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Consider a general system of two linear equations in two unknowns:
anT + apwr = b
o _axm + epm = b _
By eliminating variables we obtained the unique solution
asoby — ayabs
T =
11322 — 3218212

a1 by — ayby

_ ° 7 anox — ooz _ _
provided that the expression aiias» — as1a12 in the denominators is non-zero.

Motivated by this we define the determinant of a 2 x 2 matrix as follows:

If4= [ :; Z;j ] then det A = aj1002 — az1012.

How to remember the determinant of a 3 x 3 matrix.

Motivated by the solution obtained by elimination of variables for a general system of 3
equations in three unknowns we define
@11 @12 213
det | a1 ax a3
@31 @3 333

to be 011022033 =+ Q12823831 + 313021832 — 831 0228313 — G32023011 — 333021412,

This expression can be remembered in the following way. Write down the matrix, repeating the
first two columns:

a1 @12 613 611 812
a3 @3> 833 O3 8
a3l @32 633 031 B3

Then the terms with positive sign are the products of the downward pointing diagonals and the
terms with negative sign are the product of the upward pointing diagonals.

For example a11a22as3 is the product of the first downward diagonal and has a + sign, and
aszassaq IS the second upward diagonal and has a negative sign.

The above description of the determinant of a 3 x 3 matrix A is competely ad hoc. In order to
generalize to larger matrices we need a more conceptual approach:

Group the terms in det A as follows

311022033 + 312823831 + 213021832 — 031 822813 — 232023811 — 833821812 =
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aiif{axas; —as2a) — ara(as1833 — 823831} + ais{aziase — asaps) =

[
ayy det Qs> O3 — oo det a1 823 +agsdet | 22 @2 |
Q35>  Oa3 Q31 O33 a3 032

For any square matrix A, let A;; be the matrix obtained by crossing out the 2 row and the i

82 23 _ |62 a2 |, |ax 6z
) 2= = 13 = ay O3 .

column. Then A1 =
Q3> Q33 3y @33

Then the above expression for det A4 becomes

dEI:{A} =ayrdet Ay — a1 det Ays + oz det Ay ;.

Motivated by this example we define the determinant of an arbitrary square matrix recursively as
follows (starting with the determinant of a 2 x 2 matrix defined as before): det 4 =

andet Ajy —apdet A + ... (—1}“"’1{11“ det Ayn = ELI(—I}ﬂlﬂ.li det A,;.
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