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Problem Set #b5 Posted: Tuesday, 22/11/2022
Due: Tuesday, 29/11/2022

1. Let M be a C*° n—manifold, and let wy, -+ ,wr € Q'(M). Assume that Vp € M, (wi(p), - ,wk(p)) is a linearly independent
family of T,y M. For each p € M, define the subspace A, of T, M by:
Ap = ﬂleker(wi (p)).

(a) Show that the assignment p — A, defines a C*° distribution A of rank n — k on M.
(b) Show that: A involutive < do'=0 mod w', -, Vie{1,--- k} (i.e. for each 4, for each p € M, there exist C'™
1-forms 77, - - -, m; defined in some open neighborhood U of p such that dw® = Z;?:l n; Aw’ inU.)

2. Let M be a C* manifold and let w € Q*(M) (k > 1). We wish to show that dw : X(M) x --- x X(M) — C*(M) is alternating
and C°°(M)—multilinear (and hence defines an element of Q¥ (M)). Recall that X' (M) denotes the C°°(M)—module of C*°
vector fields on M, and that for any C'°° vector fields X1, Xo,..., Xr4+1 on M, we have:

k+1
dw(Xl,...,Xk_;,_l) = Z(—l)”lw(Xl,...,Xi,...,Xk_H)
i=1

+ > (DX X)Xy Xy, Xy X)),
1<i<j<k+1
Clearly dw is R—multilinear.

(a) Show that for any ¢ € {2,3, .-,k + 1}, we have:

dw (X1, Xa, o, Xi) = —dw(Xi, X, ooy Xie1, X1, Xists ooy Xeg)-
(b) Deduce from (a) that dw is alternating.
(c) Let f € C°°(M); show that

dw(fX1, Xa, ..., Xpp1) = fdw(X1, Xa, ..., Xig1).

(d) Deduce from (b) and (c) that dw : X(M) X --- x X(M) — C*°(M) is C*°(M)—multilinear.

3. (Poincaré’s lemma) Let U C R™ be open and star-shaped Wit.h respect to 0, and let p € N*. Consider the R—linear map
K : QP(U) — QP71 (U), defined on a C°° monomial p—form adz® A --- A dz'® by

1 P o .
K(adz™ A---ANdz'?)|x = (/ a(tx)tpfldt> Z(fl)”lm” dziy A+ ANdx¥ A Ndx'?,
0

j=1
which we extend by R—linearity to QP(U). Show that
do K(w)+ K od(w) =w, Ywe QP(U)
4. Let G be a Lie group, and let g = T.G be its Lie algebra. For each g € G, define the mapping w(g) : T,G — ¢ by w(g)(v) =
TyLy-1(v). We define the mapping w : X(G) — C*(G; g) as follows: w(X)(g) = w(9)(X(g)), Vg € G.

(a) Show that w : X(G) — C*°(G;g) is C*°(G)—linear, and hence defines a C*° g—valued 1-form on G. w is called the canonical
1-form of G.

(b) Show that Vg € G, Lyw = w; i.e. the canonical 1—form of G defined above is left-invariant.

(c) The exterior derivative operator d is extended to g—valued forms on G as follows: Let (e;)j—; be a basis for g, and let n be
any g—valued k£ form on G. Then there exist uniquely defined smooth differential k—forms nt, - ,n" € QF(G) such that
n=>.1,n ®e;. We then define: dnp=>"7_, dn‘ ® e;.

For any two g—valued 1—forms «, 8 on G, the g—valued 1—form [«, 8] on G is defined by:
[, Blp(v, W) = [ap(V), Bp(W)] = [ap (W), Bp(V)],

Vp € G, Vv,w € T,(G).

Show that the canonical 1—form w satisfies:

dw + %[w,w} =0

(Maurer-Cartan structure equation).



