k colors Ci,...,Cx, where k is the number of the basis points
z1,...,2k according to Definition 2. The coloration is constructed
as follows: An edge (z,,z,) is colored by C; if

lp(@ s 25) = p(@0, 25)] 2 Bp(Tp, 20)

holds. By Definition 2, this must hold for some j, and in case of
ambiguity, we chose the z; with the smallest index.

Now, if G is infinite, then by Ramsey’s theorem of graph theory
[12], there exists an infinite complete monochromatic subgraph G’
of G. It means that there is an infinite sequence x1,22,... € A of
points such that for some basis point z;, we have

lp(xu» zj) - p($p,Zj)‘ 2 ﬂp(muvzl»') Z ﬁpﬂ >0
for p =1,2,..., v =1,2,..., p # v. Indexing the points so that
p(21,25) < p(w2,2) < pla3,2) < -

we have

[p(zn, z;) = p(x1,2;)| 2 (n = 1)Bpo — o0

as n — oo. On the other hand, Definition 2 and the boundedness
of A yields

[p(2n, ;) — p(21,2;)] £ ap(@n,21) < @ sugAp(rc’y) < oo
z,y

which is a contradiction. Thus, G must be finite, which proves the
finiteness of A. ‘

APPENDIX C

Proof of Lemma 2: Set ry = £ 71, where a, § are the same as
in Definition 2. If there is a point z1 € A with p(z1,72) = 0, then
set Ay = A — B(x1,72). If there is a point zz € A; such that
p(x2,72) = O, then again put A, = A; — B(x2,72). Repeat this
procedure as long as possible, each time deleting a ball of radius r»
and measure zero centered in the remaining subset of A. For two such
centers z:,;, i # j, we have p(zi,z;) > r2 by the construction;
thus, these centers form a bounded discrete set that must be finite by
Lemma 1. Therefore, after a finite number of steps, we arrive at a set
A’ C A such that p(z,r2) >0 holds for all x € A’. On the other
hand, Px(A’) = 1 still remains true. Now, set

ap = inf p(x,r).
zEA’p ’ 1)

If ap > O, then the assertion of the lemma holds with € = ao;
therefore, it remains to be seen that ap = 0 is impossible.

Assume indirectly that ap = 0. Then, there exist sequences
yn € A', € > 0, n = 1,2,..., such that

a4

p(Yn,71) < €n and . lim €, = 0.
n—o0

Now, pick a point u; € A'. If
[B(u1,m2) N{ya}| < o0

then put A} = A’ — B(u1,72), and pick a point u; € A}. Again, if
|B(uz,72) N {yn}] < o0,

then put A5 = A} — B(uz,r2) and so on, as long as possible. As
above, the construction guarantees that the centers u; form a discrete
bounded set; therefore, by Lemma 1, we must get stuck after a finite
number of steps. Thus, there is a point u € A’ such that the ball
B(u,r2) contains an infinite subsequence {y;} of {yn}. We now
show that

B(“J‘Z)CB(!I:HTI)a n=1v27-" (15)

holds. Pick a point # € B(u,r2). It suffices to be seen that
p(z,y,) < r1. Indeed, by Definition 2, for an appropriate basis
point z;, we have

Bz, yn) < |ptx, 2;) — p(yn, 2)
S IP(I, zj) - p("v zj)l + Ip(us Zj) - p(y:n Zj)|
< ap(z,u) + ap(yn,u) < 2ar;

that is

2a
plz,yn) < Frr=n

which proves (15). From this and (14), we obtain
p(u, 1‘2) < fln

with €/, — 0 as n — oo, which implies p(u, r2) = 0. This contradicts
the construction of A’, and the lemma is proved.
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Learning Bias in Neural Networks and an Approach to
Controlling Its Effects in Monotonic Classification
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Abstract— As a learning machine, a neural network using the back-
propagation training algorithm is subject to learning bias. This results in
unpredictability of boundary generation behavior in pattern recognition
applications, especially in the case of small training sample size. This
research sugests that in a lm'ge class of pattern recogmtmn pmblems, such
as managerial and other prob icity properties,
the effect of learning bias can be contmlled by using multlarchltecmre
monotonic function neural networks.

Index Terms— Backpropagation, learning bias, monotonically separa-
ble, monotonic boundary, monotonicity, neural network.
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1. INTRODUCTION

Despite a considerable amount of recent research directed towards
pattern recognition applications of neural networks, the predictability
of classification results from neural networks is still an open question
[1]. Neural network researchers are painfully aware of this problem
and have been trying to improve available algorithms to deal with sta-
tistical data [2]-{4]. However, the major limitation of these methods is
that assumptions are necessary about certain distribution parameters,
and the selection of these parameters influences the results for a
particular problem.

Research has shown that information that is based only on limited
training sample data is often not sufficient in classification. With
standard backpropagation neural networks, it is impossible to control
boundary functions unless some assumptions are made about their
shapes, and it has been difficult to develop meaningful generaliza-
tions in this area. However, problem domain knowledge may be
very useful in developing the realistic assumptions needed for such
generalizations in pattern recognition.

There has been a substantial body of research using heuristics rather
than statistical principles to improve the classification performance
of neural networks. For example, Kawabata [5] used interpolation
training to make such improvements, but using local information to
regulate neural network behavior depends heavily on the training
sample’s density [5]. Casasent and Barnard [6] suggested on adaptive
clustering training method, but specific knowledge about classifica-
tion prototypes is required when applying this method. Unlike the
foregoing methods, we introduce a neural network model utilizing
monotonicity, which is a generic characteristic of many decision-
making situations, to improve the performance of backpropagation
neural networks [7] in solving classification problems.

II. LEARNING BlAs

The behavior of the neural network learning process is relatively
unpredictable (cf. e.g., (9]). This means that the classification bound-
ary is determined not only by the statistical constitution of the training
data, but it is also influenced by other factors, including the following:

a) Architecture of the neural network model (e.g., number of

hidden nodes)

b) parameters (e.g., learning rate) of the learning algorithm

c) initial state of the neural network

d) sequence of training data points

¢) the stopping criteria of the learning procedure.

These factors bring some inherent knowledge or learning rules to
bear on the machine learning process. These may or may not be
pertinent to a particular task or a specific problem and are referred
to as learning bias [10], [11].

There is a close relationship between learning bias and “biased”
classification boundary results. Neural networks with their individual
learning bias do not generate identical classification boundaries
from the same training data sets. Thus, the classification boundary
generated by a standard neural network is most likely to be biased
because we have no knowledge about how to control the learning
bias in order to generate an “unbiased” classification boundary.

In the BPLMS learning algorithm [7], the neural network weights
are gradually modified according to the current training sample data,
the current neural network state, and the currently adopted learning
rate 7. With this algorithm, the learning procedure stops when a
final training sample point is correctly classified, that is, the error
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