
Math 211

Assignment 16

Due 18 March 2022

1. Consider the difference equation an+3 + an+2 + an+1 + an = 0.[4]

(a) Write down the associated discrete linear system ~vn+1 = A~vn.

(b) Find a formula for An and use this to give an explicit expression for an in terms
of a0, a1 and a2.

2. (a) Consider the difference equation an+2 = (α + β)an+1 − (αβ)an, in which α 6= β[5]
are distinct complex numbers. Show that there exist constants a and b (depending
on a0 and a1) such that the solution has the form an = aαn + bβn, n = 0, 1, 2, . . .

(b) By substituting n = 0 and n = 1 in the above formula and solving a system of
equations, find a formula for a and for b (in terms of a0 and a1).

(c) Use your formulae of parts (a) and (b) to solve the difference equation

6an+2 = 5an+1 − an, a0 = 1, a1 = −1.

3. Let A = Af be the companion matrix of a polynomial f(t) = t4 − at3 − bt2 − ct− d.[2]
Prove that if λ is an eigenvalue of A, then ~v = (1, λ, λ2, λ3)t is a λ-eigenvector of A.

4. Each evening, a student either studies (S) or goes to a party (P ). If he studies one[5]
night, it is 70% certain that he will go to a party the next night. Also, if he goes to a
party one night, then the probability that he will party again the next night as well
is 60%.

(a) Summarize the above information in terms of a two-state Markov chain and write
down the transition matrix. (Be sure to identify the states!)

(b) If there is a 60% chance that he studies today, what is the probability that he
studies 2 evenings from now?

(c) Derive a general formula in terms of n for the probability pn that he will study n
days from today, assuming that he studies today.

5. MAPLE homework. Let A be the transition matrix of the card game example on p.[4]
261 of the text (Example 5.31).

(a) Find the eigenvalues of A.

(b) Find the constituent matrices Eik of A. [Suggestion: use the formula for the
constituent polynomials which given on p. 237.]

(c) Derive a formula for An and use it to calculate the probability pn that 7 is the
denomination of the highest card dealt on the n-th deal.

(d) Calculate pn explicitly for n ≤ 10.


