
Week #11 : Complex Eigenvalues, Applications of Sys-
tems

Goals:

• Solutions for the Complex Eigenvalue Case
• Further Applications of Systems of DEs

1



Complex Eigenvalue Case - 1

Complex Eigenvalue Case

First-order homogeneous systems have the standard form:

~x ′ = A~x

What happens when the coefficient matrix A has non-real eigenval-
ues?

(Note: for the remainder of the course, we will use the more tradi-
tional “i” instead of

√
−1; it will simplify some of the notation.)

Proposition. If the real matrix A has complex conjugate eigen-
values α± β i with corresponding eigenvectors ~a±~b i, then two
linearly independent real vector solutions to ~x ′ = A~x are

eαt
[
cos(βt)~a− sin(βt)~b

]
and eαt

[
sin(βt)~a + cos(βt)~b

]



Complex Eigenvalue Case - 2

Problem. Solve ~x ′(t) = A~x(t) where A :=

[
−1 2
−1 −3

]
.



Complex Eigenvalue Case - 3

~x1(t) = eαt
[
cos(βt)~a− sin(βt)~b

]
~x2(t) = eαt

[
sin(βt)~a + cos(βt)~b

]
~x ′(t) =

[
−1 2
−1 −3

]
~x(t)



Complex Eigenvalue Case - 4

~x1(t) = eαt
[
cos(βt)~a− sin(βt)~b

]
~x2(t) = eαt

[
sin(βt)~a + cos(βt)~b

]
~x ′(t) =

[
−1 2
−1 −3

]
~x(t)



Complex Eigenvalue Case - 5

~x ′(t) =

[
−1 2
−1 −3

]
~x(t)

Problem. Verify your solution is correct.



Complex Eigenvalues - Example - 1

Problem. Solve ~x ′(t) = A~x(t) where

A :=

1 0 0
2 1 −2
3 2 1





Complex Eigenvalues - Example - 2

~x1(t) = eαt
[
cos(βt)~a− sin(βt)~b

]
~x2(t) = eαt

[
sin(βt)~a + cos(βt)~b

]
~x ′(t) =

1 0 0
2 1 −2
3 2 1

 ~x(t)



Complex Eigenvalues - Example - 3

~x1(t) = eαt
[
cos(βt)~a− sin(βt)~b

]
~x2(t) = eαt

[
sin(βt)~a + cos(βt)~b

]
~x ′(t) =

1 0 0
2 1 −2
3 2 1

 ~x(t)



Complex Eigenvalues - Example - 4

~x1(t) = eαt
[
cos(βt)~a− sin(βt)~b

]
~x2(t) = eαt

[
sin(βt)~a + cos(βt)~b

]
~x ′(t) =

1 0 0
2 1 −2
3 2 1

 ~x(t)



Complex Eigenvalues - Example - 5

~x1(t) = eαt
[
cos(βt)~a− sin(βt)~b

]
~x2(t) = eαt

[
sin(βt)~a + cos(βt)~b

]
~x ′(t) =

1 0 0
2 1 −2
3 2 1

 ~x(t)



Non-Homogeneous Systems - 1

Non-Homogeneous Systems

We now expand our solution approach to include non-homogeneous
first-order systems:

~x ′(t) = A~x(t) + ~f (t)

To solve this non-homogeneous form, we will use the same method
as we used for higher-order systems, called the

method of undetermined coefficients.

Problem. What are the steps in this method?



Non-Homogeneous Systems - 2

Problem. Consider the DE system

~x′ =

[
6 −7
1 −2

]
︸ ︷︷ ︸

A

~x +

[
10e2t

0

]
The eigenvalues and corresponding eigenvectors for the matrix A in
the system above are

λ1 = 5, ~v1 =

[
7
1

]
λ2 = −1, ~v2 =

[
1
1

]
Find the general solution to the homogeneous part of the system.



Non-Homogeneous Systems - 3

~x′ =

[
6 −7
1 −2

]
~x +

[
10e2t

0

]
Assume a form for the particular solution for the non-homogeneous
form.



Non-Homogeneous Systems - 4

~x′ =

[
6 −7
1 −2

]
~x +

[
10e2t

0

]
Find the constants/coefficients in the particular solution.



Further Non-Homogeneous Examples - 1

Write out the form for the general solution to

~x′ =

[
6 −7
1 −2

]
~x +

[
2
−5t

]
in ~x = ~xc + ~xNH form.



Further Non-Homogeneous Examples - 2

Write out the form for the general solution to

~x′ =

[
6 −7
1 −2

]
~x +

[
sin(t)
sin(2t)

]
in ~x = ~xc + ~xNH form.



Further Non-Homogeneous Examples - 3

Write out the form for the general solution to

~x′ =

[
6 −7
1 −2

]
~x +

[
0

10e−t

]
in ~x = ~xc + ~xNH form.



Repeated Solutions in ~xc and ~xNH - 1

Repeated Solutions in ~xc and ~xNH
If a member of the differential family needed for ~xNH , say f (t), is
already present in ~xc, then you must include

t · f (t)

and all lower multiples of t in the assumed form for ~xNH .



Repeated Solutions in ~xc and ~xNH - 2

Problem. Write the form of the general solution to

~x′ =

[
6 −7
1 −2

]
︸ ︷︷ ︸

A

~x +

[
0

10e−t

]
in ~x = ~xc + ~xNH form. Recall: for this A matrix,

λ1 = 5, ~v1 =

[
7
1

]
λ2 = −1, ~v2 =

[
1
1

]



Repeated Solutions in ~xc and ~xNH - 3

Problem. Write out the form for the general solution to

~x′ =

[
0 1
−4 0

]
︸ ︷︷ ︸

A

~x +

[
sin(bt)

0

]
in ~x = ~xc + ~xNH form.
You are given that the eigenvalues of A are λ1,2 = 0± 2i and

~v1,2 =

[
0
2

]
±
[

1
0

]
i so

~x = c1e
0t
([

0
2

]
cos(2t)−

[
1
0

]
sin(2t)

)
+c2e

0t
([

1
0

]
cos(2t) +

[
0
2

]
sin(2t)

)



Repeated Solutions in ~xc and ~xNH - 4

Explain the conditions for resonance and beats in a first-order DE
system.



Modelling Systems - Interconnected Tanks - 1

Modelling Systems - Interconnected Tanks

Consider the tanks shown below, which show water flowing between
the tanks, and the concentration of a salt solution coming in. Within
each tank, the water/salt solution is kept well mixed.

Problem. If both tanks start with no salt, sketch what you expect
will happen to the concentration within each tank over time.



Modelling Systems - Interconnected Tanks - 2

Problem. Create a system of dif-
ferential equations that dictate
how the two tank concentrations
will evolve over time.





Tank System - Example 1 - 1

Problem. Predict the exact salt
concentrations over time by solv-
ing the system of linear differential
equations

d

dt

[
cA
cB

]
=

[−1
10 0
1
20
−1
20

] [
cA
cB

]
+

[
3
0

]



Tank System - Example 1 - 2



Tank System - Example 1 - 3



Tank System - Example 1 - 4

5 L/min

5 L/min

5 L/min

30 g/L

VA = 50 L

VB = 100 L

cA = −30e−t/10 + 30;

cB = 30e−t/10 − 60e−t/20 + 30
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b



Tank Model - Example 2 - 1

Consider the more complicated tank arrangement shown below.

7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L

Problem. Given that the initial concentrations are
cA(0) = 0 g/L and cB(0) = 90 g/L,
sketch what you would predict for the concentration in each tank over
time.



Tank Model - Example 2 - 2

Problem. Construct the differen-
tial equation for the salt concen-
tration in each tank, and write it
in matrix form.

7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L



Tank Model - Example 2 - 3

7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L



Tank Model - Example 2 Part 2 - 1

Problem. Predict the exact salt
concentrations over time by solv-
ing the system of linear differential
equations
d

dt

[
cA
cB

]
=

[
−0.09 0.02
0.18 −0.18

] [
cA
cB

]
+

[
2.1
0

]
7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L



Tank Model - Example 2 Part 2 - 2

7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L

d

dt

[
cA
cB

]
=

[
−0.09 0.02
0.18 −0.18

] [
cA
cB

]
+

[
2.1
0

]



Tank Model - Example 2 Part 2 - 3

7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L

d

dt

[
cA
cB

]
=

[
−0.09 0.02
0.18 −0.18

] [
cA
cB

]
+

[
2.1
0

]



Tank Model - Example 2 Part 2 - 4

Solution
7 L/min 9 L/min

2 L/min 7 L/min

30 g/L
VA = 100 L VB = 50 L

cA = −8(2)e−0.06t − 14(1)e−0.21t + 30

cB = −8(3)e−0.06t − 14(−6)e−0.21t + 30
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b


