
Math 211 — Mid Year Examination
16 December 2021

9:00–11:00

1. Please read the following instructions carefully.

This exam has to be done individually. Do not discuss these questions and/or
their answers with another person by email or otherwise. You can ask your in-
structor by email for clarification of the questions, if necessary.

This is an open book exam. You can use your notes and the Course Reader.

You can use a Casio 991 calculator, but no other electronic aids such as Maple,
Wolfram, etc.

On a piece of paper, write and sign the following sentence

”I have read and agree to abide by the instructions given in Question 1.”

and submit it as your answer to Question 1. If you do not do this, your exam
will not be marked.

2. (a) Find all the integer solutions of the Diophantine equation[4]

65x − 104y = 39.

(b) Find the general integer solution of the Diophantine equation[6]

195x + 130y − 104z = 39.

3. Compute the following remainders. Show and explain your work.

(a) rem(821, 22)[3]

(b) rem(563 + 792, 31);[3]

(c) rem(x20 − x2 + 1, (x − 2)(x − 1)).[4]

4. (a) Find all the solutions of each of the following congruences:[4]

(i) 60x ≡ 30 (mod 72);

(ii) 18x ≡ 24 (mod 48).
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(b) Use the Chinese Remainder Theorem to solve the following system of simul-[6]
taneous congruences:

x ≡ 1 (mod 5)

x ≡ 4 (mod 7)

x ≡ 5 (mod 12)

5. (a) Find all the complex roots of the polynomial f(x) = x4 + 64.[6]

(b) Sketch the location of the above roots in the complex plane. (Draw the
coordinate axes, choose suitable coordinates, and be sure to label the axes
and points properly.)

(c) Use the information from part (a) to find the factorization of f(x) into irre-
ducible polynomials over R.

6. Find the factorization of[6]

f(x) = x4 + x3 + x − 1;

into monic irreducible factors:

(i) over Q; (ii) over R; (iii) over C; (iv) over F5.

In each case, explain why the factors which you found are indeed irreducible.
[Hint: Note that i is a root of f ].

7. DO ONLY ONE OF (A) OR (B).[8]

(A) (i) Give the names of two theorems proved in class whose proof used Eu-
clid’s Lemma. (You do not need to state the theorems, just their names.)

(ii) State the (the first version of) Euclid’s Lemma and use it to prove that
if a, b, c are non-zero integers such that a|c, b|c, and gcd(a, b) = 1, then
ab|c.

(iii) Show by an example that the assertion of (ii) is false if the hypothesis
that gcd(a, b) = 1 is dropped.

or

(B) (i) Define what is meant by a root of a polynomial, and explain the connec-
tion between roots and factors of a polynomial.

(ii) Suppose that f and g are two monic polynomials of the same degree
such that f |g. Prove that f = g.

(iii) Let f(x) ∈ F [x] be a monic polynomial of degree n which has n distinct
roots α1, α2, . . . , αn ∈ F , where F is any field. Prove that f(x) has the
following factorization in F [x]:

f(x) = (x − α1)(x − α2) · · · (x − αn).
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