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Abstract

Given finite-dimensional random vectors Y, X, and Z that form a Markov chain in that order
(Y = X — Z), we derive the upper bounds on the excess minimum risk using generalized
information divergence measures. Here, Y is a target vector to be estimated from an
observed feature vector X or its stochastically degraded version Z. The excess minimum
risk is defined as the difference between the minimum expected loss in estimating Y from X
and from Z. We present a family of bounds that generalize a prior bound based on mutual
information, using the Rényi and a-Jensen-Shannon divergences, as well as Sibson’s mutual
information. Our bounds are similar to recently developed bounds for the generalization
error of learning algorithms. However, unlike these works, our bounds do not require
the sub-Gaussian parameter to be constant, and therefore, apply to a broader class of
joint distributions over Y, X, and Z. We also provide numerical examples under both
constant and non-constant sub-Gaussianity assumptions, illustrating that our generalized
divergence-based bounds can be tighter than the ones based on mutual information for
certain regimes of the parameter a.

Keywords: statistical inference; excess minimum risk; sub-Gaussianity; information
divergences; Rényi divergence; a-Jensen-Shannon divergence; Sibson mutual information;
variational characterizations

1. Introduction

The excess minimum risk in statistical inference quantifies the difference between the
minimum expected loss attained by estimating a (target) hidden random vector from a
feature (observed) random vector and the minimum expected loss incurred by estimating
the hidden vector from a stochastically degraded version of the feature vector. The aim of
this work is to derive upper bounds on the excess minimum risk in terms of generalized
information divergence measures such as the Rényi divergence [1], the a-Jensen-Shannon
divergence [2,3] and the Sibson mutual information [4,5].

Recently, several bounds of this nature, expressed in terms of information-theoretic
measures, have appeared in the literature, including [6-17] among others. Most of these
works have focused on the (expected) generalization error of learning algorithms. In [6], Xu
and Raginsky established bounds on the generalization error in terms of Shannon’s mutual
information between the (input) training dataset and the (output) hypothesis; these bounds
are tightened in [7] by using the mutual information between individual data samples
and the hypothesis. In [11], Modak et al. extend these works by obtaining upper bounds
on the generalization error in terms of the Rényi divergence, employing the variational
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characterization of the Rényi divergence [18-20]. The authors also derive bounds on the
probability of generalization error via Rényi’s divergence, which recover the bounds of
Esposito et al. [9] (see also [8,10] for bounds expressed in terms of the f-divergence [21]).
More recently, Aminian et al. [17] obtained a family of bounds on the generalization error
and excess risk applicable to supervised learning settings using a so-called “auxiliary dis-
tribution method.” In particular, they derive new bounds based on the a-Jensen-Shannon
and a-Rényi mutual information measures. Here, both measures are defined via diver-
gences between a joint distribution and a product of its marginals: the former using the
Jensen-Shannon divergence of weight « [3] (Equation (4.1)) (which is always finite), and the
latter using the Rényi divergence of order a. Beyond learning-theoretic settings, Rényi
divergence-based measures have also been successfully applied to classification problems,
including time series and pattern classification, via belief and fractal extensions of the
divergence [22-24]. In addition to information-theoretic approaches, generalization bounds
based on PAC-Bayesian theory [25,26], particularly those involving f-divergences and
Rényi-type divergences, have been actively studied. Separately, generalization bounds
based on the Wasserstein distance [27] have also been established as an alternative ap-
proach based on optimal transport techniques. Connections between generalization error
and transportation cost inequalities were explored in [28], recovering previous mutual
information-based bounds and deriving a family of new bounds. A convex analytic ap-
proach is taken in [29], where information-theoretic measures of the dependence between
input and output are replaced with arbitrary strongly convex functions of the input and
output joint distribution. The resulting new generalization bounds either complement
prior results or improve on these. Other works concerning the analysis of generalization
error include [12,30] for deep learning generative adversarial networks [31] and [16] for the
Gibbs algorithm (see also the extensive lists of references therein).

In this paper, we focus on the excess minimum risk in statistical inference. Our motiva-
tion is to generalize the results of Gyorfi et al. [14], who derived a mutual information-based
upper bound that applies to a broad class of loss functions under standard sub-Gaussianity
assumptions. Related but distinct work includes [13,15], where information-theoretic
bounds on excess risk are developed in a Bayesian learning framework involving training
data. Lower bounds on the Bayes risk in terms of information measures were recently
developed in [32]. The contributions of our paper are as follows:

*  Weextend the bound in [14] by introducing a family of bounds based on generalized in-
formation divergence measures, namely, the Rényi divergence, the a-Jensen—Shannon
divergence, and the Sibson mutual information, parameterized by the order a € (0, 1).
Unlike [11] and [17], where the sub-Gaussian parameter is assumed to be constant, our
setup allows this parameter to depend on the (target) random vector being estimated.
This makes our bounds applicable to a broader class of joint distributions over the
random vectors involved.

*  For the Rényi divergence based bounds, we adopt an approach similar to that of [11],
deriving upper bounds by making use of the the variational representation of the
Rényi divergence.

¢  For the bounds involving the a-Jensen—Shannon divergence and the Sibson mutual
information, we follow the methodology of [17], employing the auxiliary distribution
method together with the variational representation of the Kullback-Leibler (KL)
divergence [33].

*  We provide simple conditions under which the a-Jensen-Shannon divergence bound
is tighter than the other two bounds for bounded loss functions.

*  We compare the bounds based on the aforementioned information divergence mea-
sures with mutual information-based bounds by providing numerical examples.



Entropy 2025, 27,727

30f26

Our problem of bounding the excess minimum risk is closely related to recent work on
generalization error in learning theory. In both settings, the goal is to understand how much
performance is lost when a target variable is estimated from a less informative or trans-
formed version of the input. In learning theory, this is often studied through generalization
bounds, which compare the performance of a learned predictor on training and test data.
As already stated, several recent works have used information-theoretic tools—such as mu-
tual information and its generalizations—to bound the generalization error (e.g., [6,11,17]).
Although these works focus on algorithm-dependent error, the structure of the bounds is
similar to ours. Our bounds, instead, are on the excess minimum risk, which compares the
best possible performance using full observations versus using degraded ones. Still, both
approaches rely on similar tools, including variational characterizations and divergence
measures. In this sense, our work takes a different but related approach by studying the
basic limits of inference, rather than how well a particular algorithm performs.

This paper is organized as follows. In Section 2, we provide preliminary definitions
and introduce the statistical inference problem. In Section 3, we establish a family of
upper bounds on the excess minimum risk, expressed in terms of the Rényi divergence,
the a-Jensen-Shannon divergence, and the Sibson mutual information, all parameterized
by the order & € (0,1). We also present several numerical examples, including cases with
both constant and non-constant sub-Gaussian parameters, all of which demonstrate that
the proposed bounds are tighter than the mutual information bound for a range of values
of . Additionally, Section 3 includes an analytical comparison of the proposed bounds
under bounded loss functions. In Section 5, we provide concluding remarks and suggest
directions for future work.

2. Preliminaries
2.1. Problem Setup

Consider a random vector Y € R?, p > 1, that is to be estimated (predicted) from a
random observation vector X taking values in R7, g > 1. Given a measurable estimator
(predictor) f : R7 — R” and a loss function I : R? x R? — R, the loss (risk) realized in
estimating Y by f(X) is given by (Y, f(X)). The minimum expected risk in predicting Y
from X is defined by

Li(¥1X) = _inf_ EN(Y, (X)) M

where the infimum is over all measurable f.

We also consider another random observation vector Z that is a random transformation
or stochastically degraded version of X obtained, for example, by observing X through a
noisy channel. Here, Z takes values in R", * > 1, and Y, X and Z form a Markov chain in
this order, which we denote as Y — X — Z. We similarly define the minimum expected
risk in predicting Y from Z as

L(Y|Z) = inf EI(Y,5(2)) @
where the infimum is over all measurable predictors g. With the notation introduced above,
we define the excess minimum risk as the difference L; (Y|Z) — L; (Y|X), which is always
non-negative due to the Markov chain condition Y — X — Z (e.g., see the data processing
inequality for expected risk in [13] (Lemma 1)). Our objective is to establish upper bounds
to this difference using generalized information divergence measures.

In [14], the random vector Z is taken as T(X), a transformation of the random vector
X, where T : R? — R’ is measurable. The authors derive bounds on the excess minimum
risk using Shannon’s mutual information. Here, we generalize these bounds by employing
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a family of information-divergence measures of order « € (0,1), which recover Shannon’s
mutual information in the limits « — 0 or « — 1. Furthermore, we use an arbitrary random
vector Z, as the degraded version of the observation X instead of T(X). We also provide
examples where the various generalized information divergence-based bounds perform
better than the mutual information-based bounds of [14] for a certain range «.

We next state some definitions that we will invoke in deriving our results.

2.2. Definitions

Consider two arbitrary jointly distributed random variables U and V defined on the
same probability space (€}, M) and taking values in U and V, respectively. Let P; and Py
be the marginal distributions of U and V, respectively, and Py; y be a joint distribution over
U x V. We first provide definitions for the Rényi divergence-based measures.

Definition 1 ([1,34]). The Rényi divergence of order & € (0,00), & # 1, between the two
probability measures Py and Py is denoted by D, (Py||Py) and defined as follows. Let v be a
sigma-finite positive measure such that Py and Py are absolutely continuous with respect to v,
written as Py, Py < v, with Radon—-Nikodym derivatives ddivu = py and % = py, respectively.
Then

De(PyllPy) = Lilog[ [ (pu)*(pv)'—*dv] 1:f0 <a<lora>1land Py < Py
400 ifoa > 1and Py < Py.

Definition 2. The conditional Rényi divergence of order a between the conditional distributions
Py and Qy |y given Py is denoted by Dy (Py ;|| Q| Pu) and given by

Da(Py |y QviulPu) = Epy [Da(Pyjyu (- [U) [ Qvu (- [U)))], 3)
where Ep, [ - ]| denotes expectation with respect to distribution Py.

Note that the above definition of conditional Rényi divergence differs from the some-
what standard one, which is given as Du(Py;Pul|QvuLPu), e.g., see [35] (Definition 3).
We adopt the above definition because it is well-tailored to our setting, which allows sub-
Gaussianity parameters to be random. However, as « — 1, both notions of the conditional
Rényi divergence recover the conditional KL divergence, which is

Pviu
Dxv(PyullQviulPu) = Dxr(PyjuPullQviuPu) = Ep, [/ pviu log lW:U] d?’]~

We next provide the definitions for the a-Jensen-Shannon divergence-based measures.

Definition 3 ([2,3]). The a-Jensen—Shannon divergence for a € (0,1) between two probability
measures Py and Py on a measurable space (Q), M) is denoted by ]S, (Py|| Py ) and given by

]SIX(PUHPV) = DCDKL(PL[H(XPU + (1 - lX)pv) + (1 - lX)DKL(PvanPu + (1 - Dé)Pv), (4)
where Dy (+||-) is the KL divergence.

Definition 4. The conditional a-Jensen—Shannon divergence between the conditional distributions
Py and Qy |y given Py is denoted by ]Sy (Py)y || Quu|Pu) and given by

ISa(PyiullQuiulPu) = Epy [JSa(Pyju (- ) [[Qvu (- [U))], ®)

where Ep, [ - | denotes expectation with respect to distribution Py.
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Next we define the Sibson mutual information (of order «).

Definition 5 ([4,5]). Let « € (0,1) U (1,00). The Sibson mutual information of order « between
V and U is denoted by I3 (V; U) and given by

I3(v;U) = in D,(P, Py), 6
2 (V) o «(Pu,v||QuPy) (6)

where P (U) denotes the set of probability distributions on U.

It is known that D, (Py v
form expression for the minimizer and, consequently, for the Sibson mutual information

|QuPy) is convex in Qy [34], which allows for a closed-

I3(V;U) [9,36]. Let U* denote a random variable whose distribution achieves the minimum,
with the corresponding distribution Py;+. Then, the Sibson mutual information of order «
can equivalently be written as follows.

Definition 6 ([9]). Let v be a sigma-finite positive measure such that Py and Py Py are abso-
lutely continuous with respect to v X v, written as Py, PyPy < v X v, with Radon—Nikodym
derivatives(densities) dd(ljli"v/) = puyv and d;g/ ”XPJ/)) = pupv, respectively. For a € (0,1) U (1, 00),

the Sibson mutual information of order a between V and U can be written as follows:

I5(V;U) = Do(Puy || Pu-Pv), )

where the distribution Pyp+ has density

Remark 1. From Definition 6, we note that the Sibson mutual information of order a is a functional
of the distributions Py y and Py« Hence, from this point onward, we denote with a slight abuse of

pu(u).  (8)

notation the Sibson mutual information of order a between V and U by I3 (Py v, Py-).

We end this section with the definitions of the sub-Gaussian and conditional sub-
Gaussian properties.

Definition 7. A real random variable U with finite expectation is said to be o-sub-Gaussian for
some 02 > 0 if

242
AMU-E[U]) « TAT
logE[e | < 5

©)
forall A € R.

Definition 8. A real random variable U is said to be conditionally o>-sub-Gaussian given another
random variable V (i.e., under Pyyy) for some 02 > 0 if we have almost surely that

242
AMU=E[UIV)) 1) « AT
logIE[e V] < >

(10)
forall A € R.

Throughout the paper, we omit stating explicitly that the conditional sub-Gaussian
inequality holds almost surely for the sake of simplicity.
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3. Bounding Excess Minimum Risk

In this section, we establish a series of bounds on the excess minimum risk based on
different information-theoretic measures. Our approach combines the variational charac-
terizations of the KL divergence [33], the Rényi divergence [18], and the Sibson mutual

information [9] (Theorem 2), along with the auxiliary distribution method introduced
in [17].

3.1. Rényi Divergence-Based Upper Bound

We first state the variational characterization of the Rényi divergence [18], which
generalizes the Donsker—Varadhan variational formula for KL divergence [33].

Lemma 1 ([18] (Theorem 3.1)). Let P and Q be two probability measures on (Q), M) and
& € (0,00), & # 1. Let g be a measurable function such that e*~18 € L1(P) and ¢*8 € L1(Q),
where L1 (p) denotes the collection of all measurable functions with finite £'-norm. Then,

Da(P[IQ) =

a ~1)g(X X
a_llong[e("‘ 18X)] —log Eg[ersX)). (11)

We next provide the following lemma, whose proof is a slight generalization
of [11] (Lemma 2) and [14] (Lemma 1).

Lemma 2. Consider two arbitrary jointly distributed random variables U and V defined on the
same probability and taking values in spaces U and V, respectively. Given a measurable function
h:U xV — R, assume that h(u, V) is o> (u)-sub-Gaussian under Py and Py, forallu € U,
where E[o?(U)] < co. Then for & € (0,1),

|E[h(U, V)]-E[R(T, V)]| < \/QE[U-Z(u)] Da(PquJ|Pqu),

where U and V are independent copies of U and V, respectively, (i.e., Py y = PyPy).

Proof. By the sub-Gaussian property, we have that

logE{e(a—l)Ah(u,V)—]E[(a—l)/\h(u,V)|U:u] = u} - A% (o — ;)ZUZ(u) 12)
and oo
log]E[eocAh(u,V)flE[a/\h(u,V)]] < A g (u) (13)

Re-arranging the terms gives us

A% (a —1)%20%(u)

> +E[(1—a)Ah(u, V)|IU=u] (14)

~log E [ela-DARWY) |1 = M] > —
and
_AZachZ(u)
2

Note that by (12) and (13), el DAwV) ¢ El(PV‘u:u) and (V) ¢ £1(Py). By the
variational formula in (11), we have that

—log E[e"*(®V)] > — E[arh(u, V). (15)

o
a—1

Do (Pyy—ullPv) = log B[~ DAV |1 = 3] — log B[e*M(* V)], (16)
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Substituting (14) and (15) in (16) yields

o 2(q —1)202(u
DuPuucalPy) = 1 (-2 - g, v =)
2,22 u
- “‘%’” — E[aAh(u, V)]

Aa(1 —a)o?(u)
2

= aA(E[h(u, V)|U = u] — E[h(u, V)]) —

B A2a20? (u)
2

20{ 2 u
— WA (E[(u, V)|U = u] — E[h(u, V)]) — 221

2

The left-hand side of the resulting inequality

Nac?(u

ARG )\, VU = u] ~ Efh(, V) + DulPyjuy|Pv) = 0
is a non-negative quadratic polynomial in A. Thus, the discriminant is non-positive and
we have

2 ao? (u)
(@(E[r(u, V)IU = u] = E[h(u, V)]))" < 4| —5— ) Da(Pyju=ullPv)-
Therefore,
202 (u) Dy (Pyjyy—y || P
IE[h(u, V)|U = u] - E[h(u, V)]| < \/ ) “(“V”—”” 2] (17)

Since U and V are independent and Py = Py, we have that

Therefore, we have

[E[R(U, V)] = E[r(U, V)] = ‘/(E[h(lll V)IU = u] = E[(U, V)[U = u]) Py (du)

= | [ B, V)1 = ] =BG VI P )

< [1E(w, V)IU = u] ~ Elu(u, V)]|Pu(du) (18)
</ \/20-2<u>Da<iV|u_u||Pv>pu( o 9
<\/J 202(M)Pu(du)\/ 20 ) o)
_ \/ZW(UH DelZryillFrlP) o

where (18) follows from Jensen’s inequality, (19) follows from (17), (20) follows from the
Cauchy-Schwarz inequality and the definition of conditional Rényi divergence in (3) with

Da(Pyyl|Pv|Pu) = Eu[Da(Pyy (-[U)[[Py)]. O

Note that the Rényi divergence-based bound in Lemma 2 differs from that in [17]
(Theorem 3). In our approach, we consider sub-Gaussianity under both Py and Py, for
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all u € U, which allows for non-constant sub-Gaussian parameters. This leads to a more
general bound that applies to a broader class of loss functions.

We next use Lemma 2 to derive our theorem for the Rényi divergence-based bound;
its proof is an adaptation of [14] (Theorem 3).

Theorem 1. Let X, Y and Z be random vectors such that Y — X — Z, as described in Section 2.1.
Assume that there exists an optimal estimator f of Y from X such that 1(y, f(X)) is conditionally
02 (y)-sub-Gaussian under Pxz and Py zy—, forally € R?, ie.,

log E[eMI.f0)~El w02 7) < T (ZW

and

2 2
AL ) -ELfX)ZY=y) 7 y — ] <« T WA
logE[e |Z,Y =y] < >

forall A € Randy € R, where 0* : R — R, satisfies E[o?(Y)] < co. Then for « € (0,1),
the excess minimum risk satisfies

2
L) - 110 <\ Z2 O b by eyl @

Proof of Theorem 1. Let X, Y and Z be random variables such that Py; = Py|z, Px;z =
Pxiz, P = Pz and Y and X are conditionally independent given Z, ie., Pyx, =
Py|7Px|7Pz.

We apply Lemma 2 by setting U = Y, V = X and h(u,v) = I(y, f(x)). Consider
E[I(Y, f(X))|Z = z]) and E[I(Y, f(X))|Z = z] as regular expectations taken with respect
to Py x|z—; and Py g7_. Since Y and X are conditionally independent given Z = z and
P; = Pz, we have that

[E[I(Y, f(X))|Z =z]) - E[I(Y,

fFX)N|Z = 2])]
- \/2E{02(12|Z = 2] Da(Pxyy,z=z[IPxjz=z|Py|z=2)- (23)

Now,

[E[I(Y, f(X))] = E[I(Y, f(X))]|
< /!E[I(Y,f(x))\z =z]) —E[I(Y, f(X))|Z = 2])| Pz (dz)

S/<\/2E[02(Y)|z—z]

X \/Da(PXY,z_z||PX|z_z\Pyz_z))PZ(dZ)

< \/Z/E[UZ(Y)Z — 2]P,(dz)

y \// Da(Px|y,z—:|IPx|z=z|Py|z=2)

o

Pz(dz)

2
- \/ZE[UOC(Y)] Da(Pxy,z || Pxz| Py,z), (24)

where the first inequality follows from Jensen’s inequality and since P, = Pz, the second
inequality follows from (23), the third from the Cauchy-Schwarz inequality, and the equality
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follows from (3). Since Y and X are conditionally independent given Z, we obtain the
Markov chain Y — Z — X. Then, we have

), (25)

where the first inequality follows since Y — X — f(X), the second inequality holds since
Y — Z — X by construction, and the equality follows since (Y, Z) and (Y, Z) have the
same distribution by construction. Since f is an optimal estimator of Y from X, we also have

E[I(Y, f(X))]) = Li (Y[X). (26)

Therefore, using (25) and (26) in (24) combined with the fact that L (Y|Z) > L/ (Y|X), we
arrive at the desired inequality:

Li(Y[Z) = L (Y|X) < \/ZE[U;(Y)] Du(Px|y,z || Px|z|Py,z)-
O

Remark 2. Taking the limit as &« — 1 of the right-hand side of (22) in Theorem 1, we have that

L (Y1Z) = L{ (Y|X) < /2E[0?(Y)] Die.(Pxpy 21| Py 2| Pr. )

= \/2E[2(V)] (I(X;Y) — 1(Z:Y)), 27)

recovering the bound in [14] (Theorem 3).

As a special case, we consider bounded loss functions, which naturally satisfy the
conditional sub-Gaussian condition. The following corollary is an application of Theorem 1
under a fixed sub-Gaussian parameter. For completeness, we include the full proof.

Corollary 1. Suppose the loss function I is bounded, i.e., |||l = sup, ./ I(y, y') < oo. Then
for random vectors X, Y and Z such that Y — X — Z as described in Section 2.1, we have the
following inequality for « € (0,1) on the excess minimum risk:

l1leo | Da(Pxy,z||Pxz|Py,z)
V2 w

Proof. We show that the bounded loss function [ satisfies the conditional sub-Gaussian

Ly (Y]Z) = Li (Y]X) < . (28)

properties of Theorem 1. Since [ is bounded we have that for any f : R? — R”, x € R7 and
y €RP,1(y, f(x)) € [0,]/]|cc]- Then, by Hoeffding’s lemma [37], we can write

121342
+ -

log B[ W/ Z] < E[Al(y, £(X))|Z]) 5

and

121342

log B[ WD)z, Y = y] <EM(y, f(X)|Z,Y = y]) + 3
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for all A € Rand y € R. Rearranging the above inequalities gives us that I[(y, f(X)) is

conditionally %—sub—Gaussian under both Py 7 and Py 7 y_, forall y € RP. Then by (22),
we have

. . lleo [Da(PxjyzIlIPx|z|Py,z)
L1<Y|z>—L,<Yx>s”¢”§¢ vzl Xzl z) 29)

o

O

Remark 3. Taking the limit as « — 1 of (29) in Corollary 1 yields the mutual information-
based bound:

I
L (112) = 1 (1) < 102 /D (P 2Pz Prz)

_ 1l N 1(7
—W\/I(X,Y) 1(Z;Y), (30)

which recovers the bound in [14] (Corollary 1).

3.2. a-Jensen—Shannon Divergence-Based Upper Bound

We next derive a-Jensen-Shannon divergence-based bounds on minimum excess risk.

We consider two arbitrary jointly distributed random variables U and V defined on the
same probability space and taking values in ¢/ and V), respectively. Throughout this section,
we work with the joint distribution Py;y over & x V and the corresponding product of
marginals Py;Py. For convenience, we also define additional distributions that will play an
important role in the derivation of our bounds.

Definition 9. The a-convex combination of the joint distribution Py and the product of two
marginals Py Py is denoted by P&'X%, and given by

P = aPyy + (1—a)PyPy (31)
fora € (0,1).

Definition 10. The a-conditional convex combination of the conditional distribution Py, and the

marginal Py is denoted by P‘(/'T)u

and given by
Pl = Py + (1 - )Py (32)
fora € (0,1).

We first provide the following lemma, whose proof, given in Appendix A, is a slight
generalization of [17] (Lemma 2) and [14] (Lemma 1).

Lemma 3. Given a function h: U x V — R, assume that h(u, V) is 0% (u)-sub-Gaussian under

P‘(/Di?l=u for all u € U, where E[c?(U)] < oo. Then for a € (0,1),

JSu(Py,v||PuPy)
a(l—a)

[Epyy (U, V)] =Epypy [1(U, V)] < \/ZE[UZ(U)]

We next use Lemma 3 to derive our theorem for a-Jensen-Shannon divergence-based
bound. The proof of the theorem is relegated to Appendix A.
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Theorem 2. Let X, Y and Z be random vectors such that Y — X — Z, as described in Section 2.1.
Assume that there exists an optimal estimator f of Y from X such that 1(y, f(X)) is conditionally
02 (y)-sub-Gaussian under P>((|)Z Y=y = aPx|7y—y + (1 —a)Px|z forally € RP, ie.,

AMIfO)-E @ [1wf0)]) 2012
logE ) e PXiz,y=y < o> (y)A
Pxizy=y 2

forall A € Rand y € R, where ¢* : R — R satisfies E[0?(Y)] < co. Then for a € (0,1),
the excess minimum risk satisfies

LE(Y]Z) - LE(Y]X) < \/W

Remark 4. Taking the limit as « — 0 on the right-hand side of (33) in Theorem 2, we obtain

JSa(Py, %z Py|zPx|z| Pz)- (33)

Li (Y]Z) — L (Y|X) < /2E[02(Y)] (I(X;Y) — [(Z;Y)),

recovering the bound (27) of [14] (Theorem 3). Furthermore, taking the limit as « — 1 of the
right-hand side of (33) in Theorem 2, yields

Li(Y[Z) = L7 (Y]X) < \/ZE‘TZ DKL(PY\ZPX\ZHPY,X\leZ)

= \2E[2(V)] (L(X;Y) — L(Z:Y)), (34)

where L(U; V') := Dgp(PyPy||Py,v) is called the Lautum information between U and V, defined
as the reverse KL divergence (i.e., the KL divergence between the product of marginals and the joint
distribution) [38]. We, therefore, obtain an upper bound on the minimum excess risk in terms of the
reverse KL divergence.

We close this section by specializing Theorem 2 to the case of bounded loss functions,
hence obtaining a counterpart result to Corollary 1.

Corollary 2. Suppose the loss function | is bounded. Then for random vectors X, Y and Z such
that Y — X — Z as described in Section 2.1, we have the following inequality for « € (0,1) on the
excess minimum risk:

17l oo fsa(PYX\ZHPY\zPX|z|PZ)
V2 a(l—a)

3.3. Sibson Mutual Information-Based Upper Bound

Li(Y|2) = L{ (Y[X) <

(35)

Here we bound the excess minimum risk based on Sibson’s mutual information. We
recall from Definition 6 that U and V are jointly distributed on measurable spaces U/ and
V, with joint distribution Pi;  and marginals Py and Py, assuming that all distributions
are absolutely continuous with respect to a common sigma-finite measure v, with densities
pu, pv, and py v. Let U* denote the random variable whose distribution P+ attains the
minimum in the definition of the Sibson mutual information I3 (P v, Py+), with density
pu+ as given in (8). We now define an auxiliary distribution that will be central to the
derivation of the main bounds in this section.
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Definition 11. Let Py be a joint distribution on U x 'V determined by density py v that is
obtained by tilting (using parameter «) the densities py; v, pu+ and py as follows:
b ) — (P9 (pu (0)py ()0
WY IS (puy (0, 0)) (pu () py (1) A= du' do’

(36)

fora € (0,1).

We state the following lemma based on the variational representation of the Sibson
mutual information [9] (Theorem 2), which establishes a connection to the KL divergence.
The proof of the lemma follows from [17] (Lemma 3) and [36] (Theorem 5.1).

Lemma 4. For the distributions Py v, Py v and Py«Py we have

Py-Py) = (1 - a)I3 (P, Pu+).

aDkr (Pg pl[Puv) + (1= ) Dxr(Py

We now invoke a basic but important property of sub-Gaussian random variables that
will be used later in our analysis. Specifically, the set of all sub-Gaussian random variables
has a linear structure. This property is well established in the literature [39,40].

Lemma 5. If X is a 0%-sub-Gaussian random variable, then for any a € R, the random variable
aX is |a|o%-sub-Gaussian. If Y is a 0-sub-Gaussian random variable, then the sum X + Y is
sub-Gaussian with parameter (ox + oy )?.

We next provide the following lemma, whose proof is a slight generalization
of [17] (Theorem 4) and [14] (Lemma 1). The proof is given in Appendix B.

Lemma 6. Given a function h: U x V — R, assume that h(u, V) is 7*(u)-sub-Gaussian under
Py forallu € U and h(U, V) is %z—sub—Gaussian under both Py Py and Py y. Assume also that
logEp,,. [V (U] < oo. Then for a € (0,1),

s IS(Py v, Py
[y, (U, V)]~ Epyp, (U, V)]| < \/z(u — )02 + alogEp,, [ (U)]) W
We next use Lemma 6 to derive our upper bound on the excess minimum risk in

terms of the Sibson mutual information. The proof of the theorem is in Appendix B.

Theorem 3. Let X, Y and Z be random vectors such that Y — X — Z form a Markov
chain as described in Section 2.1. Assume that there exists an optimal estimator f of Y from
X such that I(y, f(X)) is conditionally *(y)-sub-Gaussian under Py, for all y € R, where
logEp, p,. , [e72(Y*)} < oo, and 1(Y, f(X)) is conditionally %—sub—Gaussian under both Py|7 Px,7
and Py x|z, i.e, forallA € R

log ]EPx\z

[e(?\(l(y,f(X)))IEPXZU(%f(X))])} B 72(3;)?\2

forally € RP,

IN

[e(h(l(Y,f(X)))—EpyZpXZ[l(Y,f(X))])} angz

log EPY|ZPX\Z

and bes
<LA.
- 8

logEp, [ewl(%f (X)) ~Ery y 5 [l(Y,f(X))])]
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Then for a € (0,1), the excess minimum risk satisfies

2((1 = a)o? + alp, [Py 2 (1*(Y*))])

Li(Y[Z) = Li (Y]X) < \/ Ep, [lg(pY,X\z/ PY*\Z)], (37)

where ®p, (V) = logEp, [e"] and the distribution Py.|7 has density
. :
/‘ pY,X|Z(y/x|Z) Ptz (x2)dx
py|z(y|z)px|z(x|z) x|z

/ (/(pyéiyx’lé;z;;'(i)/zﬂ Px|z(x'|z)dx’> Pyiz (' 12)dy’

Setting 7?(Y*) = ¢? and taking the limit as « — 1 on the right-hand side of (37)
recovers the mutual information-based bound (27) of [14] (Theorem 3) in the case of a

Py+z(ylz) = Pyiz(ylz).  (38)

constant sub-Gaussian parameter. We conclude this section by presenting a specialization
of Theorem 3 to the case of bounded loss functions.

Corollary 3. Suppose the loss function | is bounded. Then for random vectors X, Y and Z such
that Y — X — Z as described in Section 2.1, we have the following inequality for & € (0,1) on the
excess minimum risk:

[leo /(4 —3a)
<GV

3.4. Comparison of Proposed Upper Bounds

Lj (Y|Z) = Li (Y|X) Ep, [1£(Py xiz, Py+(z)]- (39)

In this section, we give a simple comparison of the upper bounds based on the a-Jensen-
Shannon divergence (Theorem 2) with those based on the Rényi divergence (Theorem 1)
and the Sibson mutual information (Theorem 3) for bounded loss functions. Similar to
[17] (Proposition 8), we provide a simple condition under which the upper bound based
on the a-Jensen-Shannon divergence is tighter than those obtained using the other two
divergence measures.

Proposition 1. Suppose the loss function is bounded. Let X, Y, and Z be random vectors such
that Y — X — Z, as described in Section 2.1. Then, for any « € (0,1), the a-Jensen—Shannon
divergence-based bound on the excess minimum risk,

1llo [TSa(Py x|l Py|zPx|z|Pz)
V2 a(l—a) ’

is no larger than both the Rényi divergence-based bound,

1|0 | Da(Px|y,zIIPx|z|Py,2)
V2 « ’

and the Sibson mutual information-based bound,

1 ) 4—3a
H\ﬂi (0(7)EPZ [IE(PY,X|Z/PY*‘Z):|’
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provided that
hb a hb e
1£03 S DtX(PX|Y,Z||PX‘Z | PY,Z)/ and 1 ED)C S ]EPZ [Ii(PY,X‘Z/PY*‘Z)}! (40)

where hy(a) = —aloga — (1 — a) log(1 — ) is the binary entropy function.

Remark 5. The function g(a) = hlbf(”;) is strictly increasing for « € (0,1), lim,_0g() = 0,
and lim,,_,1 g(a) = co. On the other hand, at least for finite alphabets, the information quantities
on the right-hand sides of the inequalities in (40), in general, converge to a positive constant as
« — 0. In this case, there always exists an a* € (0,1) such that the inequalities in (40) are satisfied
forall 0 < o < a*.

Proof. It is known that the a-Jensen-Shannon divergence is bounded above by the binary
entropy hy(«), with equality if and only if P and Q are mutually singular [3,41]. Applying
this we obtain
JSa(Py,xz [Py zPx|z | Pz) = Ep, []Sa (PY,X\Z(' | Z) || Py z(- | Z)Px|z (- | Z))}
< Ep, [hp(a)]
= hy(a).

Consequently, we obtain the bound

12]|oo ]Sa(PY,X\Z”PY\ZPX|Z|PZ)< Moo | hp(a)
V2 a(1—«) V2 Va(l-a)

Therefore, under the assumption that

hh n hb N
1 Ei < Du(Pxjy,z||Px|z | Py,z) and 1£i

< Ep, {Ig(PY,X\ZrPYﬂZ)}r

we conclude that the a-Jensen-Shannon bound is tighter than the other two bounds:

leo [JSa(Pyx|z[|PvizPxiz | Pz) _ |ll|co [ Pu(PxjvzlIPxiz | Pr,z)
V2 a(l—a) =2 X /
Illo |1Sa(PyxizIIPyizPxiz | Pz) _ ||l||eo /(4 —3a) 5
< * .
V2 a(l—a) - V2 « Ep, {Ia (PY,X\Z/ Py |z)}

O

4. Numerical Results

In this section, we present three examples where some of the proposed information
divergence-based bounds outperform the mutual information-based bound. The first
example considers a concatenated g-ary symmetric channel with a bounded loss function.
The remaining two examples involve Gaussian additive noise channels and loss functions
with non-constant sub-Gaussian parameters.

Example 1. We consider a concatenation of two q-ary symmetric channels, with input Y and noise
variables Uy and Uy, all taking values in {0,1,...,q — 1}. We assume that Y, Uy and Uy are
independent. The input Y has distribution p = [po, p1, . - ., pg—1], while the noise variables Uy and
Uy are governed by P(U; = 0) =1 —¢;and P(U; = a) = ¢;/(q—1) foralla € {1,...,9 — 1}
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and i = 1,2, where €1, €, € (0,1) are the crossover probabilities. The output X of the first channel
is given by
X =(Y+U;) mod g

and serves as the input to the second channel. The final output Z is then given by
Z = (X+ U) mod g,

which can also be written as Z = (Y 4+ Uy + Uy) mod g. This construction naturally induces the
Markov chainY — X — Z.

Using a 0-1 loss function (defined as 1(y,y') = 1(y # y'), where 1(-) denotes the indicator
function), we compute the bounds in Corollaries 1 and 2, corresponding to equations (28) and (35),
respectively, as functions of « € (0,1). Figure 1 compares the Rényi-based bound (28) and the
wJensen—Shannon-based bound (35) with the mutual information-based bound (27). Among the two,
the a-Jensen—Shannon-based bound consistently performs the best over a wide range of a values.
Moreover, as q increases in the g-ary symmetric channel, both the interval of a for which the proposed
bounds outperform the mutual information-based bound and the magnitude of improvement become
more pronounced. For this example, we set € = 0.15 and e; = 0.05. For ¢ = 10,100,200, we
generate input distributions by sampling from a symmetric (i.e., with identical parameters) Dirichlet
distribution on R1. Using a Dirichlet parameter greater than one gives balanced distributions that
avoid placing too much weight on any single symbol. For q = 2,3,5, the input distributions are
explicitly specified in the figure captions.

Finally, we note that in this example, the specialized bound for bounded loss functions derived
from the Sibson mutual information in Corollary 3 does not offer any improvement over the standard
mutual information-based bound (27) and is, therefore, not presented. In the next two examples, we
compare the aJensen—Shannon-based bound of Theorem 2 with the mutual information-based bound
for loss functions with non-constant sub-Gaussian parameters.

Example 2. Consider a Gaussian additive noise channel with input Y and noise random variables
Wy and Wy, where Y ~ N(0,62), Wy ~ N(0,0%), and Wy ~ N(0,03). Assume that Y is
independent of (W1, W) and Wy is independent of Wy. Define

X=Y+W

and
Z=X+W,=Y+W; +W,,

inducing the Markov chainY — X — Z.
We consider the loss function 1(y,y') = min{|y —y'|, |y — c|} for some ¢ > 0. For this
model, we observe that

Wy, (X)) = min{ly — fA(X)|, [y —c[} < |y —c| < |y[+ el =yl +¢,

where f* denotes the optimal estimator of Y from X. Thus, I(y, f*(X)) is a non-negative random
variable that is almost surely bounded by |y| + c. By Hoeffding’s lemma, it follows that this loss is

conditionally o (y)-sub-Gaussian under Px |z, Px|z,y—y and pl®) yfor all y € RP, with

X|Z,Y=

_ (ly[+0¢)?
‘72(]/) =" 3
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Furthermore, for 62 =1and (71-2 =1,i=1,2, we have that

(Y[ +0)

_ 1+c2+2c/2/7
1 = .

4

E[o?(Y)] :E{ ] = %E{|Y|2+62+Z|Y|C}
Hence, the conditions of Theorem 2 are satisfied. Figure 2 compares the a-Jensen—Shannon-

based bound in (33) with the mutual information-based bound in (27) for ¢ = 1. We observe that

the a-Jensen—Shannon-based bound is tighter for values of « approximately in the range (0,0.3).

Example 3. Consider a Gaussian additive noise model with input Z ~ N (0,6?) and two noise
variables Wy ~ N (0,0%) and Wy ~ N'(0,03), all mutually independent. Let X = Z + Wy and
Y = X+ Wy = Z 4+ Wy + Wy, inducing the Markov chain Z — X — Y, which is equivalent to
the Markov chain Y — X — Z.

We again consider the loss function 1(y,y’) = min{|y — /|, |y — c|} for some ¢ > 0,
and observe that 1(y, f*(X)) < |y| + ¢, where f* is the optimal estimator of Y from X. Hence,
the loss is (conditionally) o (y)-sub-Gaussian as in the previous example with o?(y) = %i)z.
For 0% = 2, 0% = 39 and 03 = 1, the expected sub-Gaussian parameter is

A2+ 242084/
— 1 )

Elo?(Y)]

Therefore, the conditions of Theorem 2 continue to hold.

In contrast to the previous example, where Y was the input and Z the degraded observation, this
example reverses that direction. Figure 3 compares the a-Jensen—Shannon-based bound in (33) with
the mutual information-based bound in (27) for c = 1. We observe that the a-Jensen—Shannon-based
bound is tighter for values of a approximately in the range (0,0.7).

—— Mutual Info. Bound —— Mutual Info. Bound
0.204 4 Renyi Div. Bound 0.255 Renyi Div. Bound
—— Alpha-]S Div Bound —— Alpha-JS Div Bound

0.202 4 0.250 1

0.200 4
0.245 1

0.198 4

0.240
0.196 1

0.194 0.235 4

0.192 4 0.230 4

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10

(a) g =2 with p =[0.3,0.7]. (b) g =3 with p = [04,0.2,04].

Renyi Div. Bound Renyi Div. Bound

—— Mutual Info. Bound 0.344 —— Mutual Info. Bound
—— Alpha-)s Div Bound 0.33 4 —— Alpha-JS Div Bound /

0.25 4

(c) g =5 with p =[0.25,0.1,0.4,0.15,0.1].
Figure 1. Cont.

(d) g = 10, with p drawn randomly.
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04731 —— Mutual Info. Bound —— Mutual Info. Bound
Renyi Div. Bound Renyi Div. Bound

0.450 1 —— Alpha-Js Div Bound 0.50 1 —— Alpha-Js Div Bound

0.425 i
0.45

0.400 1

0.375 4 0.40 4

0.350 4
0.35 4

0.3259

0.300 0304

0.‘0 0.‘2 0.‘4 0.‘6 0.‘3 1:0 0.'0 0:2 0:4 0:6 0.‘3 l.‘O
a a
(e) g = 100, with p drawn randomly. (f) g = 200, with p drawn randomly.

Figure 1. Comparison of bounds versus « on minimum excess risk for two concatenated g-ary
symmetric channels, where €; = 0.15 and e, = 0.05.

—— Mutual Info. Bound
—— Alpha-)s Div. Bound
0.21 4
0.20 A
0.19 4
0.18
0.17 1

0.0 0.2 0.4 0.6 0.8 10

Figure 2. Comparison of bounds vs « on minimum excess risk for a Gaussian additive noise channel
withc=1,62 =1 and (Tiz =1foralli=1,2.

—— Mutual Info. Bound
50 { —— Alpha-]S Div. Bound
45
40 -
35
30 A
25 A
D.IO 0:2 0:4 0:6 O.IB l.IO

a

Figure 3. Comparison of bounds vs « on minimum excess risk for a reverse Gaussian additive noise
channel withc =1, 62 = 2, (712 =39 and (722 =1.
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5. Conclusions

In this paper, we studied the problem of bounding the excess minimum risk in statisti-
cal inference using generalized information divergence measures. Our results extend the
mutual information-based bound in [14] by developing a family of bounds parameterized
by the order a € (0,1), involving the Rényi divergence, the a-Jensen—Shannon divergence,
and Sibson’s mutual information. For the Rényi divergence-based bounds, we employed
the variational representation of the divergence, following the approach in [11], and for
the a-Jensen-Shannon and Sibson-based bounds, we adopted the auxiliary distribution
method introduced in [17].

Unlike the bounds in [11,17], which assume the sub-Gaussian parameter to be con-
stant, our framework allows this parameter to depend on the (target) random vector,
thereby making the bounds applicable to a broader class of joint distributions. We demon-
strated the effectiveness of our approach through three numerical examples: one involving
concatenated discrete g-ary symmetric channels, and two based on additive Gaussian
noise channels. In all cases, we observed that at least one of our a-parametric bounds
is tighter than the mutual information-based bound over certain ranges of a, with the
improvements becoming more pronounced in the discrete example as the channel alphabet
size g increased.

Future directions include exploring bounds under alternative f-divergence measures,
developing tighter bounds for high-dimensional settings, and determining divergence rates
in infinite-dimensional cases.

Author Contributions: Conceptualization, investigation and manuscript preparation, all authors;
formal analysis and derivation, A.O.; validation and supervision, F.A. and T.L.; numerical simulation,
A.O. All authors have read and agreed to the published version of the manuscript.

Funding: This work was supported in part by the Natural Sciences and Engineering Research Council
(NSERC) of Canada.

Institutional Review Board Statement: Not applicable.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Acknowledgments: This work was presented in part at the International Symposium on Information
Theory and Its Applications, Taipei, Taiwan, November 2024 [42].

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A

Proof of Lemma 3. Assume that the function k(u, V) is 0?(u)-sub-Gaussian under the

- . ()
distribution Py ity

tion [33] for Di.(Pyju—y | P‘(/“‘)UZM

for all u € U. Then, by applying the Donsker—Varadhan representa-

), we obtain

DKL(PV|u:u||P‘(/’T)u:u) > ]Epv‘u:u[/\h(u,V)]—long‘(/ﬂk (M)
A202(u)

> Epv‘u:u [Ah(u, V)] — Ep(a) [AR(u, V)] — , (Al)

V|U=u

for all A € R. Rearranging terms, we obtain for all A € R and u € U/ that

2.2
A(Epm [h(u, V)] =B, [(x, v>]) < Dt (Pyju—allPyy,_,) + ”T”

V|U=u
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Similarly, using the assumption that the function h(u, V) is 0?(u)-sub-Gaussian under
P‘(ﬁ)u for all u € U and the Donsker—Varadhan representation [33] for Dy, (Py ||PVIu u),
we have for all A’ € R that

/\/20'2(1/1)

¥ (B b, V)] = By (40, V)] ) < Dia (B IPY) + 25

ViU=u

If A <0, then taking A’ = -5 A > 0 yields that

(a)
_ Dxe (Pyju=ullPy ;) N Ao (u)

EP‘(/'Tz,l:u [h(u, V)] = Epy,_, [h(u, V)] < A I (A2)
and
DKL(PVH Vitey)  MNo2(u
B [h(u, V)] ~ By (V)] < N'“+ o
V|U=u
Adding (A2) and (A3) yields for all A < 0 that
Ep, [h(u, V)] = Ep,,_, [h(u, V)]
DKL(Pv\u:u||P‘(/T)u:u) o> () D (Py || P} V|u ) L NPw)
= Al 2 A 2
B DKL(PV\LI:u”P{(/O‘(ZI:u) Ao (u) N DKL(pV||Pv|u W A0 (u)
B Al 2 A 2 7
aDk (P 1P ,) + (1= )DL (PYIPYL,) o2 (u) -
N alA| + 2(1—a)’ (Ad)
Similarly for A > 0, taking A’ = -%3A < 0, we have
Dxv(Py|u—u ”P\(/T)u:u) Ac?(u)
— <]EP\(/“L_M [h(u, V)] — EPVHJ:L: [h(u, V)}) < ) + 5 (A5)
and
DKL(PV”PVU )Mo (u
~ (Bl )] <y (0, v)]) < Jiuzd W s
V|U=u |/\ | 2
Adding (A5) and (A6) yields for all A > 0 that
~ (B, [1(u, V)] = Ep, ,_, [n(n, V)])
< ‘XDKL(PV\U u” V\u u) (1- “)DKL(PVH v\u u) I Ao (u) . (A7)
aA 2(1 —a)
From (A4) and (A7), we obtain the following non-negative parabola in terms of A:
(2w + A (Ep, (1w, V)] Ep, ,_, Ih(u,V)])
2(1 — “) Py ’ PV|U:u ,
a Dy (P + (1 — a)Dgp. (P P
+ KL( Viu= u” V|U u) ( ) KL( V” V|U u) >0, (A8)

14

where (A8) holds trivially for A = 0. Thus, its discriminant is non-positive, and we have
foralla € (0,1) that
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(#Dxe (Pyju—ullPf ) + (1 = ) D (P IR )
) a(l—a) '

Hence,

[Ep, [1(w, V)] = Ep,,,,_, [1(w, V)]

)> . (A9)

L (#DxePyucuIPY ) + (1= @) Die (PYII P,
<\ 2 ) a(l—a)

As a result, we obtain that
|Epy, [H(U, V)] — Ep,p, [R(U, V)]
= | [ 100 V)] = By 0, VD PuC)

< [ |Bnl1(u, V)] = Ep, ., [, V)] | Pu(d) (A10)

Dit (Pyiu—ullP®)_ )+ (1 — &) Dyr (Py || P
y sz) (D Pl + 0 - 0D B )Y

a(l—a)
< \// 202 (1) Py (du)

(#Dxe. (Pyju—allPy,_,) + (1 = ) D (Py I P,
x / a(l—a)

)> Py(du) (A12)

(A13)

W ()
— $E[202(u)] ((XDKL(PU/V”PU,V) I(il__:;)DKL(PuPV||PLI,V)>

_ \/E[ZUZ(U)] ! S"‘(f(ul'v_H%IPV), (A14)

where (A10) follows from Jensen’s inequality, (A11) follows from (A9), (A12) follows from
the Cauchy-Schwarz inequality, (A13) follows from the definition of the conditional KL
divergence and Definition 9 and (A14) follows from the definition of a#-Jensen-Shannon di-
vergence. [

Proof of Theorem 2. Let X, Y and Z be the same random variables defined in Theorem 1.
Similar to the proof of Theorem 1, we apply Lemma 3 by setting U = Y, V = X and
h(u,v) = I(y, f(x)) and taking regular expectations with respect to Py x|z, and Py g|7_..
Since Y and X are conditionally independent given Z = z such that Py 3,_, = Py|zPx|z
and P; = Pz, we have that

Epy . [ FOO)] = Epy o, 1Y, F(X))]
= [Epy [ F(X)] = By by, (1Y, (X))

2E[0?(Y)|Z =
S\/ [(;((1 1'06) Z]]SlX(PY,X\Z:zHPX|Z:ZPY\Z:Z)' (A15)
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Thus,

[, ([1(Y, f(X))] = Ep,  [I(Y, f(5))]
< [ |Bpy sy 10V FOO)) = En g, Y, £SO P2 (d2)

< / (\/ZE[O‘;CZ((lyzi): Z] ]S“(PY/X|Z:ZHPX\Z:zPy|Z:Z) ) Py, (dz)

Su(P P P
\/ /EO’Z )|Z = 2)P, (dz \//] Y, X|Z= 21”_Xplj —2Py|z-2) P, (dz)

2
- \/ZE[U()] JSa(Py xz||Py|zPxz|Pz), (Al6)

a(l—a)

where the first inequality follows from Jensen’s inequality and since P; = Pz, the second
inequality follows from (A15), the third from the Cauchy-Schwarz inequality, and the
equality follows from (5). From proof of Theorem 1, we know that Y — Z — X forms a
Markov chain. Hence,

Epy ([1(Y, f(XD) = L (Y]2), (A17)
Since f is an optimal estimator of Y from X, we also have
Ep (1Y, f(X))]) = L; (Y|X). (A18)

Therefore, using (A17) and (A18) in (A16) combined with the fact that L7 (Y|Z) > L; (Y|X),
we arrive at the desired inequality:

Li(¥]2) - L (¥]X) < \/ 2T 1502y Pial o)

O

Appendix B

Proof of Lemma 6. We first show that (U, V) — Ep, [h(U, V)] is 0>-sub-Gaussian under
Py y. By assumption, h(U, V) is %z-sub—Gaussian under Py y. It remains to show that the
term —Ep, [h(U, V)] is also %z-sub-Gaussian under Py . Observe that

Ep,, | (B HUV)I=Ery  [Er, [h(u,vn])} = Ep, [0} (B U] Ergn, V)]
< Ep,p, [EA(MLW)—EPUPV [h(u,vn)] (A19)
2.2
< exp(As") (A20)

where (A19) follows from Jensen’s inequality, and (A20) follows from the assumption
that h(U, V) is %z-sub-Gaussian under PyPy. Thus, Ep, [h(U, V)] is %z-sub-Gaussian un-
der PLI,V-

Therefore, by Lemma 5, it follows that —Ep, [#(U, V)] is %z-sub—Gaussian under Py v,
and hence the difference (U, V) — Ep, [1(U, V)] is 0>-sub-Gaussian under P; v, as claimed.
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Let g : U x V — Rbe defined by g(u,v) = h(u,v) — Ep,[h(u,V)]. Since h(U,V) —
Ep, [h(U, V)] is 0*-sub-Gaussian under Pi; y and by definition of g, we obtain that for all
AeR:

242
logEp, , {E(A(W'V)Epu,vlg(u,vn))] < % ‘

This can be re-written as
2 /\2

logEp,, [¢MUYN| < T2+ Ep, , Ag(U, V)], (A21)

Moreover, since h(u, V) is 'y(u)z—sub—Gaussian under Py for all u € U, it follows that for all
M eR,

2 ?
log Ep, [o(¥ (1) ra)))] < TCONT (A22)
Using the definition of g and applying the exponential to both sides, we obtain:

Ep, [ 0] < atcy

Taking the expectation with respect to Py« yields

f " ,YZ(U*)AIZ
Epyer, [(VEUV)] < B, [e ; }

Finally, taking the logarithm and noting that
Epy.py (U, V)] = Epypy (U, V)] = Epypy [2(U7, V)] = 0,

we conclude that

* Alz * *
logEp,.p, [exp(A'(g(U*,V)))] < TIOngu* 7" (U] +Ep,.p, [A'g(U*, V)].  (A23)

Using the Donsker—Varadhan representation for DKL(PQ,V | Puv) [33] and inequality (A21),
we have for all A € R that

Dkw (P pllPuy) > Ep, , [Ag(U, V)] —logEp, , [*$HY)]

PN 02A?
> Ep, , \S(0, V)] — Ep,, Ag(U, V)] - T2
Rearranging terms yields
A 0.2/\2
/\<EPU,V [g(U, V)] —Ep,, [g(U, V)]) < D (P plPuy) + —— (A24)

Note that
IEpu,v [g(ur V)] = IEPu,v [(h(u/ V) - ]EPV [h(u/ V)])] - ]EPu,v [h(ur V)] - IEPqu [h(ur V)]

Similarly, using the Donsker-Varadhan representation for Dy (Py v || Pus Pyv) [33] and in-
equality (A23), we have forall A’ € R:
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~ A2 2+
A (Epy [8(0, V)] = En,.py [3(U*, V)]) < Dicw(Pyp | Pu-Py) + 5 log Ep (1)), (A25)
If A > 0, then choosing A’ = 25 A < 0, we have from (A24) that
. DxL(PgpllPuy) = oA
Epy o l8(U, V)] = Epy, [g(U, V)] < 5 + (A26)
On the other hand, since Ep,. p, [¢(U*, V)] = 0, (A25) yields with A’ = 2251 < 0:
. A Dy (Py pllPuPyv) [N 2017+
—Ep,,[8(0, V)] < 0y ‘2 | log Ep,,. [e" (17)]. (A27)

Adding (A26) and (A27) yields that for all A > 0:

Dx(PgpllPuy)  o®A | Dxu(PypllPu-Pv) |V

-E < N oo E A (U*)
pulv[g(U,V)] = A > + V] + 2 log Ep,. le }
Dxr(Pg pllPuyv)  o2A  Dxu(Pg pllPu-Py)
=+ —+ A
A 2 )

o

A 2017%
+ 1 2”‘ logEp,. [e” u )]
aDxr (Py yl|Pu,v) + (1 — a) Dk (Py v || PusPv)

aA
(1—a)o? +alogEp,. [e”’zw*)}

+/\( =2 . (A28)

Similarly for A < 0, choosing A’ = ~#5A > 0, we have from (A24) and (A25) that

o DxL(PgyllPuy) — o?|A
~ (B 30, V)] — By s, V)]) < == A )
and
Dxr(Py yllPu<Py) N 2017

Ep, ,[g(U, V)] < o + 7 logEp,. [¢” . (A30)

Adding (A29) and (A30) yields forall A < 0and A’ = 225 A > 0 that

Dxv.(Py pllPu,v) 0'2|M+DKL(P[1,VHPLI*PV) A

2 *
]EPU,V [g(u’ V)} < + ? logEPu* [e"/ (u )}

By 2 pY,
DxL(PgpllPvu) 02| Dxu(PgypllPu-Py)
_ n !
Al 2 x|l

A x
+ I8 log By, o7 (U)]
aDx(Py yl|Pv,u) + (1 — &) Dk (Py p || Pu+Py)
a|Al

N (1—a)o?+alog Ep,. [eVZ(U*)}
+ 1Al 2(1—a) '

A

(A31)
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Considering (A28) and (A31), we have a non-negative parabola in A given by

(1-a)0® +alogEp,. [r" )]
AZ( A -a) = Ay (U, V)] = Epyp, [1(U, V)] )
L 4P (PapllPuy) + (10: o) Dkt (P || Pu+Py) o

whose discriminant must be non-positive (for A = 0, the above inequality holds trivially).
Thus, forall « € (0,1),

‘EPU’V [h(U, V)] —Ep,p, [h(U, V)]’

_ \/2 (1 — a)o? + alogEp,, [e7*(U7)])

(1—a)
. J <aDKL<Pa,V|Pu,v> *+ (1 DBy 1Py ) A
Finally, invoking Lemma 4 we obtain
B,y (U, V)] = Enyr, (U, V)] < ¢ 2((1 - )0 + alog g, ) BEPLLE) (555

O

Proof of Theorem 3. Let X, Y and Z be the same random variables as defined in
Theorem 1. We also consider the distribution Py-|7 given by py- 7 (y|z) in (38) obtained
from Definition 6 by considering the distributions Py x| and Py|zPx|z.

We apply Lemma 6 by setting U = Y, V = X and h(u,v) = I(y, f(x)) and taking
regular expectations with respect to Py x|7—, and Py x|_.. Since Y and X are conditionally
independent given Z = z such that Py 5|, = Py|zPx|z, and P; = Pz, we have that

Epy LY f(X)] = Epy g, (1Y, f(X))]|
= |EPY,X\Z:Z [Z(Y’f(X))} _EPy\z:ZPX\z:Z [l(Y,f(X))H

) \/2((1—“)02+“¢Y*Z—Z(YZ(Y*)))

IR(Py x|7—2 Pysjz—2).  (A34)
Now,

[, 1Y, £(X))] = En, [T, £(R))]
Ep, [, 1Y, F(X))] = Ep, o, (Y, F(R))]]|

< Ep, [y, 1Y, £0)) = Ep, o, (Y, FR)))]]

< Ep,

\/2((1 —0)0? + aDy. 7, (V2(Y*))) Lf(Py,x|z:lXZ, Py.jz—) }

< JZEPZ [((1—“)‘72+“@y*|z=z(72(y*)))]EPz x

I3 (Py x|7—2 Py 7=2) }

_ f((l—a)az+aEpZ[<1>w|z<72<Y*m>

x Ep, [L’%(PY,X\Z'PY*\Z)}/ (A35)
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where the first equality holds since P; = Pz, the first inequality follows from Jensen’s
inequality, the second inequality follows from (A34), and the third inequality follows from
the Cauchy-Schwarz inequality. From the proof of Theorem 1, we know that Y — Z — X
forms a Markov chain. Hence,

Epy ([1(Y, f(X))]) = L} (Y]Z). (A36)
Since f is an optimal estimator of Y from X, we also have
Ep, (1Y, f(X))]) = L{ (Y|X). (A37)

Therefore, using (A36) and (A37) in (A35) along with the fact that Ly (Y|Z) > L/ (Y|X), we
arrive at the desired inequality:

Li(Y|2) = Li (Y[X)

_ \/2((1 — a)o? + aEp, [Py z(v?(Y*))])

‘x Ep, [IE(PY,X|ZfPY*\Z)]
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