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Lagrangian Vector Quantization With Combined
Entropy and Codebook Size Constraints
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Abstract—In this paper, the Lagrangian formulation of variable-
rate vector quantization is extended to quantization with simulta-
neous constraints on entropy and codebook size, including vari-
able- and fixed-rate quantization as special cases. The formulation
leads to a Lloyd quantizer design algorithm and generalizations
of Gersho’s approximations characterizing optimal performance
for asymptotically large rate. A variation of Gersho’s approach is
shown to yield rigorous results partially characterizing the asymp-
totically optimal performance.

Index Terms—Asymptotic, entropy constrained, high rate,
Lagrangian, quantization.

1. INTRODUCTION

HE theory of quantization derives largely from Lloyd’s
work [19], which formalized the optimal performance
and provided asymptotic approximations to the optimal perfor-
mance for high-rate and fixed-rate scalar quantization. Zador
[24] described extensions to vector quantization under one of
either of two constraints on the “rate” of a code: log N, the
logarithm total number of codewords, and H, the Shannon
entropy of the quantizer output. The goal was to characterize
the smallest possible average distortion D given a constraint
on the rate as measured by one of these two quantities under
the assumption that the rate was asymptotically large. The
first problem is generally known as fixed-rate coding because
of the implied assumption of using an equal number of In NV
nats to specify each codeword, while the second problem is
generally known as variable-rate coding because of the implied
assumption that a differing number of bits or nats will be
used for each codeword by using an optimal lossless code to
describe the codeword indices. The latter case is also known as
entropy-constrained coding to reflect the constraint on entropy
rather than on log codebook size, and in fact Zador introduced
the constraint as a measure of required channel capacity to
reliably transmit the codeword indices rather than as a measure
of optimal lossless coding performance.
Zador’s original proofs of the fixed-rate results for high-rate
quantization were corrected and generalized in [4] and [11], and
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the entropy-constrained results were corrected and generalized
in [12] using the Lagrangian formulation of [8]. The Lagrangian
formulation replaces the traditional problem statement of min-
imizing the distortion subject to a rate constraint by an uncon-
strained minimization problem involving a Lagrangian distor-
tion combining distortion and rate. In the variable-rate case, this
provides a natural extension of the original Lloyd optimality
properties and the resulting Lloyd algorithm from fixed-rate to
variable-rate coding.

In Zador’s development and in all developments since, the
proofs for the two cases of fixed rate and variable rate have dif-
fered in significant ways as well as in the details. Zador [25]
closed his paper with the observation that “It appears likely that
the use of constraints of the type C log N 4+ CyH would help
unify” the fixed- and variable-rate proofs. This combined rate
constraint provides many potentially useful results in addition to
that of the possible unification of the two traditional approaches.
Such a linear combination of constraints can be viewed as the
Lagrange dual problem (see, e.g., [3, Ch. 5]) to minimizing the
average distortion subject to separate constraints on each def-
inition of rate. By varying the positive Lagrangian multipliers
C1 and C5, one can essentially consider all possible separate
rate constraints. Thus, minimization of D + Cylog N + Co H
provides a Lagrangian dual to the minimization of average dis-
tortion subject to the combined constraints.

In addition, such a weighted linear combination of different
definitions of “rate” is of practical interest as well as mathemat-
ical interest. The number of codewords can be important even
for variable-length coding systems for several reasons. First,
as a cost or penalty function, it makes explicit a quantity re-
lated to the storage needed for the codebooks required to syn-
thesize the final reproduction and usually to encode the orig-
inal signal. Second, without a penalty for the number of code-
words, a codebook for a variable-rate coding scheme with only
an entropy constraint might require an infinite number of code-
words [17], which can cause both theoretical and practical prob-
lems with code design and implementation. Third, in some ex-
amples such as clustering of Gauss mixtures, a mixture having
fewer Gaussian components is deemed superior to one with
many Gaussian components because it is simpler. The Lloyd
algorithm can be used for such designs [1], [13], and placing
an explicit penalty on the number of codewords (in this case,
Gaussian components of a mixture as represented by a covari-
ance matrix and mean vector) forces the algorithm to trade off
the number of codewords along with distortion and entropy [23].
Fourth, it is of interest to the traditional cases to consider an ex-
ample where C7/C5 is close to, but not equal to, the extremes
of 0 and 1. In these cases, one of the two definitions of rate is
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the important one, but the other cannot be entirely discounted.
For example, one can study the behavior of variable-rate codes
with a mild additional constraint on the codebook size by using
a small Cy/Cj.

As we are interested primarily in high-rate results where the
cost of rate is small with respect to that of distortion, we will
be interested in the relative behavior of C; and C5 as both be-
come small. Here, we make the assumption that it is the relative
costs of entropy and log codebook size that remain fixed as the
combined cost tends to zero. Thus, we focus on a Lagrangian
minimization of the form D + A[(1 — n)H + nlog N|, where
n € [0,1] reflects the relative importance of the two cost con-
straints and A > 0 governs the overall rate cost. The high-rate
regime will be considered by letting A — 0. Note that except
for the asymptotic results, the original Zador choice of C'; and
Cs, and our choice of A\ and 7 are equivalent in that either pair
implies values for the other.

The Zador linear combination of the two definitions of rates
is not the only possible general definition of average rate, which
includes the traditional examples as special cases. For example,
one could also consider a rate defined by a Renyi entropy as

1
1—c

R =

In Z Pr(a(X) =)

where «(X) is the codeword index assigned to input X by the
quantizer’s encoder, which will yield the fixed-rate definition if
¢ = 0 and will converge to the Shannon entropy as ¢ — 1. The
Zador form, however, has the advantage that it can be expressed
as an average over the input distribution of an instantaneous rate
(as will be seen), which leads to a Lagrangian distortion incorpo-
rating a cost of the rate per input symbol into the encoder. This
in turn results in a characterization of a Lloyd-optimal encoder
as one minimizing a Lagrangian distortion incorporating the in-
stantaneous rate and hence leads to a Lloyd clustering algorithm
for quantizer design. The Renyi entropy cannot be expressed as
an expectation of an instantaneous rate and hence lacks these
properties.

There is a very small literature considering combined rate
constraints. Simultaneous constraints on entropy and code-
book size were considered in the definition of the nth order
Shannon rate-distortion functions by Rao and Pearlman [21].
The Shannon rate-distortion function is defined in terms of
a mutual information constraint, which is weaker than con-
straints on output entropy and codebook size, so the Shannon
rate-distortion function provides only a lower bound to the
achievable distortion for fixed dimension, a lower bound which
is guaranteed to be achievable only for asymptotically large
dimension. Chan and Gersho introduced modifications of the
Lloyd algorithm for tree-structured vector quantizer design,
which explicitly incorporated codebook storage as a constraint
by limiting the number of distinct node codebooks [6], [7].

This paper pursues Zador’s proposal of a combined rate mea-
sure in some depth. Following a brief presentation of prelim-
inaries, the development begins with an extension of the La-
grangian formulation for the variable-rate quantization case to
a combined constraint case. An easy extension of the Lloyd al-
gorithm provides necessary conditions for code optimality and
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hence an iterative design algorithm based on alternating opti-
mization. Gersho’s heuristics and approximations are used to
develop formulas characterizing the optimal performance in the
high-rate regime (of both large entropy and number of code-
words). The results clarify the relations among three quantizer
characteristics of interest at high rates: distortion, entropy, and
codebook size. Traditional methods consider only the tradeoff
between distortion and either entropy or codebook size. The ap-
proach provides new results on the behavior of asymptotically
optimal sequences of quantizers, providing under certain con-
ditions separate characterizations of the behavior of distortion,
entropy, and codebook size in addition to Lagrangian combina-
tions.

The rest of this paper is organized as follows. In Section II,
vector quantization fundamentals are recalled, including some
main results from the high-resolution theory, Gersho’s heuristic
derivations, and conjecture. Section III describes the combined
codebook size and entropy constraint and states the high-rate
equivalence of the traditional and Lagrangian formulations
in this setting. Section IV provides a Gersho-type heuristic
derivation of the high-rate quantizer performance with the
combined constrained. In Section V, some auxiliary results are
developed, which form the basis of our rigorous development.
In Section VI, our first principal result, Theorem 1, provides
the precise high-rate asymptotics of the best achievable per-
formance under the combined rate constraint for the special
case of the uniform distribution on the unit cube. Our second
principal result, Theorem 2 in Section VII, proves that the
asymptotic formula developed heuristically in Section IV is an
upper bound on the best achievable performance for general
source densities. Connections with Gersho’s conjecture and a
conjecture are also given.

Highly technical proofs are relegated to the appendices,
which are terse in the interest of space. Detailed versions are
available on request from the authors.

II. QUANTIZATION FUNDAMENTALS

A quantizer or vector quantizer q on R, k-dimensional Eu-
clidean space, can be described by the following mappings and
sets (all assumed to be measurable): an encoder o : R — T,
where Z = {0,1,2,...,N(q) — 1}, an associated partition
S = {S;; i €I}, S C RF, such that a(x) = i ifz € Sy;
adecoder B : T — Rk an associated reproduction codebook
C ={p(7); i € I} with N(q) = |C| of distinct elements; and a
length function {{(i); © € T}, which is admissible in the sense
that ) 0, + e~*(Y) < 1. The condition for admissibility is Kraft’s
inequality in natural logarithms and it corresponds roughly to
the quantity of nats required to communicate the index to the
decoder using a uniquely decodable lossless code.

If £(i) = In N(q) for all ¢ with N(q) finite, the quantizer is
said to be fixed rate; otherwise, it is said to be variable rate.
Let g denote both a shorthand for the collection of mappings
(a, B, ¢) and the overall mapping ¢(z) = B(a(x)).

Let d(z, ) denote the distortion between an input z and a
quantized version & = [(a(x)), that is, a nonnegative mea-
surable function. The basic optimality properties will be de-
scribed for general distortion measures, but the high-rate results
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will focus on the squared error (squared Euclidean norm) dis-
tortion ||z — #||2. If X is a random vector having density f, the
average distortion is defined as Dy(q) = Ezd(X, f(a(X))),
where E¢ denotes expectation with respect to f. The average
rate is defined by Rf(q) = Eff(a(X)); this reduces to In|C|
in the fixed-rate case. The optimal performance is the minimum
distortion achievable for a given rate, the operational distor-
tion-rate function 6(f, R) = infy.r,(q<r Ds(g). To distin-
guish between the fixed-rate and variable-rate cases in a manner
consistent with the later development, define

I} R) = inf D
olf, R) 4By f(a(X))<R (@)
61(f,R) = qzln}vn(fl)SRDf(q) (1)

For fixed-rate quantizers, Lloyd’s necessary conditions for a
quantizer ¢ to be optimal are as follows.

* For a given decoder §3, the optimal encoder is «(z) =
argmin;d(z, 4(7)). The minimum obviously exists since
the index set is finite. Ties can be broken in an arbitrary
fashion.

» For a given encoder «, the optimal decoder is (i) =
argmin, F(d(X, y)|a(X) = i) if the minimum exists. For
squared error, 3(i) = E(X|a(X) = 1).

o Pr(a(X)=1) #0fori € T.

To obtain a similar set of properties in the variable-rate
case, a Lagrangian approach is used. Define the Lagrangian
distortion in terms of a Lagrangian multiplier A > 0 by
pa(x,i) = d(z,0(i)) + M(i). The expected Lagrangian dis-
tortion for a quantizer ¢ is p(f, A,q) = Ef(pr(X,a(X)))=
E;(d(X, B(a(X))) + M(a(X))) and the optimal performance
for a fixed A is p(f,A) = inf,p(f, A, ¢), where the infimum
is over all quantizers g with admissible length functions. This
notation where the optimization of a function over one of its
arguments is denoted by the same function with that argument
removed will often be used. The Lloyd conditions are then [8]
as follow.

¢ Fora given decoder (3 and length function /, the optimal en-
coder is a(x) = argmin, (d(z, 5(7)) + A(¢)). The min-
imum obviously exists when the index set is finite and can
be shown to exist (for well-behaved d) if the index set is
countably infinite. Again, ties can be broken arbitrarily.

* For a given encoder «, the optimal decoder satisfies 3(i) =
argmin, F(d(X, y|a(X) = i) if the minimum exists.

e For a given encoder «, the optimal length function is
L(i) = —InPr(a(X) = 4). Thus, for the optimal
length function, Rf(q) = Hs(q) = Hy(S), where
H(S) = — Y52 Pr(S,,)In P4(S,,) is the Shannon
entropy of the encoder output (and, since the codewords
are assumed distinct, of the decoder output).

Although the condition Pr(a(X) = ¢) # 0fori € T is
not necessary for optimality of variable-length codes, it is often
added as a requirement to avoid useless codewords. Given a par-
tition S (or encoder «), the Lloyd properties determine the re-
maining components so optimizing over quantizers is equivalent
to optimizing over encoders or partitions. Thus, we emphasize
the quantizer ¢ or the partition S, as is convenient, and write
Dy(q) = D¢(S) and Rf(q) = Ry;(S) when we assume that
the encoder and the length function are optimally matched to
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the partition. If the quantizer is a fixed-rate code, then the code-
book C determines the encoder and hence the entire quantizer.

A. High-Rate Quantization

For the squared error distortion d(z, #) = ||z —%||?, the tradi-
tional form of Zador’s high-rate (or high-resolution) result for
fixed-rate quantizers is that if the probability density function
(pdf) f satisfies the moment condition E(|| X ||**?) < oo for
some § > 0, then [4], [11]

. 2

Jim NE6(f 10 N) = agllfll
where aj, 1is a positive constant given by ax =
ianZlN%él(an N), u is the uniform pdf on the
unit cube [0, 1], and || f|l, = ([ fl’)l/P. The traditional form
of Zador’s result for variable-rate quantizers is

lim e 80(f, R) = bettD) 2)

where h(f) = — [ f1In f is the differential entropy and the pos-
itive constant by, is given by b, = infR>0R% 8o(u, R). The first
rigorous proof of (2) used the Lagrangian approach. Assume
that the pdf f is such that the i( f) is finite and a uniform scalar
quantized version of X with cubic cell volume 1 has finite en-
tropy. Under these conditions [12]

. (p(f;X0) K _
lim (f o) =0bn) O
where
. u, A, 0 k k. 2eb
0 = infysg <¥ + §1n/\> = 5111 Tk 4

The equivalence of the traditional Zador formulation and the
Lagrangian formulation was shown in [12, Lemma 1]: (2) holds
if and only if (iff) the Lagrangian form (3) holds. Similar argu-
ments show that in the fixed-rate case, (2) holds for f iff

o (p(HAD) k /2
i (A2 4 ) = vt w1y

where

Y = (k/2) In(2ear /k). (6)

This has the same form as the variable-rate Zador result with
In ||f||’,:;?k+2) replacing h(f) and 1y replacing 6.

The details of the proofs of the high-rate results for the tradi-
tional cases differ significantly, but most proofs of these results
follow the original Zador approach: 1) prove the result for u,
the uniform pdf on the unit cube; 2) extend the result to pdfs
that are piecewise constant on disjoint cubes of equal side a; 3)
prove the result for a general pdf on a cube; and 4) prove the re-
sult for general pdfs. The first step is a key one both because it
provides the primary building block for the subsequent results,
and because it suffices to study Zador’s constants.

B. Gersho’s Conjecture and Heuristics

The rigorous proofs of the high-rate results are notoriously
difficult, and the results had a limited audience until Gersho [10]
provided a relatively simple heuristic development of the basic
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formulas. His approach, although not rigorous, provides insight
into the results and a consistency check with the rigorous de-
velopment. Furthermore, a goal of this work is to develop an
approach that has some of the flavor of Gersho’s as an aid to in-
tuition, yet which is also amenable to rigorous analysis without
assuming more than the traditional cases.

Gersho’s conjecture involves two assumptions regarding
asymptotically optimal sequences of fixed-rate and vari-
able-rate quantizers. First, it is assumed that there exists a
quantizer point density function A(x) such that a sequence of
optimal codes with N codewords, N = 1,2,..., will satisfy
for all “reasonable” S C R*

N—oo

1
lim v (# of reproduction vectors in a set S)= / A(z)dz.
5

By definition, [y, A(z)dz = 1. A point density function is
simply a nonnegative function that integrates to 1 and hence
is mathematically equivalent to a pdf and we use the abbre-
viation pdf for both. Second, Gersho assumed that if f(z) is
smooth and R is large, then both the fixed-rate and variable-rate
minimum distortion quantizers have cells S; that are (approxi-
mately) scaled, rotated, and translated copies of S*, the convex
polytope that tessellates R* with minimum normalized moment
of inertia

M(S) = rrrgerar [l w(S)IPds

where V(S) is the k-dimensional volume of S and y(S) =
V(S)~" [4dx denotes the centroid of S with respect to the
uniform distribution. Specifically, define ¢, as the minimum of
M(S) over all tessellating convex polytopes S. Under these as-
sumptions, Gersho argued that for large N

Dy(q) ~ciEy ((m)” ’“) ©)
Hy(g(X)) ~h(X) - E (m(W))
— 1 N(q) - H(FA) ®)

where the continuous relative entropy H (f||A) is given by

HI) = [ 1) m f e

The distortion approximation results from the approximation of
integrals by Riemann sums. The entropy approximation, how-
ever, is known to hold only in very special cases such as those
where all quantization cells have equal volume as in Voronoi
regions of lattices [9], [18], and no general result along these
lines is known. These approximations can be combined with the
Holder and Jensen inequalities to obtain the Zador results [10],
as will be seen as a special case in Section III.

III. COMBINED CODEBOOK SIZE AND ENTROPY CONSTRAINTS

Define a combined instantaneous rate by
r(i) = (L= n)t(i) + nln N(q) ©

with 7 € [0, 1] and £ an admissible length function. The average
combined rate with the optimal choice of admissible / yields
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the Zador affine combined rate Er(a(X)) = A[(1 —n)H(q) +
7 ln N]. The choice of instantaneous rate implies a Lagrangian
distortion
pa(w,i) = d(z, B(2)) + Ar(i) (10)

for use in the encoder optimization step. This provides an en-
coder that takes into account the cost in nats or bits of transmit-
ting the index as does the traditional variable-rate case.

Because the combined rate r(¢) will play the same role as
played by the traditional notion of “rate” in the fixed-rate and
variable-rate cases, it will be referred to as “rate.” It should not,
however, be considered as the transmission rate required since
that term better applies to /. The multiplier 7 can be viewed
as a Lagrangian multiplier reflecting the relative importance of
the length function and the codebook size, with the traditional
cases of fixed-rate and variable-rate quantization corresponding
to n = 1 and 0, respectively. The traditional operational distor-
tion-rate functions of (1) immediately generalize to

oy (f, R) = q:EfT(lan(fX))SRDf(q)

where the infimum is over all quantizers g with instantaneous
rate functions 7 as in (9) with admissible length functions ¢.
Define the Lagrangian distortion by (10) and define the average
distortion and optimal performance by

p(f, A m,9) = Egpa(X, a(X))
= Ef[d(X, B(a(X)))
+ A1 = Ml((X)) +nn N(q)]]
p(f,Am) = irqlf p(f, A, q)-

For A > 0 and n € [0, 1], the optimization will have the nec-
essary Lloyd conditions of the variable-rate case. Lloyd’s re-
quirement for the elimination of zero probability words can be
generalized as a means of “pruning” codebooks. For example, if
one uses a subpartition (superpartition or refinement) of a quan-
tizer partition S, then rate will go down (up) and distortion down
(up). If D + AR decreases, however, then the original partition
could not be optimal. This provides a means of testing subpar-
titions to see if the reduction in rate more than compensates for
the increase in distortion [15] and to prune unneeded partition
cells if the subpartition is better.

As before, given a partition S (or encoder ), the Lloyd prop-
erties determine the remaining components so optimizing over
quantizers is equivalent to optimizing over partitions. Thus, for
example, p(f, X, ) = infsp(f, A\, n.S), where p(f, A, 7, S) is
the minimum value of p(f, A, 7, q) over all quantizers ¢ having
partition S.

We will use the following notation for the performance for
partitions, the optimal performance over partitions, and the
asymptotically optimal performance:

9(f7/\7n75)=M+glnA (11
JA k
(f ) = infb(f. A.8) = AL Ky
0(f,m) = limsup 6(f, A, )
A—0
O(f,m) = liminf §(f, A, ) (12)

and, if the limit exists, 6(f,n) =
0(f.n) = 6(f,n).

liInn—>c>o 0(f7 /\7 77) =
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The equivalence of the high-rate results for the distortion-rate
and Lagrangian formulation follows in the combined constraint
case as it did in the traditional fixed- and variable-rate cases by
a straightforward modification of the [12, proof of Lemma 1],
as summarized in the following lemma.

Lemma 1: If

lim ¢#75,(f, R) = 6(f,m) (13)
exists for a positive finite 6(f,7), then
Lim 6(f, A, n) = k < 8(f, 77))
Conversely, if
Lim 6(f, A,m) = 6(f,n) (14)

for a finite 6( f,n), then
2 k
Jim et s, (f,R) = 5e@/k)é(f,n)—l_

Thus, the traditional distortion rate and the Lagrangian forms
of the high-rate results are equivalent in that the traditional style
limit exists iff the Lagrangian limit exists, and the limits are

related by
0(f,m) = gln (%505 ?7))

which includes (4) and (6) as special cases.

5)

IV. HEURISTIC DERIVATION OF HIGH-RATE PERFORMANCE

Gersho’s approximations can be used to develop a solution
for the combined constraint case for general 1. Suppose that
a quantizer g has a quantizer point density A and a total of
N quantization levels for N large, then using (7), (8), and the
Inr < r — 1 inequality

H(f,/\ﬂ%Q):DJ;\(q) (1-n)Hs(q) +nln N +

by (NA(X))~*/F)
- h\
(1 =)l N — H(IA)]+ 7l N + 5 o

+
k| 2ex N2 Ep ((A(X)) /%)
2 A

20NN Ey (A(X) 2) 1]
A
# 5t [ B (A00) ) - (- U1

> §1n %2 £ ((00) ) - (- 01

kln)\

—1In

with equality iff

N =

% 3 (16)

Since the goal is to minimize 0(f, \, 7, q), this is the optimal
choice of N given A. Thus, for small A

> + ¢(fim,A)

2 6y ((AX)) /%) ] v

2ecy,

k
B 2vm0) o (%

a7)
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where

S0 8) = o1n (E; ((AG)™)) = (L= H(T|A).
(18)
The best possible performance will be the one that minimizes
é(f, A\,m, q) over all ¢ and hence Gersho’s arguments suggest
that if

o(f,n) (19)

= f ¢(f,n,4)
and the infimum is over all pdfs A, for which ¢(f,n, A) is well
defined, then

0(f,n) = lim 6(f, A,n) = (k/2) In(2eck/k) + ¢(f,n). (20)
Since the functionals ¢(f,n,A) and ¢(f,7n) of (18) and (19)
arise here in the context of Gersho’s conjecture and heuristic

development, we will refer to them as Gersho functionals.
The functional ¢( f, 7, A) can be expressed as

¢(f,m A) =1 =m)d(f,0,A) +n¢(f,1,A) 2D
=o(f,0,A) +n(¢(f,1,A) = ¢(f,0,A))
=<Z>(f 0,A) +nH(f(IA)
=o(f, LA) = (L=mH(f||A). (22)

The nonnegativity of the relative entropy H(f||A) implies im-
mediately that ¢(f,0,A) < ¢(f,n,A) < ¢(f,1,A). If the de-
rived approximations are valid, then (16) implies that for a given
point density function A the codebook size will be given approx-
imately in terms of the Lagrangian multiplier by

In N ~ gln 2k LG 1,A) 42 (23)
and hence, from (8)
InN(q) — Hy(q) = H(f||A) 24)

and hence, the log codebook size and the quantizer output en-
tropy differ by a constant as the codebook size grows. Interest-
ingly enough, there is no explicit dependence on 7 here; the de-
pendence is implicit through the selection of a A minimizing

o(fin, ).
As a check on the combined constraint result derived using
Gersho’s heuristics, consider the traditional cases. If n = 1,

Holder’s inequality yields the bound

¢(f717A _hl </f Q/kd$>

k
§1n | fllk)rr2y = S(f 1) (25)
with equality iff
_ [
A 20
K/ (k42)

the well-known solution for the fixed-rate case. From [11, Re-
mark 6.3], the moment condition (47) ensures that || f{| 1/ (x+2) is
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finite and the A minimizing ¢(f, 1, A) is given by (26). If n = 0,
then from Jensen’s inequality

wﬁmm:§m</ﬂmmwQMM)—HUM)zMﬁ

with equality iff A(x) is constant for the support set of X, again
agreeing with the classical result. (Here, equality requires that
the distribution of X has bounded support.)

The general minimization of ¢(f,n,A) forn € (0,1) does
not seem to have such a nice form. Since the infimum of a sum
of terms is bound below by the sum of the minima, it is easy to
see from (22), (25), and (27) that

2
=(1=n)h(f) +nln ||f||1§/(k+2)
but the inequality is strict except for the endpoints since, in gen-

eral, distinct A yields those minima. The bound does hold, how-
ever, for f = u, in which case A uniform on the unit cube yields

¢(u,m) = 0. (28)
In this case, (20) implies that
B(u,m) = Tim 6(u, A, m) = = In [ 25 (29)
o) = fig O Ao = g b (

which is independent of 7 (and hence aj, = by, if Gersho’s con-
jectures and approximations are true), and hence, Gersho’s con-
jecture and approximations lead to the general conjecture

Lim 6(f, A m) = 0(f,n) = 0(u,n) +¢(f,n)  (30)
which reduces to the known results in the traditional cases.

Unfortunately, ¢(f,n, A) is not convex in A, and hence, it is
not immediately obvious how to approach its minimization. The
following lemma shows that a transformation yields an equiva-
lent convex optimization problem, and hence, the optimization
inherits all of the algorithms and properties of convex optimiza-
tion theory (see, e.g., [3]). The proof is straightforward but long
and is not essential to the paper, so it is omitted.

Lemma 2: ¢(f,n) = inf, ¢(f,n,v) = +(f,n), where
o(f,n) is given by (18) and (19), where

Y(fmv) = g (/ f(a:)e"(m)da:—(l—n)/f(a:)l/(a:)d:v—1>
+nln </ e_k”(m)/Zda:> + (1 =n)h(f) @

where the integrals are over the support set of f and the infimum
over v is over all measurable functions v, for which ¢ (f,n, v) is
well defined. The functional ¥ ( f, 7, v) is (strictly) convex in v.

The optimization over v instead of A can be viewed as a form
of “geometric programming” (e.g., [3, Sec. 4.5]). Unfortunately,
in this infinite-dimensional case, convexity does not guarantee
the existence of a minimizing v. Strict convexity does, however,
guarantee that if a minimizing v exists, it is unique (at least
up to a set of measure zero). In particular, if there is a local
minimum of ¢(f,n, ) with respect to v, then it is the unique
global minimum.

An obvious problem with this heuristic approach is that it
rests on the assumption of the existence of a quantizer point
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density function corresponding to a sequence of asymptotically
optimal quantizers. In some cases, one can use this assump-
tion along with others to derive traditional high-rate quantiza-
tion theorems as has been done by Na and Neuhoff [20], but
this raises the question of whether the existence of asymptoti-
cally optimal high-rate quantizers implies the existence of the
point density functions. In fact, the existence of point density
functions has been rigorously proved only for the fixed-rate
(n = 1) case. The result was first stated by Bucklew [5] and
subsequently proved rigorously by Graf and Luschgy [11]. The
existence of the density for the variable-rate case has not been
similarly proved, although Gersho’s heuristic arguments sug-
gest that it is uniform (and this is often assumed). We will see
that one can prove results bearing a close resemblance to those
predicted by Gersho’s arguments.

V. LAGRANGIAN DISTORTION INEQUALITIES
AND ASYMPTOTICS

The following lemma provides a lower bound to the La-
grangian average distortion that is independent of \.

Lemma 3: Given a pdf f and ) € [0, 1] and partition S
0(f, \,n,S) > ﬁ]n (%Df(s)e%((l—n)Hf(SHnlnIS))
Joy N =9 .
£0(f.1,9)
with equality iff D¢(S) = kA/2.

Proof: Rearranging terms in the definition of 0(f, A, 7, S)
and using the Inr < 7 — 1 inequality yields

(32)

k[2D6(S) . 2D4(S)
N = — —1 -1
k 2e 2 -1 nln
+o <?Df(3)ek((1 DH(S)+71 |S|)>
ko (2 2((1=n)H (S)+n1nS])
Z 5 In ?Df(S)ek
with equality iff D ;(S) = k/2. O

Corollary 1: Given the assumptions of Lemma 3

a) H(fv /\7 , 8) > G(f s 8): inf}\>0 0(f, )‘7 m, S) >
®(f7 77): infS ®(f7 n, S),

b) infA>0 6(f7 )‘7 77) = ®(f 77)’

&) 6(f,1) > O(f,n).

Proof: The first statement follows from the pre-
vious lemma and the definitions. The second follows
from infysof(f,A\,n) = infysoinfsf(f,A,n,S) =
infsinfrsof(f,\,n,S) = ©O(f,n). The final statement
follows from the first statement since (f, \,n) > ©(f,n). O

The functions §( f, A, n,S) and O( f, n, S) both have the form
of the function ¢ of (21), i.e., they are an affine combination of
their endvalues as in

O(f,n,8) = (1 =n)O(f,0,5) +n0(f,1,8).

The functions 0(f, A\, n), O(f,n), and ¢(f,n) are all infima of
the previous affine functions. These functions share many useful
properties, which are summarized in the following lemma. We

(33)
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use the ¢ notation as being typical, but the results apply to any
functions of the form described.

Lemma 4: Suppose that ¢(f,n, A), n € [0, 1], has the form

with
O(f,1,A) > ¢(f,0,0). (35)

Then, the functionals ¢(f,n, A) and ¢(f,n) = infrd(f,n,A)
are monotonically nondecreasing, concave, and continuous
functions of 7 € [0,1]. Furthermore, the left derivative
¢'(f,n—) exists and is finite on (0, 1] and the right derivative
¢'(f,m+) exists on [0, 1) and is finite on (0, 1). Last, ¢(f,n) is
differentiable with respect to 7 [i.e., ¢'(f,n-) = ¢'(f,n+)] for
all ) € (0, 1) except possibly for a countable set of points.

Proof: Equations (34) and (35) imply that ¢(f,n,A) and
hence also ¢( f,n) are monotonically nondecreasing in 7). Since
¢(f,m, A) is affine in 7, it is both convex and concave and it is
continuous and its infimum over A, ¢(f,7), is concave. Since
¢(f,n) is nondecreasing and concave, it is continuous every-
where except possibly at the origin n = 0. It is also continuous
at 0 since

inf ¢(f,n) =

f inf
it inf inf g(f,, A)

ne(0,1) A

— inf inf A
in néfh,1>¢(f'"’ )

= inf ¢(£,0,A)
= 6(,0).

Since ¢(f,n) is concave on [0, 1], its left derivative ¢'( f,7_)
exists and is finite on (0, 1] and its right derivative ¢'(f,n4)
exists on [0,1) and is finite on (0, 1). Furthermore, ¢(f,n) is
differentiable [i.e., ¢'(f,n-) = ¢'(f,ny)] for all n € ( 1)
except possibly for a countable set of points (see, e.g., [22]). I

It will be necessary during the development to tease apart
the separate behavior of ¢(f,0,A) and ¢(f,1,A) when A is
chosen to minimize the convex combination ¢( f,n, A). This al-
lows one to quantify separately the log codebook size when it is
the combination of codebook size and entropy that is being con-
trolled. The following corollary accomplishes this. The proof is
in part A of the Appendix.

Corollary 2: Given a functional ¢(f,n,A), n € [0, 1], satis-
fying (34), suppose that A,,, n = 1,2,. .., is chosen so that

Jim o(fn,An) = ¢(f,n) = info(f,n,A). (36)
Then
¢/(f7 77—) Z hIIl_)SU.p (¢(f 17 A'n) - ¢(f, 07 An))
>¢'(f,n4) (37)
and for all except possibly a countable set of n € (0, 1)
lim ((f,1,An) = ¢(f,0,An)) = ¢'(f,m).  (38)

n—o0o
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In addition

o(f,m) + (1 =n)¢' (f,n-) > limsup ¢(f, 1, An)

n—oo

> liminf (/. 1,A,)
> (,b(f7 77) + (1 - n)¢/(f7 77+)

and for all except possibly a countable set of 7 € (0, 1)

lim ¢(f,1,A,) = —n)¢'(f,n).

n—oo

o(fym) + (1

The functions (f, A,n,S) and 6(f, A\,n) of (11) and (12)
have the form considered in Lemma 4, which with known results
for the traditional cases 7 = 0, 1 yields the following.

Corollary 3:
0(f7A7078) Se(f7A77778) S 0(f7A7 178)
0(f,2,0) <OCf,A,m) <O(f, A1)

If f satisfies conditions for the traditional (i.e., fixed- and vari-
able-rate) results, then

Oi + h(f) =0(/,0) < liminfo(f, A, )
(

(
< limsup O(f, A\, n) < O(f, 1)
A—0

2/k
=t¢r+1In ||f||k//(k+2'

A. Limiting Distortion and Rate

The following is a simple technical result that extends a prop-
erty of the variable-rate and fixed-rate cases to the combined
constraint case.

Lemma 5: Suppose that )\, > 0 converges to 0
and a sequence of quantizer partitions S, satisfies
limsup,,_, . 0(f, An,n,Sn) = c for a finite constant ¢. Then

lim A, [(1

n— o0

—n)Hg(Sn) + 1l [Sy]] =0
nli_)n;on(Sn) =0.
Proof: Since A, > 0

Lt sup A0, A, 1, )

< <1im sup )\n> <lim sup 6(f, A\n,m, Sn)>

n—oo

=0

and hence
0 > limsup (Df(8n> + An ((1 = H(Sn) +nln |8n|>

+ g)‘” In /\n>

= limsup (D¢(S,) + An (1 =) Hf(S,) +n1n|S,)))

n—oo
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which implies the lemma since all terms in the last expression
are all nonnegative. O

The next result applies the previous ideas to show that under
certain conditions, the separate asymptotic behavior of distor-
tion, codebook size, and entropy can be teased apart.

Lemma 6: Given a pdf f and A,, — 0, suppose that a se-
quence of partitions S,, satisfies

nli_{folog(f; Ay 15 Sn) = O(f,n) (39
then
. 2Dg(Sn)
Jm, SV (40)
lim ((1 —mHi(S,) +nn|S,| + gln /\n>
k
=0(f,n) - 5 41
e'(f,n-)
> limsup (In|S,| — Hf(S,))
> liminf (In|S,| — Hf(S,)) > O'(u,n4) 42)
k
®(u7 77) - W@I(Uﬂﬂ) - 5
> lim sup <Hf(8n) + gln /\n>
. k
> lim inf <Hf(8n) + B In /\n>
k
k
> limsup <1n |Sn| + gln /\n>
> liminf <1n |Sn| + B In /\n>
k
> O(f.n) + (1 —no'(fns) - 5 (44)

2
For all except possibly a countable number of 7, the inequalities

become equalities and the left and right derivatives equal the
derivatives. For n = 0, the rightmost inequalities of (42) and
(44) and the leftmost inequality of (43) remain valid. For n =
1, the leftmost inequalities of (42) and (44) and the rightmost
inequality of (43) remain valid.

Proof: Equation (39), Corollary 1, and the bound (32)
imply that

2D, (Sn)
kX,

2D, (Sn)

i
im T,

n—oo

—In -1 =0

which from the continuity of » — Inr — 1 implies (40),
which in turn combined with (39) yields (41). Lemma 4
and Corollary 2 provide the means of accomplishing this
separation. Since O(f,7,S) has the form of Lemma 4 and
O(f,1,8) — ©(f,0,8) = In|S| — Hf(S), Corollary 2 yields
the third relation. The penultimate result follows from sub-
tracting 7 times the third result from the second result. The
final result comes from adding 1 — 7 times the third result to
the second result. O
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The lemma implies that under the assumed conditions, A,
controls the separate asymptotic behavior of distortion and
rate and not just their Lagrangian combination: for small
An Dy(S,) =~ EX, and (1 — n)H(Sn) + nln|S,| =~
©(f,m) — %1n(eX,). The lemma also sandwiches the differ-
ence between the entropy and the log codebook size between
lower and upper bounds, which are equal for all except possibly
a countable number of 7, in which case the difference between
the entropy and the log codebook size converges to a finite
constant.

VI. UNIFORM DENSITY

Our first of two principal results extends Zador’s results
completely for the uniform distribution on the unit cube
to the combined constraint case. The theorem is proved in
part B of the Appendix.

Theorem 1: Let u denote the uniform density on the unit cube
and let n € [0,1]. Then

lim O(u, A\, n) = O(u,n)

A—0 (45)

where
O(u,n) = inf f(u, A, )
is a finite constant.

In the traditional cases of 7 = 0 and 1, we have ©(u,0) = 6,
and O(u, 1) = 1, respectively. In general, the theorem does
not explicitly identify the value of ©(u,n), but only states that
the limit in (45) exists and is finite.

From (13) and (14), the theorem implies the traditional Zador
asymptotic form

lim et ?s, (u, R) = E6(2/1“)@(“’”)_1.
R—o0 me
Comparing (45) with the formula (20) derived using Gersho’s
conjecture and approximations shows that the theorem is con-
sistent with Gersho’s approach if we identify

O(u,n) = (k/2) In(2eck [ k). (46)
If Gersho’s conjecture were true for a certain k, we would have
ar = by = ¢, and hence O(u,n) = (k/2) In(2eck/k) would
not depend on 7). This is the case for £ = 1 (scalar quantization),
where it is known that ay = b; = 1/12.

Theorem 1 describes the asymptotics for the case of a uniform
density on the unit cube and shows that limy_o 6(u, A,n) =
O (u,n). It follows the general approach of Zador and the proofs
of the fixed-rate and variable-rate cases. The theorem states that
the infimum over A of #(u,A,n) is in fact a limit as A goes
to zero. The result has the intuitive interpretation that the best
values of \ in the sense of minimizing 6(w, A, n) are the values
near 0, that is, in the high-rate regime.

Theorem 1 demonstrates that the assumptions of Lemma 6
are met in the case of the uniform distribution on a unit cube.
With f = wand 7 = 1, Lemma 6 thus implies that

2111 a_k _ @(’U,, 1) — @(’U,,O) > (_,)/(u7 1_)
E by 1

> limsup (In |S,| — Hf(Sy))

n—o00
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which provides an improvement to the upper bound on the
asymptotic difference of entropy and codebook size of [14]. If
the Gersho approximations were valid, the left hand side would
be 0 and the optimal codebooks would have the maximum
possible entropy. With the possible exception of n = 0, the
pure variable-rate case, regardless of 7 log codebook size
cannot asymptotically exceed the entropy by more than a finite
constant.

VII. ACHIEVABLE PERFORMANCE

Our second principal result demonstrates that the Gersho
functional provides an upper bound to the optimal achievable
performance in the high-rate regime. The theorem is proved in
parts C—F of the Appendix.

Recall that the function ©(u,n) is nondecreasing, concave,
and continuous in € [0, 1]. Its left derivative ©(u,n_) and
right derivative O (u, 74 ) with respect to 7 are defined, nonneg-
ative, nonincreasing, and finite for n € (0, 1), and ©'(u,n_) >
©’(u,ny). The left and right derivatives are equal, and hence,
the derivative exists for all except possibly a countable set of

€ (0,1).

Theorem 2: Assume that X has an absolutely continuous dis-
tribution with pdf f such that

By IXIP) = [ f@lel?*Pdo <o @D
for some 6 > 0 and
h(f) > —o0 (48)
and that ) € [0, 1]. Then
limsup 0(f, A, n) < O(u,n) + h(f,n)
A—0
where ©(u,n) is defined in Theorem 1, where
h(f.n)
{ o(f,m)+n(1=n) (0 (u,n-)=0"(u,n4)), n€(0,1)
o(fm), n=0,1
where ¢(f,n) is the Gersho functional given by (18) and (19),
and where h(f,n) = ¢(f,n) for all except possibly a countable
set of n € [0,1].

If Gersho’s conjecture and approximations were true, then
(k/2)In(2ecr/k) = ©O(u,n) and (46) would imply that
©’(u,n) = 0 for all n and hence h(f,n) = ¢(f,n) for all 7,
which implies exact agreement with the optimal asymptotic
performance derived using Gersho’s conjecture. If Gersho’s
conjecture and approximations are not true, then the result
shows that the formula (20) derived using Gersho’s methods
at least provides an upper bound for all except possibly a
countable set of 7 in (0, 1) provided the (k/2) In(2ecy /k) term
is replaced by ©(u,n). Based on Gersho’s heuristics and the
known traditional special cases, we conjecture that the converse
results are true, that is, that

lim 8(f, A, ) = 0(f,m) = ©(u,n) + 9(f. 7).

The conjecture is known to be true for the traditional cases
where 7 = 0 if f has finite differential entropy and if the parti-
tion of Euclidean space into unit cubes has finite entropy [12],
and where n = 1 if for some § > 0 (47) holds [4], [11]. In these

(49)
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cases, h(f.n) = ¢(f,n) and O(u,0) = Ok, ¢(f,0) = h(f),
O(u,1) =Yg, ¢(f,1) = In ||f||],:§?k+2). If X has finite second
moment [as is the case if condition (47) for n = 1 holds],
then h(f) < oo and the entropy of the uniformly quantized
X with cell side 1 is finite. Henceforth, we assume that the pdf
f satisfies the moment condition (47) and that (48) holds, and
hence also h(f) is finite. The conjecture will also be shown to
be true for the uniform densities u, on a cube of side a with

d(ua,m) = klna.

VIII. DISCUSSION

The Zador-style results for fixed- and variable-rate quanti-
zation have been extended to combined entropy and codebook
size constraints for uniform distributions on a cube. It has also
been shown for general source densities that formulas devel-
oped based on the uniform distribution case coupled with a rig-
orous version of Gersho’s heuristic arguments characterize an
achievable performance for all except possibly a countable set
ofn € (0,1).

The development can be viewed as a variation on Gersho’s
methods, which provides heuristics that can be rigorously
demonstrated. Instead of using assumptions on the optimal
cell shapes and a heuristic development of the asymptotic
entropy, we follow Zador’s methods and base the asymptotics
on high-rate optimal quantizers for uniform densities on small
cubes. The approach shows that in place of the assumption of
an asymptotic quantizer point density function A, a function
playing the same role follows from a convex optimization
problem involving Lagrangian multipliers of the component
codes used to prove the theorem. The approach provides a
means of estimating the log codebook size even though only
a weighted sum of the entropy and log codebook size is con-
strained. The log codebook bounding does not provide a useful
characterization of the purely variable rate case because the
left derivatives required for the upper bound are not defined.
This is reflected in the fact that without the constraint of a finite
codebook, an infinite number of codewords may be needed
to achieve the optimal variable length code [17]. This makes
it remarkable that in the case of a very small but nonzero 7,
the log codebook size can asymptotically be greater than the
entropy by no more than a constant, and hence, the fractional
difference goes to zero.

A natural question is how much the performance might suffer
in the purely variable-rate case by the addition of a constraint on
the log codebook size.

Let g be a quantizer that is optimal under the combined rate
constraint and has large rate 7(q) = (1 — n)H¢(q) + nN(q).
Assuming that conjecture (49) holds, the arguments (13) and
(14) imply

Dy(q) =

It is easy to see that the conjecture and the argument of Lemmas
3-6 imply In N(q) — Hs(q) =~ 0'(f,n), so we can express the
distortion in terms of the quantizer’s entropy rather than its com-
bined rate as

5U(f7’r(q)) ~ Eeie(f n)—1 —_r(q)

N}

k 2

Ds(q) = L RO(Fm) =1 =300 (f) o= FHs(q)
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Let ¢ denote an optimal entropy-constrained quantizer with
large entropy H;(G). The above with n = 0 reduces to Zador’s
result

Dy(d) ~ Kt m-1-21,G)

We have 0(f,0) = 6x + h(f) and 0(f,n) = ©(u,n) + (. n).
where ¢( f,n) is the Gersho functional given by (18) and (19). If

the two quantizers have equal entropy, the logarithm of the dis-
tortion loss suffered by g with respect to ¢ due to the constraint
on its codebook size is given by

D (q) -~ 2 /
n D;((j) o (©(u,n) — 0k, — nO'(u,n))

+(@(f,m) = h(f) = ng'(f, n))] :

By definition, the loss is always nonnegative (this can also be
seen from the fact that both ©(u,n) and ¢(f,n) are concave
functions of 7). If Gersho’s conjecture holds true, the loss re-
duces to

Dy(q) 2 ,
D;(é) Tk (<Z>(f7 n) —h(f) —n¢'(f, n)).

Since we do not have a closed-form expression for the Gersho
functional, we cannot readily evaluate the loss, but numerical
optimization methods can be used to give a good approximation
for well-behaved source densities.

In

APPENDIX

A. Proof of Corollary 2
From (34), we have for all Anp > 0

o(f,1,An) — ¢(£,0,A,,) = ¢(f.n+ An, A; o(f,m,An)
> ¢(f777+A77) — ¢(f,n7An>
=z An

d(f, 1, M) — o(f,0,Ay) = d(fom, An) — QZ(;,U —An,Ay)
> An .

Letting n — oo yields

¢(f,m) — (Z(?{’n — An) > limsup(o(f,1,An) — ¢(f,0,An))

>
2 An
Letting An — 0 proves (37) and (38) follows from the pre-
vious lemma. The remainder of the corollary follows from
(36), and (37). O

B. Proof of Theorem 1

Obviously §(u,n) > ©(u,n), so we need only to show
that §(u,n) < ©O(u,n). The proof mimics the first step of
the corresponding result for the entropy-constrained case
in [12] with some nontrivial changes. For any fixed integer
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M, carve the unit cube C; into a collection of disjoint
cubes {Cy/prm;m = 1,...,M*} with sides a = 1/M.
Let wy/ar,, denote the uniform density on cube Cf/az -
Suppose that S() is an approximately optimal quantizer
partition for wy,ys,1, that is, for an arbitrarily small ¢ > 0,
0(’[1,1/]M’17)\,’I77S(1)) < O(u1/ar,1, A m) + €, and suppose that
the quantizer associated with S has Nj; words, entropy
Hy;, codebook Cp;. Let £, denote the length function. For all
other subcubes C/py,p,, use a translate of the partition sM
to form S(™, m = 2,..., M*. All of the subcodes will have
the same number of codewords, the same length function, the
same entropy, and the same average distortion D, ,,, (S ).
Thus, 9(“}1/1&[7 )\, n, S(l)) = 6(ul/kf,m7 )\, n, S(m)), all m.
Form a composite or union code g with partition S with atoms
comprising all of the atoms of the subcode partitions S(").
The composite codebook will have N = M kN, words,
an encoder a(z) = (aarm(x),m) if © € Cy/pm. and a
decoder B(i,m) = Bar,m (7). The performance resulting from
this composite code will be bound below by the best possible
performance, #(u, \,n). We have, with w,, = M, that

O(u1/ar, A m) + €

MF

- Z wm,e(ul/ﬂﬂm: )‘777) +e€
m=1

MF

Z Z wm,g(ul/lﬂ,m: )‘7 m, S(m))

m=1

M*
Uy/Mm, S(m) k
_ Z wm< / m( ) n 5

+ [(1 - n)Hul/l\l,m (S(m)) +nln N]\J]) .

In A

Since wy/pr,m is the conditional density of u given the cube
Crrm

(m))

S) = ZmeUUM,m (8

MF Ny
Hu(S)= =SS PSPy (5™)
m=1 1=1
MFE

= E :U)m U1/ M,m

where we have defined the random variable Z =
C1/nm,m (so that H,(Z) = In MP¥). Therefore

(8™ + H,(2)

mif X €

O(u1/nr, A m) + €

+ [(1 N n)Hul/J\{,m (S(M)) +nln NM])

= D"T(S)—i—gln/\—}-(l—fr])Hu(S)-l-

> 0(u,A\,n) —kln M

nInN — kln M
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which implies that 6(wuq /a7, A, 1) > 0(u, A,n) — k1In M, which
with Lemma 7 in part C of the Appendix means that for any A >
0 and any integer M, 0(u, A\,n) — kIn M < 0(uy/ar, A, n)=
O(u, M2\, n)—k1In M or 0(u, \,n) < 6(u, M?X,n). Replacing
M2Xby X, 0(u, A\, n) > 0(u, M2\, n),any X > 0, and integer
M > 1.

The remainder of this proof follows closely the proof
of Lemma 9 for the entropy-constrained case in [12]. Fix
A and note that (0, = Un_, (M (M +1)% A/ M?],
so for any A’ € (0, )], there is an integer M such that
A(M+1)2 < XN < MNM? p(f, )\ n) is easily seen to be
nonincreasing with decreasing A, hence

/ .
ﬁmxmz—ﬂﬂﬁg—+gmx
M+1\*
M
M\ , IM+1 \ k
. . _ 2T ) P
<Al+1> HQ“A’U}+(AP+2A4+1>2 nA

Choose any subsequence of X' tending to zero. The largest
possible value of the limit superior of the right-hand
side is 6(u,n), and hence, 6(u,\,) > O(u,n), which
means that ©(u,n) = infa8(u,\,n) > 6(u,n). Hence,
O(u,m) > ©O(u,m) > 6(u,n), and hence, the limit
limy_¢ 6(u, A, n) must exist and equal ©(u,n). O

C. Uniform Densities on a Cube

Let f = u,, the uniform density on a cube of side a and, in
particular, on the unit cube. The traditional results for n = 0
and 1 are well known for this case. Define the uniform pdf
Uq,r on the cube C,, by u.,(z) = V(Cam)’llca_r(w),
where 1c(z) denotes the indicator function of the set
C C R*. We often abbreviate Ug,0 t0 U, and uj to u.
Then, uq,(z) = aFlc (z — 1) = a*u((z—71)/a)
and V(C,,) = ak, h(ue,) = mV(C,,) = klna, and
In |[ua.|[¥2 . =klna

arlle/(k+2) = :
Define a cube in R* with side ¢ and location r as Copr =

{z :rm <z <ri+ai=1,...k}= Hle[n,n + a).
Abbreviate C, o to Cy, the cube of side a in the positive quad-
rant with one corner at the origin. In particular, any translation
Cy,, of C1 = [0, 1)* is called a unit cube. Suppose that X is
a random variable with pdf f; on the unit cube C. Then, the
scaled random variable Y = aX + r for any @ > 0 has a pdf
far(z) = a ¥ fi((x—r)/a) on the cube C, ,.. Any quantizer ¢
with encoder «; and decoder /3; for X implies a corresponding
quantizer for Y

r—T

Oéa,,r(x) =y ( ) ) ﬁa,r(L) = aﬁl(t) +7r

)-

(50)

T —

Ga,r(2) = Bar(aar(z)) = ab (a1 (

r—r
:aql( )—i—r.
a

Conversely, given a quantizer g, , for f, ., one can construct a
corresponding quantizer for fi.
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Lemma 7: a(faﬂ’: )\7 m, qa,r) = H(fl‘, (1_2)\, n, ql) + k1n a,
O(fur A1) = 0 (frra=2 M) + kIna,

The following result relates the performance for a given
random variable with support on a cube to that of a shifted
or scaled version of the random variable. The result is an
extension of [12, Lemmas 7 and 8] to more general densi-
ties and combined rate constraints. The proof is essentially a
change of variables and follows [12] closely. The details are
in part G of the Appendix. The lemma allows us to focus on
the particular case of densities on the unit cube to infer the
properties of densities on any shifted and scaled cube.

Theorem 1 and Lemma 7 immediately imply the following.

Corollary 4: Equation (49) holds for a uniform density u,
on a cube of size a > 0 with h(uq,n) = ¢(uq,n) = klna and
Ag(n) = 0. Thus, §(uq,n) = O(uq,n) = O(u,n) + klna.

The corollary shows that the conditions of Lemma 6 are again
satisfied.

D. Piecewise Constant Pdfs on Cubes

In the variable-rate case, the result for Zador’s second step is
easy because of the nice behavior of the limiting functions on
disjoint mixtures [12]. One constructs separate codes for all of
the cubes with constant pdfs and then quantifies the behavior of
the union codebook using an essentially linear decomposition of
the conditional distortions and entropies. In the fixed-rate case,
the corresponding step is much harder [4], [11], [24] because
one must solve a bit allocation problem across the cubes in order
to optimize the collection of codebooks overall by assigning
to each an appropriate number of quantization points, which
sum to the total available. Neither approach works alone in the
constrained case. As in the traditional cases, we build a union
codebook, but we choose local Lagrange multipliers so as to
optimize an overall average.

We begin with a heuristic development that can be viewed
as a variation on Gersho’s heuristic approach wherein instead
of making assumptions on the behavior of individual cells in
asymptotically optimal quantizers, we focus on the provable be-
havior in Lemma 6 of asymptotically optimal quantizers on indi-
vidual cubes and then combine the collection of quantizers into
a single overall quantizer. For simplicity, the heuristic develop-
ment focuses on 7 for which the derivatives in Lemma 6 exist
and the inequalities are equalities, that is, for all except possibly
a countable number of 1 € (0,1). The supporting rigorous ar-
guments will use the more general bounds of Lemma 6.

Assume that a pdf f is zero outside the union of a finite
number M of disjoint cubes {C'(m);m = 1,2,...,M} of
equal side a. In particular, consider a pdf of the form

F@) = wn fO(2) =Y wma o (@) (5D

where a* is the volume of each C(m), wy,, > 0,and Y, w,, =
1, so that w,,, is a probability mass function (pmf). For this sec-
tion, we consider a fixed. In the next section, we will use pdfs
of this form with small a to approximate more general pdfs.

In terms of the pdf f

h(f) = —/f(x)lnf(x)dw:H(w)-l—klna
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and

k/2 k/2
|1y = Do llwllf Gy ) + Kl

where w = (wy,...,wy), H(w) =
lwll, = (X, wh)"”.

For each cube C'(m) with nonzero probability w,, > 0, we
design a nearly optimal code with partition S for the condi-
tionally uniform pdf f(™ using a Lagrange multiplier \,,, > 0
and a common value of 7 for all m. For the moment, we leave
open the choice of the ), except for the assumptions that it
is strictly positive (or the solution would yield infinite rate and
zero distortion) and that for all m, for which w,,, > 0, the A,,
are small enough to ensure from Lemma 6 that

D o (8™ = LAY

0[Sy | = H i (ST™)) 2 O (u, 1)
Q]

- Wi Inw,,, and

(52)

(53)

k

k
Hf<m)(5(m))+§ In A, #O(u,n)—n0 (u, n)+k1na—§

(54)

k
In|S™™)| + o A A O(u,n) + (1 - )0’ (u,1)

+klna—§ (55)

Observe that A, controls the number of quantization points in
each cell C(m), i.e.,

|S(m) | ~ A;k/269(1L,71)+(1—71)®'(u,n)-{-k In a—k/2. (56)
The constant of proportionality is complicated, but it disappears

in the fraction of quantizer points falling in a single cell C(m)
given by

|5’(m)| _ /\;Lk/Q A

~ Am
SIS0 AT

(57)

where we have defined the guantizer pmf A,,, as the fraction of
quantizer points within the mth cube. Thus, if we wish to find
the fraction of quantization levels within any set consisting of
the union of a disjoint collection of the small cubes, we need
only to sum up the values of A,,, over the m indexing the small
cubes in the subset. Thus, integrating the function

A(z) £ ; %10(@(@ =a~" %: Amlon (@)

(58)
over this set gives the fraction of quantizer points in the set.
For sets consisting of unions of partition cells, this characterizes
A(z) as a quantizer point density function.

Each cube C(m), for which w,, = 0, should be assigned zero
rate, that is, it should have zero entropy and zero log codebook
size so as to not waste bits.

Construct a composite code based on these subcodes. The
composite partition S = {.S;} has as atoms all of the atoms of
all the small cube partitions for those cubes with nonzero prob-
ability S(™) = {S’fm)}, together with a single atom, which we
denote Sy, which is the union of all of the cells having zero
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probability. For this partition, we proceed to evaluate the per-
formance using the composite code. Keep in mind that all sums
are over the support set of w.

Consider each term in the sum 0(f,\,7,S) = DfT(S) +
ElnX + [(1 —n)Hs(S) + nln|S[]. Apply (52)~(55) to write
the approximations

k
Ds(8) =D D (8™ ), & 3 > At

=
3
@
I
|
=z
2
=
3
=

[
|

]
™

K
/N
2R
N

=

~

K2

_ gzwm In A + H(w) + O(u,7)

X

k. a?
— 70 (u,n) + ~In —
1®"(u,n) + 5 In —

M
In|S| =In <Z |S(m)|>

m=1

~ In (; exp(—g In A + ©(u,n)
2
+ (=)@ w,n) + 5o —))
=0(u,n)+(1-1)0"(u n)—l—ﬁln a—2+1nz/\_k/2
? ? 2 e — m :

The sum for evaluating the total number of quantization cells
is over the support set of w,, and hence excludes the cell of S
containing all the zero probability cubes.

Combining the preceding equalities and approximations

9(f7)‘,7778)
k Am k

% <_§Zwm1n)\m+H(w) +O(u,n)

k k
0@ () + Slna2 -
nO'(u,n) + 5 na 2)

k
+n|0(u,n) + (1 =n)bi(n) + 5 Ina’

Z(T)]

,n)-i—klna—g-i-(l—n)H(w)

(u
k Am k Am
t 2 rom = (=g ) umIn T

m

\o\ 2
—I-nlnz (Tm> )

Interestingly, the derivative terms are canceled. Recall that A
is considered fixed (and very small) and that only the )\, are

=0
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free to optimize. For convenience, we normalize the Lagrangian
parameters as i, = Ay /A

0(f7 A?n"S)
k. a? k
z@(u,n)—l—[gln?—i—(l— +§;wmum
k e
_n)izwmlnum+nln2um ]
= O(u,n) + ®(w,n, p). (59)

If we fix the pu,,, and let A — 0, then A,;, = g A — 0 for all m,
satisfying our requirement for invoking the asymptotic results.
The (., can be considered as the relative Lagrangian multipliers
for the cells, which are held constant as A becomes small.

The following lemma makes this development precise. It is
proved in part H of the Appendix

Lemma 8: Given a piecewise constant pdf f of the form
(51) and a positive vector i = {pt }, then for any A,, — 0,
there exists a sequence of partitions S,, such that

O(u,n) + ®(w,n, n) +n(1 —n) (O (u,n-) — O (u,n4))

> limsup 0(f, An,n, Sn)

n—oo

> liminf 0(f, A\, m, Sn)

> O(u, 1) +®(w, n, ) =n(1=n) (0 (u,n-) = 0" (u,14)) .

For all except possibly a countable number of € (0, 1), for

any \,, — 0, there exists a sequence of partitions S,, such that
lim_ 0(f, An,, Sn) = O(u,n) + S(w,n, ).

The proof of the following corollary to Lemma 8 is contained

in the proof of Lemma 8 in (108). The result will be important
for the third step of the proof of Theorem 2.

Corollary 5: Given the assumptions of Lemma 8 and the
composite quantizer construction with partition S,, of the proof,
the codebook size behaves as

M

ake@(u,n)—l—(l—n)@'(u,n,)—k/2 Z /jly_nk/Q
m=1
> lim sup |Sn|/\f;/2
> lim inf |S,, | AF/2
M
> ak(@UnHA=1O () =k/2 5 k2
m=1

For all except possibly a countable number of €
the upper and lower bounds are identical with ©’(u,

o’ (U>7Y+) S (Uﬂ?)

The following corollary follows immediately from Lemma 8.

(0,1)
n.) =

Corollary 6: Given the assumptions of the previous lemma,
define

h(f,n) = ®(w,n) +n(1 —n) (0" (u,n-) — O (u,n4))

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 5, MAY 2008

where ®(w,n) = inf,®(w,n, i), where the infimum is over
all positive p. Then, 6(f,n) < O(u,n) + h(f,n). For all ex-
cept possibly a countable collection of n € (0,1), h(f,n) =
®(w,n).

Useful alternative forms for ® are given by

S(w,n,p) = klna+ H(w Zwm fim — 10 i — 1)

+nH(w[|A) (60)

kk
= klna — §+§;wmﬂm
+1nZu[_k/2—(1—77)H
4

where from (57) A,, = u;k/ I . ul_k/ * and the discrete rela-
tive entropy is given by H(w||A) = >, Wy, In wy, /A4y, . Equa-
tion (61) expresses ® as kIna + H(w) = h(f) plus the sum of
two nonnegative terms, hence ® is always defined (although it
may be infinite). Define the pmf /i by fin, = Wen flrn/ D With-
Then, (61) can be written as

(wllA) (61)

Hw, 7, p) = knat+H(w (Zwmum 1n2wmum )

k
+ 5 H(wl|p) +nH(wl|A)
k
>klna+ H(w) + §H(w|lﬂ) + nH(w||A).

Given a vector 1, the lower bound can be achieved by replacing
v by the pmf 4/ defined by pl, = fm/ Y, wipu, that is, by
normalizing the y vector with respect to w. Neither of the rel-
ative entropy terms changes since the rescaling factors are all
canceled, so this substitution provides a strict improvement in
®(w,n, ) if p is not already suitably scaled. Thus, the infimum
can be restricted to only those p, for which

Zwm,ufm =1

The function ®(w, n, ;1) can be related to the v functional of
Theorem 2 by the transformation by v,,, = In p,,, and v(z) =
> m Lo(m)(#)Vm, which with (59) and (31) implies

(62)

O(w,n, 1) = (1—n) (klna+ H(w __+ Zwm
k k_—kv,, /2
— )G D Wt + iy ateTR
k II(Z)
= (1 +5| [ f@)erWdz — (1)

v / f@)(x)ds — 11
+nln (/ ek"(xwdm) =(f,n,v).

Straightforward application of the discrete analogs of the ar-
guments of Lemma 2 shows that ®(w, ) = ¥(w,n) = ¢(w,n),
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where ®(w,n) = inf, ®(w,n, p), Y(w,n) = inf,P(w,n,v),
d(w,n) = infpp(w, n, A), and where

P(w,n, A) £ klna+k In (Z Wy A kﬁ’) —(1—n)H(w||A)

where the infima are over positive vectors p, vectors v, and prob-
ability mass functions A, respectively, for which the functions
are well defined.

As with the 1 function, the ¢ function becomes the contin-
uous function of (18) if stated in terms of the induced densities.
The transformations relating the various optimizations are

U = 10 iy,

A /Jfr_nk/z e—ki/m/Z
m = —k/2 = Ze—kl/l/2
A—2/k
Hm = Z’wmAr_nQ/k

k/2
<Z wmAmQ/k> Z k2,

In this finite-dimensional case, a continuity-compactness argu-
ment guarantees the existence of a minimum and the strict con-
vexity of ¢ in v guarantees a unique minimizing value but no
simple form for the minimum or for the optimizing v is known
except for the traditional cases of n = 0, 1. The existence of a
minimizing v, however, implies the existence of minimizing A
and p.

The optimization over A has the nice intuitive interpretation
of optimizing over the fraction of quantizer levels contained in
each of the small cubes, which relates it to the traditional bit
allocation approach for the fixed rate case of Zador and to the
fixed-rate and variable-rate heuristic developments of Gersho
based on his conjecture. In the case considered, the code con-
struction used shows how A relates to Lagrangian multipliers
used to locally optimize codebooks.

The following corollary uses the existence of an optimum
to modify the bound of Corollary 5 on the codebook size of
the composite quantizers used in the construction. The corol-
lary will be useful because the bound is dependent on M, the
number of components in the piecewise constant model, only
though the functional ®(w, n). The lemma strongly resembles
the heuristically derived Gersho approximation (23) if the iden-
tification of (46) of ©(u, n) and ¢, terms is made, which implies
also that ©’(u,n) = 0.

Corollary 7: Given the assumptions of Lemma 8§,
assume in addition that g minimizes ®(w,n,u) so that
®(w,n) = ®(w,n, p). Then

_ > limsup S, |AF/2 > lim inf |, Ay, K>, (63)

where
e = Owm+1-m0' (un_)—k/2 P (wn-) (64)
cp = ePmTA=mO' (wn)=k/2 8 (wny) (65)
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For all except possibly a countable collection of n € (0, 1)
lim [Sp|AF/2 = @+ =m0 (wn)=k/2,2 (wn) — (66)

Proof: From (61) and (62), a* 3" um™/? = &(f,1, ).
and hence, (63) follows from Corollary 5 combined with Corol-
lary 2 applied to ®( f,n, 1) and ®( f, n). Note that here the min-
imizing p or A exists so the limits of Corollary 2 are not needed.

O

E. General Densities on a Cube

To generalize from piecewise constant pdfs on a cube to more
general pdfs on the unit cube, we approximate the latter by the
former and use the codes of the previous section.

Recall that the distribution of X is assumed to be absolutely
continuous with respect to Lebesgue measure with pdf f. We
assume that f is zero outside the unit cube and that A(f) > —oo
so that h( f) is finite. In this case, the moment condition (47) and
the condition that uniform quantization into unit cubes yields
finite entropy are automatically satisfied. Given such a pdf f, let
Dom(1)) be the domain of ¥ ( f, n,v), that is, the collection of
all v, for which the integrals defining 9 ( f, n, ) exist. This is the
collection of all v, for which v(z) and ¢”(*) are in the normed
linear space L;(f) of f-integrable functions and e~**(*)/2 is
integrable with respect to Lebesgue measure on the unit cube.
Dom(1)) is a convex subset of L; (f) from Holder’s inequality.
Thus, 9(f,n) is defined by a convex optimization problem.

We proceed to the limiting results needed for the case of
general densities on the unit cube. For any positive integer, M
partitions C into M* cubes of side length a = 1/M, say
Sy = {C(m); 1,2,...,M"*}. Given a pdf f, form a piece-
wise constant approximation

M* M*
fu(z) = %%(m) Zme Logm)(@).

The use of the piecewise constant approximation to the original
pdf follows that of [4] and [11]. This is a disjoint mixture source
with w,, = P¢(C(m)) and component pdfs M*1c () (). If
Py denotes the distribution induced by fy, i.e., Py (F) =
Jp far(x)dz, then fo; = dPpy/dV(z). The following lemma
showing some not surprising asymptotic properties is proved in
part A of the Appendix.

Lemma 9: Assume that f and fj; are as defined in this
section. Then

Jim Al far = fll =0 (67)
Jimh(f) = h(f) (68)
1iH1 Y(far,m) =9(f,m) (69)
hm h(faesm) =h(f,n) (70)
P'(fm-) 2 hr?j;p V' (far,n-)
> lim inf '(far, 4.
>4’ (i) (71)
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Construction of Quantizers: We proceed as in the variable
length case [12] to modify the quantizer for the piecewise con-
stant approximation in a way that does not affect the perfor-
mance much, but allows us to bound the limiting behavior when
the quantizer is actually applied to the true pdf f. The approach
here differs, however, in that both entropy and log codebook
size must be controlled, and we wish to construct a single se-
quence of partitions that asymptotically approaches the perfor-
mance promised by the Gersho style approximations.

For the entire development, assume we are given positive se-
quences A\, and €, such that

lim A, = lim €3 = 0. (72)
n—oo M—oo
For each integer M, choose pn = p*) in Lemma 8 as

the value minimizing ®(w,n, u) as ®(w,n, pu) = ®(w,n) =
¥(far,m). Then, given the sequence A,, the lemma and
Corollary 7 imply the existence of a sequence of partitions
{Smn;n = 1,2,...}, for which

O(u,n) + (far,n) +n(1 —n) (O (u,n-) — O (u,ny))
> lim Supe(f]\la Ans Tl SJ\VI,n)

n—o0

> ILHLIOEf 0(f1ﬂ7 )‘n7 n, S]\/I,n)
> O(u, )+ (far,n)—n(1—n) (O (u,n-)—O"(u,ny))

and

c(_M) > limsup |81\,17n|)\ﬁ/2 > lim inf |81\,Ln|)\f/2 > CS_M)

where
M) Oum)+(1=m)0" (un ) =k/2 ¢ (far,m-) (73)
cgf”) = Pum+A=O (wn)=k/2,%" (far ) (74)

Thus, given ep; > 0, we can choose an no( far, €pr) sufficiently
large to ensure that for n > no(far, €nr)

O (u,n)+(far, n)+n(1—n) (0 (u,n-)—O"(u,14))+enm
> 0(far, Ans 1, Saam)
C(_A[)(l + E]\,[) > |S]\,[,n|)\,ﬁ/2 > CS_JM)(I — E]\,[). (75)
We modify these sequences of quantizers {Spsn;n =
1,2,...} in a way that will permit necessary bounding of
the inaccuracies resulting when computing averages with
respect to f instead of fj;. The following technical lemma is
proved in part J of the Appendix. It shows that the partitions
{Smn;n = 1,2,...} will have for sufficiently small A, (or
large enough n) a collection of subcells with total probability
between €ys/2 and eps. For simplicity, for the moment, the
dependence on M is suppressed as M can be considered fixed.
Let g = far and € = €yy.

Lemma 10: Let g be a pdf on Cj, for which
h(g) is finite and {S,;n = 1,2,...} is a sequence of
partitions with corresponding quantizers ¢, such that
limsup,,_, .. 0(9,A\n,n,S,) = ¢ < oo. Then, for any
e € (0,1), there is an ng = no(g, €) such that if n > ng then
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all partitions S,, that satisfy 6(g, A\, 7, Sr) < ¢+ € will have
a collection {S,,; : i € J1} of cells with total probability
bounded as

<> Py(Sni) < e

1€J1

(76)

N

We continue to suppress the dependence on M until the mod-
ification of the quantizer is complete. Again, to simplify nota-
tion, we also suppress the n and will assume for the moment
that n > ng is fixed as in the lemma. Abbreviate \,, to X. Con-
sider the partition S' = Sy, and the corresponding quantizer
¢* with the optimal length function ¢; (i) —In P, (S} ), where the
single superscript 1 denotes that this is a quantizer designed for
the distribution g as distinct from a second quantizer g%, which
will be designed to provide a worst case bond on Lagrangian
distortion. Using Lemma 10 define

pr= Y Py(Sh) € le/2,4.

1€J1

(77)

Choose a large constant v > 1 to be specified later and define
X = ). Construct a second quantizer ¢ as a uniform k-di-
mensional (cubic lattice) quantizer with side width A = 1/K,
where K = |V ~1/2| sothat K < X ~1/2 A < VX /(1-VN),
A? < X /(1=2V/N) < 2N if X < 1/16, which we can assume
without loss of generality in the asymptotic (A\ — 0 and hence
A — 0) analysis, e.g., just redefine ng. Then, for all z € C4

2
d(z, Bo(as(z))) < k% < g)\'. (78)
Let a and Z, denote the encoder and index set of ¢2. This
quantizer has

Ny=KF< N2 (79)
codewords. Define the (constant) length function /5 by
&(i):—lnp*—i—l—%ln)(. (80)
Note that /5 is admissible since
Z e~r20) = Kke_lp*)\'k/2 <elp*<1. (81)

i€Zs

A composite quantizer § is formed by merging the quantizers
q! and ¢?, which will still be well matched to a specified pdf,
but will now also have a uniform bound on distortion and length
over all pdfs. The merging is accomplished by the universal
coding technique of finding the minimum Lagrangian distortion
codeword in the combined codebook: given an input vector x,
define

m(z) = arg}nin (d(:v, BGi(ai(x))) + A(1 - n)Zl(al(a:))>

and define the encoder of g by a(z) = (m,i) =
(m(z), Ot (zy(7)). The minimum distortion rule uses the
total number of codewords for the composite quantizer
N = N; + N,, and hence the codebook sizes N; and N, do
not affect the encoder.
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Define the decoder by 3(m, i) = 3,,(i). Recall the definition
of the index subset 71 C Z; in (76), and define the length func-
tion for g as

_ £1(1), ifm=1andicZ;\J;
U(m,i) =< £1(i)+1, ifm=1landie Ty
£2( ), ifm = 2.

Then, / is admissible since from the choice of ¢;, (77), and (81)

Zefz(m,i) — Z 781(1) + Z —ly(2)— + Z —05(1)

m,i i€Z1\J1 i€T1 i€Zy
R ACIED S AT R
€1\ J1 1€J1
:1_p*+e—1p*+e—1 * < 1.

Set B = {z : m(z) =
definition of Z implies

d(ar, B((x))) + A (1 = n)é(a()) +nln V)
d(, Bileu(@))) + A (1 = (e (2)))

+ A1 = n)lwnpe(z) + Anln N

2} and W = {J;c 7, Si. Then, the

= min
l

and hence
d(z, f(a(z))) + X ((1 = n)l(a(z)) +nln N)
< d(z, Bi(u(z)))
+ A ((L=n[b(a(z)) + lwnpe(z)] + nIn N)

1=1,2. (82)

In particular, the upper bound for [ = 2 with (78) and (80)
implies

a(2))) + A (1 = n)l(a

(
stvos(o-n]

and, therefore

(z))+nlnN)

In p* —|—2——1n)\] +771nN>

d(z, B(a 5 vy Lk
(xﬂg\a(x))) +(( n)ﬂ(d(x))+nlnN)+§ln)\
!
gg%ﬂl_n) {—lnp*—l—Q—gln)\}—l—nlnN—l—kln)\
!
S YA EIY A Ce)

2
This completes the construction of the modified quantizer.
Reintroducing the dependence on M and n, note that the con-
struction depends on M, g = fj, constants yy; and €)7, and
n > no(far, ear). We choose yj/ so that it will grow to infinity,
but not too fast in the sense that

A}i_rfloOW’M||f = fulli = 0. (84)
Also, we now specify that ep; — 0 is chosen such that
A}gllw||f—fM||11neA[ =0. (85)

From Lemma 9, these requirements are met if, e.g., we let ya; =
—1/2
1f = farlly"/? and enr = |If = farlls,
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Let qpr, denote the original quantizer for fp; with en-
coder ar,,, length function /7, and decoder (r,. De-
note by Wy, and By, the sets used in the construction
of the merged quantizers ¢ps,, with associated partitions
S M,n- We also need to control the behavior of the codebook
sizes N1 = Nl(MTL) = |S]W,n|7 N2 = NZ(M,TL), and
N = N]un = |S]\,[’n| = Nl(M,n) + NQ(M7’/L). From (83),
we have the upper bound

d(z, Barn(@rrn(2)))

An
+ (1= n(@nrn(2)) + nln Nagpn) + B} ln A,
kX, k \
< St At (1=n) Flnpiy, 2]+ Nasy

(86)

where pj,,, € [enr/2, enr]. Equations (75) and (79) yield the
following bounds on codebook sizes:

No(M,n) <v,, k/2)\n k/2 (87)
Ni(M,n) > {MDAT2(1 = eyr) (88)
Ny (M, n) <M1+ ear)r, /2 (89)
No(M,m) [Ny (M, m) <73t/ (101 = ear)) 90)
and
AT < Nag < e A M2 1)
where
enr —’YM 24 M0 = enn),
et 2P+ M (1 4 en). 92)

From (73), Lemma 9, and the assumed properties of yy; and €,

liminf épr > O (M +A=m)®' (un-)—k/2 4" (fn+) (93)
M —o00 -
and
limsup ey < Ok (M +A=—m)O" (un_)=k/2 ' (fn-) (94)
M—oo
Incorporating the bound of (91) into (86) yields
d(z, Barn(@nrn(z)))
An
_ k
+ (1 = ) larn(ann(x)) + nln Nagyn) + gln/\n
k *
< 37 v+ (1 — )[_1an,n+2] +nlney. (95)

The next lemma extends [12, Lemma 12] to the combined con-
straint case. It is proved in part K of the Appendix. The lemma
uses the upper bound to the Lagrangian distortion of the merged
quantizers gz, to provide an upper bound to the mismatch re-
sulting from applying the quantizers designed for fas to f.

Lemma 11: For n > no(fwm, em), the quantizer gas ., sat-

isfies
|0(f7 )"n7777 QM,n) - 9(fM7 /\n7777 ql\/[,n)|
+ kl
5 nm

< |:<§’YJM + (1 —=n)[-lney +2] +771HCM>
XALf = farll + 1R(f) = h(far)] + b(M)
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where b(M) depends only on f and M, where
limps—oo B(M) = 0, and where c¢ps is defined by (92)
and has a finite upper limit, and -y, is defined in (84).

From the bounds of (82), (75), and (90), we have for n >
no(far, €nr) that

H(ff\'fv /\7 s ql\l,n)
</ (M + (1= n)[(aa(e)

+ 1wy s, (€)] + 7o NM,n)

k
X far(z)de + B In A
= H(fJW? )‘TL7777 qu) + PfM (WJ\"I,n N B]c\[,n)
—nln Ny (M,n) +nln Ny .p,
< h(far,m) + 2epr + nln(1 + No(M,n)/N1(M,n))
—k/2, ( (M)
< h(far,m) + 2ens +1v5 7/ (C+ (1- GM)) .
Combining this bound with the previous lemma implies that for
n > no(far,€nr)
H(f /\n7 T, (jJ\/I,n)
< h(far,m) + 2enr +1ln
—k/2 M
X (1 + Vs / / (cg_ )(1 - eM)))

k k
(§’YM+(1—77) [—lnep+2]+n1n cM> + B In w]

X |If = farlly + [h(f) = B(far)] + b(M).

Given the original A,, — 0 sequence, construct a final se-
quence of quantizers g, with partitions S,, from the sequences
S, as follows. First, note that without loss of generality, we
can assume that ng(far, €ar) are strictly increasing in M.

Let

+

(96)

M(n)= M, if no(far, ear) <n < no(fars1, enrs1)

and define the quantizer g, as ¢ = qpr(n),n- By construc-
tion, M (n) is monotone nondecreasing in n and grows without
bound and 7 > no(far(n), €a1(n)) ONCE 1 > M0 (f1, €1) (the se-
quence ¢, can be initialized in an arbitrary manner). From (96)
0(f, Ansm, an)

< h(farnys M) + 2€n1(n)

i (15tt (40 - )

+

k
(mun) +(1=n) [=In€ary +2] +nln CM(’”)

k
+ 5 lnw] If = faremyll

+11(f) = h(farmy)| + b(M(n)).

Since M (n) — oo as n — oo, in view of Lemma 9, (84), and
(85), we have proved the first part of the following lemma. The
second part follows from (91), (93), and (94).
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Lemma 12: Let X have an absolutely continuous distri-
bution with pdf f, which is zero outside the unit cube C; and
assume h(f) > —oo. Given \,, — 0, there exists a sequence
of partitions S, such that limsup,,_,.. 0(f, A\n,7,Sn) <
O(u,0) + h(f,n) where h(f,n) = +(f,n) + n(l -
1) (©'(u,n-) — ©'(u,ny)) where ¥(f,n) = inf,(f,n,v)
and ¢(f,n,v) is defined in (31). Furthermore, for all except
possibly a countable number of n € (0,1) A(f,n) = ¥ (f,n).
The sizes of the codebooks satisfy

Ok (M +A=1)0"(u,n_)—k/2 9" (f,n-)

> lim sup |S,, |\F/2

n—o0

> lim inf |Sn|)\fl/2
> ek (M +(1=1)0"(u,n4)—k/2 ¥ (fing) (97)

Since ¥ (f,n) = ¢(f,n), the Gersho functional describes the
asymptotic behavior of the constructed sequence of quantizers.
The lemma implies the following corollary.

Corollary 8: Given the assumptions and definitions of the
previous lemma

0(f,n) < O(u,n) +h(f,n).

The development for general densities on a cube was done
for the unit cube to keep things simple. Lemma 7 can be used to
extend the result to a cube of arbitrary size.

Corollary 9: The results of Lemma 12 hold if the unit cube
C, of the assumptions is replaced by the cube C,, , for finite
a > 0 and r.

Proof: From Lemma 7, for any quantizer q,, on Cq .,
there is an equivalent quantizer ¢; on C; with performance re-
lated by g(fa,m )\7 UR %,r) =90 (f17 a_2)‘7 UE fh) + kln a. Fur-
thermore, defining A, ..(z) = a=*A;((z — 7)/a) yields by a
change of variables ¢( fu.r, 7, Aar) = ¢(f1,1,A1) + klnaso
that ¢(for.n) = @(f1.n) + klna and hence h(fu,,n) =
h(fi,m) + klna. Thus, the results of Lemma 12 hold with
the transformed quantizers and the addition of the scaling term
k1n a to both target performance and actual performance. [

F. General Densities

Assume that X has a pdf satisfying the conditions of Theorem
2, which ensures that A( f) is finite. Our proof for this case draws
on results and bounds from Graf and Luschgy [11] for the fixed-
rate case. With a slight change of notation, denote for any integer
M the cube Cyy = [—M, M]¥ of side 2M centered at the origin.
Corollary 9 and Lemma 12 imply the existence of quantizers
satisfying the bounds of Lemma 12 for the induced absolutely
continuous distributions on C;. Let f; denote the conditional
pdf given Cyy, ff; the conditional pdf given Cy-, and pys =
Pr(X € Cu) = [, f(z)dz so that we have the disjoint
mixture f(z) = far(@)pam + f5(2)(1 — par), where par — 1
as M — oo. The following convergence properties are proved
in part L of the Appendix.

Lemma  13: Given the previous definitions,
limas— oo A(far) = h(f) and limar— oo h(far,m) = h(f, 7).

For any fixed M and positive sequence A, — 0, let S,, be a
sequence of partitions of Cjs and g, the corresponding quan-
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tizers satisfying the properties of Lemma 12 (from Corollary 9)
for fas. In particular

thUPg(fM)\n,%Sn) < @(U,O) +h'(f]\[77) (98)

and
( D) < liminf |S, |)\k/2 < limsup |S, |/\k/2 < M) (99)
where chw) and c(M) are finite constants, which depend only on

far; see (97).

As in the development of Lemma 12, we modify these quan-
tizers by merging them with other quantizers, but this time the
second quantizers will be simpler than in the previous case be-
cause the two quantizers partition disjoint regions and can be
handled separately.

Pick € € (0,1/2) and construct a quantizer for C¢; using

N

partition S,, with codebook size N,, = |S,,| constrained as

€ €
= e < —

so that if € is small, then Sn has only a small fraction of the
number of codewords given to fp;. Choose S'n to achieve
81(f§,1n Nn), that is, we overbound the performance by
considering an optimal fixed-rate quantizer on C¥;.

Form the composite quantizer for i** as the partition S,, con-
sisting of the union of the atoms of S,, and Sn. The resulting
performance will be

0(f7 /\’n7777‘?n)
D (S, k
= # + (L =n)H(Sn) +nln|S, |+ In A,
D M Sn D M (S")
= (1 -pum) f/\( )-I-PM f/\ +(1—-n)

X [(1 —pm)Hyp, (Sn) + parHype, (Sn) + hz(pM)]
A k
I CAEAE Sl

where hy(p) £ —plnp — (1 — p) In(1 — p). Regrouping terms

0(f7 An7777 Sn)
Dy, (Sn
= -0 | 255 4 (-t 5.)
k
+nln|S, |+ In A ]
Dy (Sn) .
+pPm N + (L —n)Hye (Sn)

-|—?’]1I1|S |+ ln)\ :|-|-h2(p]u)
1 [In (|sn|+|sn|) ~(1=par) In|Su| —par In |5,
= (1= pan)0(far, s 1, Sn) + paaO(F575 Ans 11, Sn)
1S, |Sn|
In(1+ + parIn —
< (1 —pum)0(far, Any 1, Sn) + parf(

i Ans 1,S0)
+ ha(pym) +1 [ln : i 2(1 — 6)} (101)

+ ha(pm) +1

+pmIn
€
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where in the last inequality we used the fact that from
(100) we have N, > 5555[Sal if [Su| > 2(1—€)/e
(i.e., for all n large enough since lim, , |S,| = o0). To
bound 6( f]{,b)\n,l,gn), we use Corollary 6.7 of Graf and
Luschgy [11], which in our notation becomes 61 (f§,In N,) <
N (CLEy, (| X|I2H8) + C2) for N, > Cs, where Oy, O,
and C3 depend only on 6 and %, but not on fj,. Using (99) to
bound relate N,, and |S,|, we have that

H(ff\“)\ml,é‘ )

= 751(fMA’lnN w4 In|S,) + kln)\
Ny YR (CLEq (1X)240) + ¢
< (1 fM/\(” I+) + Cz) 1n|Sn|—|—§1n)\n

(172) (@b x1Pe) + )

x (1s.1082)

Invoking (99) results in limsup,,_, ., H(fﬁ[,)\n,l,gn) <
c(M,€), where limpa—ooprrc(M,e) = 0 since
puEp (IX17%0) = [oo [P f(z)dz — 0 as
M — oo. Combining this with' (101) and (98) shows that

2/k
+In |8, |AF/2.

limsup 6(f, \n, 1, Sn)

n—oo

< (1 =pum)(O(u,0) + h(far,m)) + parc(M, €) + h(par)
1 2(1 — ¢)
i {ln 1- €

+parln
€

Since pyr — 0, pare(M,€) — 0, and h(far,n) — h(f,n) as
M — oo (by Lemma 13), the right-hand side can be made to be
arbitrarily close to ©(u,n) + h(f,n) by choosing first ¢ small
enough and then M large enough. This proves that

limsup §(f, X, 1) < O(u,n) + h(f,n)
A—0

which completes the proof of Theorem 2 for the general case of
pdfs satisfying the assumptions of the theorem.

G. Proof of Lemma 7

Let S,, and S; denote the partitions corresponding to
Qa, and aq, respectively. Then, Pr(a..(Y) = i) =
Pr(a,,(aX + 7) = i) = Pr(a1(X) = i), and hence,
Hy, (Sar) = Hy,(S1). The number of codewords for the two
quantizers is identical by construction. A change of variables
y = az + r yields average distortion

/||u dor D2 Far(y du—a/llfv )|12f1 () de
so that
H(fa-,’r‘7)‘7lr]7qa,r)
a? k
= Dy () + 5 WA+ (1= m)Hy, (g0) + o V()]

which proves the first part of the lemma. The second follows by
taking the infimum over ¢ . O
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H. Proof of Lemma 8

From Lemma 6, we can construct for \,, — 0 for each cube
C(m), for which w,, > 0 a sequence of partitions 87(1m), for
which

lim 2l)f(m) (Sr(Lm)) -1
n—=oo  kpmAn

lim <(1 — ) H oy (S§™) + 110 |ST™) | + gln ;Lm)\n>

(102)

2

= O(u,n) + "
e
©'(u,n-)
> lim sup (ln |S,(lm)| — Hom) (Sv(zm)))

> liminf (ln |5{m)| — H (S(m))) O'(u,n+)

2

k
®(u7 77) + 5 In % - 77®I(u7 77+>
> limsup H o (Sy™) + gm fmAn
>1 )y 4 F
%zm_)lcgf Hpom) (S™) + 5 In fo A,
2
> @(’U,,?’]) + gln a_ - 776/(“’77—)
e
k. a? ,
O(u,n) + 5 In — + (1 = 1)0"(u,7-)

> limsupln ‘S(m ‘ + —In pm A,

n—oo

> liminfln

n—oo

> O(u,m) +

5 ln Nm)\n

2
gln% + (1= )0 (u, n). (103)

The final equation is equivalent to

/Jlfk/2 k @(u m)+(1-7)0" (u,n_)—k/2

> limsup ‘S(m)‘ )\k/Q

n— o0

> lim inf ‘S(m)‘ /\k/2

> k/2ak69(u,n)+(1 O (uns)—k/2 (104)
The composite partition S,, is defined as the partition having
as atoms all of the atoms of the individual cell partitions ST(Lm)

D¢(S, i
0(f Ans 1, Sn) = fA( )+(1_77)Hf(5n)+771n|Sn|+§ln)\
> Wi D iy (S5™)

An

k
—7) (Z Wi H ) (S{™) + 71 /\n)

+nln (Aﬁﬂ > ISS”)I) + (1 —n)H(w).
" (105)

+(1
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From (102)

> Wi D fm) (8™ i

nh_)n;o . =3 ; W fom - (106)

From (103)

k‘ 2

Oum) + 5 In = =00 (u,ny) + Y w In i
k
> hTILILSOLip <Z Wi H f(m) (S(m)) 4 3 In /\n>

k
> liminf <Z Wi H p(m) (5( )) + 2 1nﬂm)\n)

Z Wiy 101 um

(107)

k 2
> O(u.7) + 5 In = — 10 (u

and from (104)
ko ©(un)+(1=m)O (un-)—k/2 Z okl

> hmsupz |S{m) | AR/2

n—oo

> hmlnfz |S{mI | AR/2

n—oo

>a e@(“ﬂ?)"'(l 7O’ (umy)—k/2 Z“_k/z

so that

k —k/2
klna — B +O(u,n) + (1 =)0 (u,n-) +In (;um / )

> limsupIn (Z |S(m)|)\k/2>

n—oo

> liminf In (Z |S(m)|)\k/2>

k
> klna— E—i—@(u, n)+(1=1)0"(u,n4)+1In (Z N;Lk/Z) .
(108)
The inequalities of the lemma follow from (105) and the sum

of (106), (1 — n) times (107), and 7 times (108). The equality
follows from the inequalities and Lemma 4 O

L. Proof of Lemma 9

The first two statements (67) and (68) are [12, Lemma 10],
and (70) follows from (69), which we now prove. Keep in mind
that all integrals in the proof are over C. In particular, we write

—kv(z)/2 —kv(z)(x)/2
Je dx for fCl e dx.
Suppose that (™) is the minimizer for the piecewise con-

stant pdf fps satisfying (fM,n,V(M)) = ¥(fa,n). Then,
applying v to the actual pdf f

P(f.n) < P(fn. ™) = p(far.n)— (1 —n) [A(far) = h(f)]

and hence, from the second statement of the lemma,
lim ianI—)oo w(fJVb 77) Z ’l/}(f 77)
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Conversely, suppose that v yields a value of ¢ ( f, n, v) within
€ > 0 of the infimum so that ) (f,n,v) < (f,n)+e.Let L > 0
and define
v(z), if|v(z)] <L
—L, ifv(z)<—-L
L, ifv(z) > L.

We have | (a)lf() < Lf(@), en@f) <
max(e”®), 1) f(z), and e~ *:(®)/2 < max(e”F(®)/2 1),
Since each wupper bound is integrable on C; and
limy o vi(xz) = v(z) for all z, the dominated convergence
theorem implies limz o [ €’2®) f(z)dz = [e’@ f(x)dr,

vp(z) =

limy oo [vi(z)f(z)ds = v(z)f(z)dz, and
imp oo [ e 2@/2dy = [e=k(@)/2dg, Thus, from
the definition (31)s th—»oo ¢(f, m, VL) ¢(f7 n, V>7 and

hence we can choose L such that ¢ (f,n,vp) < ¥(f,n,v)+e <
»(f,m) + 2e. Since > (*) < el and |vr ()| < L, we have

|Il/}(f7 m, VL) - Il/}(f]\/h m, VL)|
5 ([ - - )
(1= k()

([ e ptoro—-) [raorputerie)

+(X=mh(far)
< CLllfar = fllr + (1 =) |h(far) — h(f)]

for some constant Cy, depending on L only. Hence, from the
first and second statements of the lemma

liminf(far, n) = liminfinf(far, 9, v)
< 1Zivr[ﬂinf1/)(fM7777VL)

=9(fin,ve) < P(faram) + 2€

which proves the converse.
To prove (71), from the properties of left and right derivatives

Y(far,m) = P(fusm — An)

Q/JI(f, 77—) = iann>0 J\}I—I>noo

A
) — Cn— A
2limsupiann>oq/}(fM’n) Y(far,m n)
M —oo A"7
= limsup ¢ (far,n-)
M—oco

Y(far,n+ An) = P(far,m)

wl(fa 7]-1—) = SupAn>0 Jb}i—1>noo

An
o Y(far,n+ An) = b(far, )
<
< lipinf s v

= liminf o (far, 04).

J. Proof of Lemma 10

Let S, ; denote the ith atom of S,, and ¥, ; the associated
reproduction codeword. First, we show that

lim max Py (S, ;) = 0. (109)

A—0 12
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The assumptions of the lemma imply from Lemma 5
that lim, .o Dy(S,) = 0. Define dy(S,:) = [5 |z
Yn.i||?g(x)dz. Fix ¢ > 0 and let A. = {z : g(z) > c}. Then

&= yn.il|2dz > ¢V (S, ;NA)THEG,

dg(Sn,i) > C/

Sn,iNA.

where G is the normalized second moment of a k-di-
mensional sphere (see, e.g., [16]). Since Dy(S,) =
> ;dg(Sn,i), this and the fact that lim, .o Dy¢(S,) = 0
imply lim,,_, o, max; V(S,; N A.) = 0, from which it fol-
lows that lim,,_,o, max; Py(S,; N A:.) = 0 by the absolute
continuity of P, with respect to the Lebesgue measure (see,
e.g., [2]). Note that Py (S ;) < Py(Sn,i N Ac) + Py (RF\ A.)
and so lim,_.o max; Py(Sn;) < Py (R¥\ A:). Since
lime_o Py (R¥\ Ac) = lime—o Py({z : g(z) < ¢}) = 0,
(109) follows.

The statement of the lemma follows by noticing that if
max; P,(S,;) < €/2, then there must exist a collection of
partition cells with total probability between €/2 and e. O

K. Proof of Lemma 11

The proof is very similar to [12, proof of Lemma 12] and
hence only details that are distinct from those in [12] are given.
For simplicity, we suppress the subscripts M, n in the quantizer,
encoder, and decoder and the subscript n in A,,.

By definition

/[d(zﬁ(@(m))) k

X lf(x) = fu(z)|dz|.
For any real number y, let y© = max(y,0) and y~ =
max(—y,0), so that
y=y =y, lyl=y"+y (110)

Then, (111), shown at the bottom of the next page, holds. The
pointwise upper bound (95) implies

/[w + (1= n)i(a(x)) + nin N + glnA]

X

4
f(x) = fM(«’U)] dx

2

</

Note that (110) and the fact that [[f(z) — far(z)]dz = 0 imply

k
< (—’y-l— (I1-=n)[-Inp* + 2] +7]lnCM>

+
f(z) = fM(ﬂ?)] da. (112)

Ju@=fut@) s = [17@)=ful)ds = 5l fuls
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and so the function Fp(z) = [f(z) — fM(ﬂ?)]"'/%Hf — furlla
is a pdf. Thus

/lw (1= e + aln N + gm]
' +
X [f(m) - fM(m)] dx
- <0(FM7A,n,q7€)> %Ilf — fulh
> <0(FM7A7n,q>)§||f—fM||1

k 1
> <_5m+h<FM>) SF = Sl (113)

where in the last step we used Lemma 4 to infer that
O(FrisAm,q) > 6(Fa, A, 0,q) together with the bound
of [12, Lemma 3]. From the proof of Lemma 12 in [12]

. 1
Jim SIF = falliA(Fa) = 0.
Letting by (M) = 3||f — farllilh(Far)| and combining the
upper bound of (112) with the lower bound of (113), we obtain

/lw + (1= () + gln A]

(114)

+

X [f(x) = fu(z)| do

k k
< {57—}—(1 —n)[=Inp*+ 2]+ nInCy + ilnw}

X %Hf— farlln + ba (M)

where by (M) — 0as M — oo by (114). A similar argument
shows that

HeBEED) 1+

X [f(«’v) —fu(x)| do

k k
< [i’y-i-(l —n)[-lnp* + 2]+ nlnCrn + glnvr}

% 2117 = Farlls + ba(M)
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where bo (M) — 0as M — oo. Let b(M) = by (M) + ba(M)
and combine these bounds with (110) and (111) to obtain the
bound of the lemma. (|

L. Proof of Lemma 13
To prove the first claim of the lemma, note that

1
L—pn

1

o T 7
Since — f(z) In f(z) is integrable by assumption, Cpy C Cpry1
andJ,,;», O = R*, the integral on the left converges to h( f)
as M — oo. This, together with limy;_. o, pps = 0, implies
limas oo h(far) = h(f), which is the first statement of the
lemma.

For the next part, recall that h(frr,m) = &(far,m) +

n(l — n)(©'(uw,n-) — O (u,ny)), where ¢(far,m) =

dz = (1=par)h(far)+(1=par) In

infad(far,m, A) and from (18)
e A) = 5 [ pre) M) e+ (- )
Cu
X fur(z) InA(z)dz + (1 —n)h(fu)
Cum

for any pdf A, for which the integrals are finite. Thus, we need
to prove that limps oo ¢(far,m) = &(f,n).

Suppose that Ajp; is approximately optimal for fjs
in the sense that ¢(fpr,m,A) < infad(far,n,A) + e
The density function Ap; can be thought of as a con-
ditional density function on C};. Following (26) de-
fine A(x) = f(x)"/*+2D/ [ f(y)/*+Ddy, which is
the optimal A for the full pdf f in the fixed-rate case.
Define a point density function (pdf) IA\MNOH R* by
A]u(x) = 1CM(ZE)AZM(:E)7T]\,[ + 10?”(.’17)1\(117), where

v = Jo,, Al@)dz so that

¢(f7 A]W? 77)
k

= —1n< F@A @ do+ f(a:)AM(:v)_Q/kda:>
2 JCu Cu

+(1— n)( C (2)In Ay (z)dz

+/ . f(z) In A]\[(.Q?)dll?) +(1_77)h(f)

M

(115)
| / [d(%ﬁ&“(x))) + (1= l(a(@) + gl N + S ln /\] lf(x) - fM(w>] dr
= _ - +
_ ‘/ ld(%ﬂ()‘a(fﬂ))) + (1= ml@a(x) + g N + S In /\] [f(d?) - fM(“?)] du
_ / [d(%ﬁ(a(@)) + (1= ml(a(z)) + gl N + Sl A] [f(x) - fM(@] dz (111
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In (2)Aps(z) 2 *dx +
Cu (&5

=1n | (1 - par)my.’"
Crr

- 1n< fM(x)AM(x)_z/kd:v) +In | (1= pa)my/* +
JCu

I < / fM(a:)AM(:c)_2/kdx> +enr

Far(@) A () > Fdae +
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(2)Aps(z) "2 *da

F(@)Aw) " do
Cu

oo, S@)R@) /¥
Je,, Tu(@)An(2)~2/kd

Then, from the definition of JAXM, the equation shown at
the top of the page holds, where limp; o€y = 0 as
M — oo, since limM_,OOpM = 1, lim]\,[_,ooﬂju = 1,
limp—oo fo f(x)A(z)~2/*dz = 0, and

far (QC)AM(;E)—Z/kdﬂj > el Farlle /et

Cum
—ellflerien ag M — 0.
Furthermore
f(x)In Ay (2)dz + f(x)In Ars(z)da
Cu Cy

= (1= pu) / Far(2)In Ang (2)dz + (1 — pag) InTas

+ (z)In A(z)dx

c
b C]\/I

= (1 — p]u) / f]\,[(l‘) In A]\[(l‘)dﬂ? + GGVI (116)

where lim s, €); = Osince f(x) In A(z) is integrable, which
ensures that [.. f(x)lnA(z)dz goes to zero as M — oo.

Combining (A1115) and (116) with the first statement of the
lemma, for all large enough M

inf $(f,n,A) < ¢(f,m, Anr)
S ¢(.f]W7777AM) +e€
<infa¢(far,m, A) + 2€

where the last inequality follows since Aj; is asymptotically
optimal. This proves that liminfy oo ¢(far,n) > &(f, 7).
Conversely, suppose that A is approximately optimal for f so
that ¢(f,n,A) < infrr ¢(f,n,A") + €. To form a candidate A
for fy, truncate A to Cj; and then renormalize, that is, form

Mz) = A@)lc, (2)/ [, Ay)dy. Then
infAd(far,m, A)
< ¢(far.m,A)
= S (1, (Rx)2))

+ (1= mh(fa) + (1 =) By, (mA(X))

— st (@=p [ ) U A"

+(1—=n)n </CM A(y)dy>

+(1=m)h(far)+(1=n) (1=par) /C £(2) In A()da

As M — oo, the right-hand side converges to ¢(f,n,A),
whence limsup,,_,.. ¢(far,n) < ¢(f,n), which finishes the
proof of the second statement. O
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