Unit #9 : Definite Integral Properties; Fundamental Theorem of
Calculus

Goals:
e Identify properties of definite integrals
e Define odd and even functions, and relationship to integral values
e Introduce the Fundamental Theorem of Calculus

e Compute simple anti-derivatives and definite integrals

Reading: Textbook reading for Unit #9 : Study Sections 5.4, 5.3, 6.2
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Properties of Definite Integrals

/3
Example: Sketch the area implicit in the integral / cos(x) dx
—7/3

/3 3
If you were told that cos(x) dr = g, find the size of the area you
sketched. @

@:27\@ :Q(g):‘z%' W;h’
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This example highlights an important and intuitive general property of definite
integrals.

Additive Interval Property of Definite Integrals
[ #ayde= [ pw) do é fayde o0
J J J
Ezplain this general property—n words and with a diagram. "\“3 / —Ti‘{S

azA =& =4
p S=2"N
-C
-x,-.:.':—B *= g
p
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A more rarely helpful, but equally true, corollary of this property is a second
property:

Reversed Interval Property of Definite Integrals

b -
L f(x) dr = —ﬁf(l’) dx
a z Jdb

/3 0

Use the integral / cos(x) dx + / cos(x)dx, and the earlier interval prop-
0 /3
erty, to illustrate the reversed interval property.
C\\’T‘ \ loio
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Grve a rationale related to Riemann sums for the Reversed Interval property.

——
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Even and Odd Functions

These properties can be helptul especially when dealing with even and odd func-
tions.
Define an even function. Give some examples and sketch them.

S(xy = ¥l

S .&,'\;C._ o3, <=0
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Define an odd function. Give some examples and sketch them.

iy = = § (=)
| - N

sprard e Foomgh (00
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Integral Properties of Even and Odd Functions
Find a property of odd functions when you integrate on both sides of x = 0.
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Find a property of even functions when you integrate on both sides of x :

N a ..... ..... 44444 .....

53“‘"’“‘"-‘- 2*3 gr4x YN
I

—C— ) ..... ..... _C\ ,,,,
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( -lo=50

Linearity of Deﬁgute Integrals V%

b
Example: [f/ f(z) dx = 10, then what is the value Of/ 5f(x) dx?

Sketch an area rationale for this relation.
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/ \
|

b /b
Example: [f/ f(x) dx = 2, and/ g(x) dz =4 then what is the value of

b
/ é‘(m) + g(m))dm? Again, sketch an area rationale for this relation.

—f‘f—'\.‘/‘_‘\-—-/

= ¥4 =6 .
5
B(QQL\ \—3(‘»)) dx = S\-?-{;c) X -\-Sﬁfl)cﬂx

[ .
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Linearity of Definite Integrals

/kf da:—/f
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Simple Bounds on Definite Integrals
Example: Sketch a graph of f(x) = 5sin(27x), then use it to make an area

arqument proving the statement that

d’x.,

> 5

0 g/ 5 sin (2_7_m)/§§
0 ey
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Simple Maximum and Minimum Values for Definite Integrals
If a function f(x) is continuous and bounded between y = m and y = M on the
interval [a, b, i.e. m < f(x) < M on the interval, then n

b
mib—a) < [ fa) dv< MO —

I

Note that the maximum and minimum values we get with the method above are
quite crude. Sometimes you will be asked for much more precise values which can

often be just as easy to find.
prs

1
Example: Use the graph to find the exact value of /_'SSin(Qms) i.e. not
0

Just a range, but the single correct area value.

|

(VA
?
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Relative Sizes of Definite Integrals
Example: Two cars start at the same time from the same starting point.

For the first second,

e the first car moves at velocity vi =t, and

o the second car moves at velocity vy = t2.
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Which car travels further in the first second? Relate this to a definite integral.

MO AL o {'6[01]1 > law \TAWJ Mf’
(or S Sfﬁﬁe')

Comparison of Definite Integrals
If f(z) < g(x) on an interval [a, b], then

/f m</<>d
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The Fundamental Theorem of Calculus

Reading: Section 5.3 and 6.2

We have now drawn a firm relationship between area calculations (and physical
properties that can be tied to an area calculation on a graph). The time has now
come to build a method to compute these areas in a systematic way.

The Fundamental Theorem of Calculus

If f is continuous on the interval |a, b|, and we define a related function F'(z) such
that F'(x) = f(x), then Pl\’() LN P
g) b NN ‘H.; _
| <
wo®  org~d f(x) dz = F(b) — F(a) s
N—“-‘*Q . SQJMN— F ()t)

e PSS

= v

s o —ndtd
wjlwﬂu&‘iw
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The fundamental theorem ties the area calculation of a definite integral back to
our earlier slope calculations from derivatives. However, it changes the direction

in which we take the derivative: (o= ?' ([+)
Uv‘_‘,}é e Given f(x), we find the slope by finding the derivative of f(x), or f'(x).
2 b
" e Civen f(x), we find the area / f(z) dz by finding F(x) which is the anti-
O derivative of f(x);ie. a function F(x) for which F'(x) = f(x). o

%,{ |
F —> S
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In other words, if we can find an anti-derivative F'(z), then calculating the value
of the definite infegral requires a simple evaluation of F(x) at two points (F'(b) —
F(a)). This last step is much easier than computing an area using finite Riemann
sums, and also provides an exact value of the integral instead of an estimate.

——————S—
[
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Example: Use the Fundamental Theorem of Calculus to find the area
bounded by the x-axis, the line v = 2, and the graph y = x°. Use the fact that

4 (L) 22
: <31 >/l . | FEC

" O ~ F©
\ 'é,.cl R \’CL)

%/ 3

65 -3 = B b
o ?(7"’) 2 >
(W= r
0/'& g ) - “z__‘vy’)
_ ¥
e - (x)
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Sketch the area interpretation of this result.

21
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1
We used the fact that F(x) = §$3 is an anti-derivative of x°, so we were able
use the Fundamental Theorem. \%4:;;"/;
Give another function F(x) which wouldwiso satisfy — F(x) = z°.
P dx
e~
iy = Ly Const - x?
F(x) = 6}/ —\—S‘V’U S Qf(x)—?ﬁ’ +Q

\%7

AX
Use the Funanmental Theorem again with this new function to find the area
implied by / z? de. hak / ‘\_ ( ) & o
0 3 > = 3 JTO =
o Fiy= A+ (F = o= _§6

~n — (D
2) () m
S){}dk :_(351 +Dr) (Lo H?r)

-0 skw@)s)c’e B‘YMN
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Did the area/definite integral value change? Why or why not?

NO: ;@L. F(Q — ﬁ:(a"x

o n P B T.C
S )| w (J‘- cemd’) L-J\U
Comce\ ouk 'E/v«@wﬁmoﬂ 2sedoetion,

Based on that result, give the most general version of F(x) you can think of.

d
Confirm that — F(x) = x°.

dx
3
F (x)= —\:’; = T C/\\Jé/dx
Y = /(ﬂ) = (%;cz )"F O
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With our extensive practice with derivatives earlier, we should find it straightfor-
ward to determine some simple anti-derivatives.
Complete the following table of anti-derivatives.

function f(x) |anti-derivative F(x) dii)s ‘{ )

M~ &/Cb(

- p =
T o ) \o R :
- L A Sy Soands LU@'»M_E
o
r? + 3:1:‘— 2x R 3/7- \ po=
1ox 43 -Jx +C
o~ R z
LAA—Q\V\-QCP-\-L‘)
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function f(z) | anti-derivative F(x)

COS T Sialx) +C
>/ax

— — sinx -"Co&():_) ‘\'C_

N
. \_?f/civ
T+ sinx (3 N (-—m(ﬂ> +C

Ll
2
fooul

25
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function f(x)

anti-derivative F(x)

SN

a/Al x
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The chief importance of the Fundamental Theorem of Calculus (F.T.C.)
is that it enables us (potentially at least) to find values of definite integrals more
accurately and more simply than by the method of calculating Riemann sums.
In principle, the F.'T.C. gives a precise answer to the integral, while calculatimg a
(finite) Riemann sum gives you no better than an approximation. 7

CEFT, 1D



28

Example: Consider the area of the triangle bounded by y = 4x, x = 0 and
x = 4. Compute the area based on a sketch, and then by constructing an
integral and using anti-derivatives to compute its value.
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Example: Use a definite integral and anti-derivatives to compute the area
under the parabola y = 6z° between v = 0 and x = b.

J




ch):_\ — F(:r,) = ﬂa(x) *+C
> P\/A/allx

The last entry in our anti-derivative table was f(x) = —. It is a bit of a special
T
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case, as we can see in the following example.

~1
1
Example: Sketch the area implied by the integral / — dx.
-3 X
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Example: Now use the anti-derivative and the Fundamental Theorem of

1
Calculus to obtain the exact area under f(x) = — between x = —3 and x = —1.

Make any necessary adaptations to our earlier anti-derivative table.
-\

Oon ( x
Lge = PO - B | J
S = yau

(5 T )
PARNNE ’“AEK@,QL?% ) \
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Anti-derivatives and the Fundamental Theorem of
Calculus

The F.T.C. tells us that if we want to evaluate

/abf(x)dx

all we need to do is find an anti-derivative F'(x) of f(x) and then evaluate F'(b) —
F(a).

THERE IS A CATCH. While in sew;;gases this really is very clever and straightfor-
ward, in other cases finding the anti-derivative can be surprisingly difficult. This
week, we will stick with simple anti-derivatives; in later weeks we will develop
techniques to find more complicated anti-derivatives.

Some general remarks at this point will be helpful.
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Remark 1 J}:ﬁ,\/A{ Lm\*a""'z
Because of the %ortance of finding an anti-derivative of f(x) when you want to

b
calculate / f(x) dz, it has become customary to denote the anti-derivative itself

by the Sym%ol
/f<513)d:13 _ o AL B ﬂ'%")
e dy Sy = Sedw g T

The symbol / f(x) dx (with no limits on the integral) refers to the

anti-derivative(s) of f(x), and is called the indefinite integral of f(x)

7 t(
Note that the definite integral is a number, but the indefinite integral is a function
(really a family of functions).
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Remark 2

Since there are always infinitely many anti-derivatives, all differing from each other
by a constant, we customarily write the anti-derivative as a family of functions, in
the form F'(x) + C. For example,

Note that an anti-derivative is a single function, while the indefinite integral is

a family of functions.

—

, sadude T
OLP_\,) e ;{—EON-Q
W e B
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Remark 3
b

Since the last step in the evaluation of the integral | f(z)dz, once the anti-

derivative ['(x) is found, is the evaluation F'(b) — (af, it is customary to write

place of F'(b) — F(a), as in C st Mu&s@\j 'Yz,r' L5 ole

Remark 4

The variable x in the definite integral / f(x)dz is called the variable of inte-

gration. It can be replaced by another variable name without altering the value of
the integral.
b b b
/ flajde= [ fwdu= [ s(0)as

\\@ﬁ\ R




