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1. Let M be a C∞ n−manifold, and let ω1, · · · , ωk ∈ Ω1(M). Assume that ∀p ∈ M , (ω1(p), · · · , ωk(p)) is a linearly independent
family of T ?

pM . For each p ∈M , define the subspace ∆p of TpM by:

∆p = ∩k
i=1ker(ωi(p)).

(a) Show that the assignment p 7→ ∆p defines a C∞ distribution ∆ of rank n− k on M .

(b) Show that: ∆ involutive ⇔ dωi ≡ 0 mod ω1, · · · , ωk, ∀i ∈ {1, · · · , k} (i.e. for each i, for each p ∈ M , there exist C∞

1-forms ηi1, · · · , ηik defined in some open neighborhood U of p such that dωi =
∑k

j=1 η
i
j ∧ ωj in U .)

2. Let M be a C∞ manifold and let ω ∈ Ωk(M) (k ≥ 1). We wish to show that dω : X (M)× · · · × X (M)→ C∞(M) is alternating
and C∞(M)−multilinear (and hence defines an element of Ωk+1(M)). Recall that X (M) denotes the C∞(M)−module of C∞

vector fields on M , and that for any C∞ vector fields X1, X2, . . . , Xk+1 on M , we have:

dω(X1, . . . , Xk+1) =

k+1∑
i=1

(−1)i+1ω(X1, . . . , X̂i, . . . , Xk+1)

+
∑

1≤i<j≤k+1

(−1)i+jω([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xk+1).

Clearly dω is R−multilinear.

(a) Show that for any i ∈ {2, 3, · · · , k + 1}, we have:

dω(X1, X2, . . . , Xk) = −dω(Xi, X2, . . . , Xi−1, X1, Xi+1, . . . , Xk+1).

(b) Deduce from (a) that dω is alternating.

(c) Let f ∈ C∞(M); show that

dω(fX1, X2, . . . , Xk+1) = fdω(X1, X2, . . . , Xk+1).

(d) Deduce from (b) and (c) that dω : X (M)× · · · × X (M)→ C∞(M) is C∞(M)−multilinear.

3. (Poincaré’s lemma) Let U ⊂ Rn be open and star-shaped with respect to 0, and let p ∈ N?. Consider the R−linear map
K : Ωp(U)→ Ωp−1(U), defined on a C∞ monomial p−form adxi1 ∧ · · · ∧ dxip by

K(adxi1 ∧ · · · ∧ dxip)|x =

(∫ 1

0

a(tx)tp−1dt

) p∑
j=1

(−1)j+1xijdxi1 ∧ · · · ∧ d̂xij ∧ · · · ∧ dx
ip ,

which we extend by R−linearity to Ωp(U). Show that

d ◦K(ω) +K ◦ d(ω) = ω, ∀ω ∈ Ωp(U)

4. Let G be a Lie group, and let g = TeG be its Lie algebra. For each g ∈ G, define the mapping ω(g) : TgG → g by ω(g)(v) =
TgLg−1(v). We define the mapping ω : X (G)→ C∞(G; g) as follows: ω(X)(g) = ω(g)(X(g)), ∀g ∈ G.

(a) Show that ω : X (G)→ C∞(G; g) is C∞(G)−linear, and hence defines a C∞ g−valued 1-form on G. ω is called the canonical
1-form of G.

(b) Show that ∀g ∈ G, L?
gω = ω; i.e. the canonical 1−form of G defined above is left-invariant.

(c) The exterior derivative operator d is extended to g−valued forms on G as follows: Let (ei)
n
i=1 be a basis for g, and let η be

any g−valued k form on G. Then there exist uniquely defined smooth differential k−forms η1, · · · , ηn ∈ Ωk(G) such that
η =

∑n
i=1 η

i ⊗ ei. We then define: dη =
∑n

i=1 dη
i ⊗ ei.

For any two g−valued 1−forms α, β on G, the g−valued 1−form [α, β] on G is defined by:

[α, β]|p(v,w) = [αp(v), βp(w)]− [αp(w), βp(v)],

∀p ∈ G, ∀v,w ∈ Tp(G).

Show that the canonical 1−form ω satisfies:

dω +
1

2
[ω, ω] = 0

(Maurer-Cartan structure equation).
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