Week #11 : Complex Eigenvalues, Applications of Sys-
tems

Goals:

e Solutions for the Complex Eigenvalue Case
e Further Applications of Systems of DEs




Complex Eigenvalue Case - 1

Complex Eigenvalue Case

First-order homogeneous systems have the standard form:
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What happens when the coefficient matrix A has non-real eigenval-
ues”’

(Note: for the remainder of the course, we will use the more tradi-

tional “¢” instead of y/—1; it will simplify some of the notation.)
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Complex Eigenvalue Case - 2

Problem. Solve Z/() = AZ(t) where A — lj _23] et
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Complex Eigenvalue Case - 3

T1(t) = e |cos(Bt)d — Sm(ﬁt)b}
c= _7% 1\ L (Ve mnguetoas) To(t) = e |sin(Bt)d + Cos(ﬁt)l;}
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Complex Eigenvalue Case - 4

] (L 1 To(t) = e™ =sin(5t)£+ cos(5t)
K2 = , :
[’L* f’L o ——\ &\ C
[——\] ( } SN
=< = -2 >=~
(-.‘\:\7)\-»- w——(AMY *—L_&NU)

[11__ icfx\ e 2y e Cac

U ss cxlla Hcora H SV \J’%LQ 6)\«:\3«-;9 Ny
~—1

U= C\Q—LE C“"’(“[ \-— o HJ[H
oR.S
o, @ . m&)), I CGS(’)')[ ]}

(e




Complex Eigenvalue Case - 5

DE 21 = [‘1 : ] 7t

W= 23
L HS
Problem. Verify your solution is correct. D
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Complex Eigenvalues - Example - 1

Problem. Solve Z'(t) = AZ(t) where
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Complex Eigenvalues - Example - 2
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Complex Figenvalues - Example - 3
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Complex Eigenvalues - Example - 4
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Complex Figenvalues - Example - 5




Non-Homogeneous Systems - 1

Non-Homogeneous Systems

We now expand our solution appr%acib to include non-homogeneous
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first-order systems:
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To solve this non-homogeneous torm, we will use the same method

as we used for higher-order systems, called the
rr}gthod of undetermined coeflicients.

Problem. What are the steps in this method?
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Non-Homogeneous Systems - 2

Problem. Consider the DE system
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The eigenvalues and corresponding eigenvectors for the matrix A in
the system above are
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Find the general solution to the homogeneous part of the system.
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Non-Homogeneous Systems - 3
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Non-Homogeneous Systems - 4
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Find the constants/coefficients in the particular solution.
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Further Non-Homogeneous Examples - 1

Write out the form tfor the general solution to . :
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Further Non-Homogeneous Examples - 2

Write out the form for the general solution to __  4.€F'Q 5&..‘_';\\7
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Further Non-Homogeneous Examples - 3

Write out the form for the general solution to - -
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Repeated Solutions in Z. and Zng -

Repeated Solutions in 7. and T g

[f a member of the differential family needed for Z g7, say f(t), is
already present in Zr. then you must include

Lt f(E),

and all lower multiples of ¢ in the assumed form for ¥y .
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Repeated Solutions in 7. and Zng - 2

Problem. Write the form of the general solution to
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Repeated Solutions in . and Znyg - 3

Problem. Write out the form for the general solution to
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Repeated Solutions in 7. and Zng - 4

Explain the conditions for resonance and beats in a first-order DE
system.
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Modelling Systems - Interconnected Tanks - 1

Modelling Systems - Interconnected Tanks

Consider the tanks shown below, which show water flowing between
the tanks, and the concentration of a salt solution coming in. Within
each tank, the water/salt solution is kept well mixed.
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Problem. If both tanks start with no salt, sketch what you expect

will happen to the concentration within each tank over time.
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Modelling Systems - Interconnected Tanks - 2

Problem. Create a system of dit- C= S
ferential equations that dictate V
how the two tank concentrations

will evolve over time.
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Tank System - Example 1 - 1

Problem. Predict the exact salt
concentrations over time by solv-
ing the system of linear differential

equations
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Tank System - Example 1 - 2
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A ()= Tank System - Example 1 - 3
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Tank System - Example 1 - 4
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Tank Model - Example 2 - 1

Consider the more complicated tank arrangement shown below.
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Problem. Given that the initial concentrations are (-
c4(0) =0 g/L and cg(0) = 90 g/L, < &8 cndaieg
sketch what you would predict for the concentration in each tank over

time.
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Tank Model - Example 2 - 2

tial equation for the salt concen- — =
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Tank Model - Example 2 - 3
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Tank Model - Example 2 Part 2 - 1

Problem. Predict the exact salt
concentrations over time by solv-
ing the system of linear differential
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Tank Model - Example 2 Part 2 - 2
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Tank Model - Example 2 Part 2 - 3
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Tank Model - Example 2 Part 2 - 4

Solution
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