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1. The sweet saga of Jacqueline and the beanstalk
You know how it is that sometimes a problem comes along that opens
up a whole new universe of interpretation for you?
It started with the “Jacqueline” problem which I have used for grade
11/12 students for many years. It’s a challenging problem––a mixture
of additive and multiplicative growth––but it works well as an exploration and can be tackled on many levels, elementary and sophisticated.
The beanstalk is now strong enough to climb. Jacqueline puts on her
jacq-boots, packs her jacq-cheese sandwich, takes up her trusty jacqknife, and begins her ascent. However, even as she climbs, the beanstalk
continues to grow. How fast is she climbing? How fast is it growing?
The problem to be solved is this––will she ever get to the top?
Here’s the data. The beanstalk is 200 m tall and grows at the rate of
2% per minute, and Jacqueline climbs at the rate of 5 m/min. But
there more to say. The beanstalk growth is uniform along its length in
the sense that every vertical section of the stalk increases in length at
that rate. So that, for example, when she is 50 m from the top, that 50
m length above her will increase by 2% in the next minute.
What makes the problem complicated is that both factors––Jacqueline
and the stalk––are changing continuously and for that case we need
the tools of calculus to make progress. However we can get a nice simplification by separating the two factors out. Here’s the final statement.
The discrete math version.
Jacqueline prepares to climb to the top of a 200 m tall beanstalk. Each
1-minute interval of her journey has two parts. In the first 30 seconds
the beanstalk grows by 2%, and Jacqueline takes a small rest (and perhaps even gets a chomp on her jacq-cheese sandwich). In the second
30 seconds she climbs 5 meters, and the beanstalk doesn’t grow. Note
that the growth of the beanstalk is uniform along its length, so that the
2% growth applies to every vertical section. Here’s the question: Does
Jacqueline ever reach the top, and if so, how long does it take?

art by meg

This problem seems at first to fit
the Grade 11 curriculum well, particularly with the tie-in to sequences and financial math (see below). But my experience is that it
works better at the grade 12 level.
It brings many of the grade 11
ideas together.

There’s more than one way to tackle this problem and you might do
well to go off somewhere at this point and see what approaches you
come up with. I will describe the approach that I have found works
best in a high school classroom.

peter.taylor@queensu.ca
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(a) Introduce variables.
Let
𝑧𝑛 = the height of the beanstalk
𝑦𝑛 = Jacqueline’s height
after n minutes. If we can find expressions for these in terms of n, we
can find out whether they ever become the same.
Finding 𝑧𝑛
We start with z––over each one-minute interval the beanstalk grows
by 2%. How do we write that? I ask the class for an equation telling us
what happens to z after 1 minute.
next𝑧 = 𝑧 + (0.02)𝑧
Using the subscripts:
𝑧𝑛+1 = 𝑧𝑛 + (0.02)𝑧𝑛
Can this be solved? Given that we start with 𝑧0 = 200, can we find an
expression for 𝑧𝑛 in terms of n? This is an important question but the
students don’t see right way what to do. I ask them to generate a few
values. They can do that by calculating them one at a time but that
doesn’t seem to help either. I ask them whether they can find 𝑧6 without calculating the intermediate values.

n
0
1
2
3
4
5
6

𝑧𝑛
200.0
204.0
208.1
212.2
216.5
220.8
225.2

There is silence. With any luck, someone will come up with the multiplication idea—put the two 𝑧𝑛 ′𝑠 together:
𝑧𝑛+1 = 𝑧𝑛 + (0.02)𝑧𝑛 = (1 + 0.02)𝑧𝑛 = (1.02)𝑧𝑛
Increasing by 2% is the same as multiplying by 1.02.
This is a hugely important insight.
So how do we go six steps? We multiply by 1.02 six times:
𝑧6 = (1.02)6 𝑧0 = (1.02)6 (200) = 225.23
And in general:
𝑧𝑛 = (1.02)𝑛 𝑧0 = 200(1.02)𝑛
We have “solved” the recursive equation for the sequence {𝑧𝑛 }.

peter.taylor@queensu.ca
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Finding 𝑦𝑛
Can we do the same thing with y? How does y change over each oneminute interval? That takes a bit of careful thought. If she is y meters
up the stalk, then in 1 minute that portion of the stalk will grow by 2%
and then she will climb 5 m:
next𝑦 = (1.02)𝑦+5
Using subscripts:
𝑦𝑛+1 = (1.02)𝑦𝑛 + 5.
Can this be solved to give us an expression for yn in terms of n? The
answer is but instead of that, I’m going to make a change of variable.
But first, I often find that the students want to:
(b) Hit the spreadsheet!
The spreadsheet is very happy to handle the recursive formulae for
both z and y and the results are tabulated at the right. It’s worth giving
it a careful look at see that does what you expect. We see that Jacqueline eventually does catch up to the top of the stalk and she gets there
sometime during the 82nd minute.
This gives us what is called a “numerical” solution. But of course we
still thirst for the elegance of algebra.
(c) Change of variable––focusing on x.
Before going there I am going to make an interesting change of variable. What we really want is to know whether Jacqueline gets to the
top. So let’s look specifically at the distance 𝑥𝑛 between Jacqueline and
the top of the stalk:
𝑥𝑛 = 𝑧𝑛 − 𝑦𝑛
In working only with x instead of with both y and z, we get a nice conceptual simplification.

n
0
1
2
3
4
5
6
7
8

z
200.0
204.0
208.1
212.2
216.5
220.8
225.2
229.7
234.3

y
0.0
5.0
10.1
15.3
20.6
26.0
31.5
37.2
42.9

9
10
11
12

239.0
243.8
248.7
253.6
.
.
.

48.8
54.7
60.8
67.1

70
71
72
73
74
75
76
77
78
79
80
81
82

799.9
815.9
832.2
848.9
865.9
883.2
900.8
918.8
937.2
956.0
975.1
994.6
1014.5

749.9
769.9
790.3
811.1
832.3
854.0
876.0
898.6
921.5
945.0
968.9
993.2
1018.1

How do we get a formula for 𝑥𝑛 ? Again, we use the recursive approach. Initially x is 200 m (the starting distance of Jacqueline from
the top). In each subsequent 1-minute interval, the beanstalk first
grows by 2% and the effect of that is to increase x by 2% and then
Jacqueline climbs 5 meters and the effect of that is to decrease x by 5.
Thus:
next𝑥 = (1.02)𝑥 − 5
Using subscripts:
𝑥𝑛+1 = (1.02)𝑥𝑛 − 5

peter.taylor@queensu.ca
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To complete the mathematical specification, we have include the initial condition. Where does x go from there?
Let’s calculate the first few values of x and see what happens. Using
the recursion:
x1 = 1.02x0 – 5 = (1.02)(200)–5
= 204 – 5 = 199
and x has decreased by 1 meter. Do it again:

n
0
1
2

xn
200.0
199.00
197.98

x2 = 1.02x1 – 5 = (1.02)(199) – 5
= 202.98 – 5 = 197.98
and this time the loss just exceeds 1 meter.
In fact if we stand back from the calculations just a bit we see that
with each step of the recursion, x is first increased (by 2%) and then
decreased (by 5). Now at the beginning when x is equal to 200, the
increase is 2% of 200 which is 4 and that’s smaller than the decrease
5. So the decrease exceeds the increase. And subsequently, when x
has become less than 200, the increase will be even less and so most
certainly smaller than the decrease 5. So x will certainly continue to
decrease overall––and furthermore by at least 1 meter each minute.
So we can conclude already that x must eventually become zero (and
before 200 minutes has passed!) and Jacqueline will certainly reach
the top.

This is one advantage of working
with x. We can argue easily that
Jacqueline must eventually reach
the top. But to find out how long
that will take requires the solving
of the recursion.

This is a significant and even surprising result. That if x decreases
over just one time-step, it will always decrease and in fact the
amount of the decrease will get bigger. The argument for this involves the relationship between additive and multiplicative growth
and I feel that it should be within the grasp of my students. Here it
is.
Over each time-step, x increases and then decreases, but the increase
is proportional to x (being 2% of x) while the decrease is constant
(always equal to 5). So if x becomes smaller over one time-step, its
one-step increase will also become smaller but its one-step decrease
will be the same, so its over-all one-step decrease will become bigger.
So we can conclude that x will eventually fall to zero. But how long
will that take––when will Jaqueline reach the top? To answer that
we will have to solve the recursion.

peter.taylor@queensu.ca
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Jacqueline’s climb.
The top red curve is the height z(n) of the beanstalk.
The lower red curve is Jacqueline’s height y(n).
The green lines are snapshots of the beanstalk at 10-minute intervals.
The distance left to climb x(n) is the distance between the two curves.

n
0
1
2
3
4
5
6
7
8

z
200.0
204.0
208.1
212.2
216.5
220.8
225.2
229.7
234.3

y
0.0
5.0
10.1
15.3
20.6
26.0
31.5
37.2
42.9

x
200.0
199.0
198.0
196.9
195.9
194.8
193.7
192.6
191.4

⋮

⋮

⋮

⋮

75 883.2 854.0
76 900.8 876.0
77 918.8 898.6
78 937.2 921.5
79 956.0 945.0
80 975.1 968.9
81 994.6 993.2
82 1014.5 1018.1

peter.taylor@queensu.ca
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24.8
20.3
15.7
11.0
6.2
1.4
-3.6
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(d) Solving the x-recursion.
Back to the recursion. What we would like is to get an expression for
x in terms of n. To do this, our strategy is to calculate the first few
terms, not numerically, but algebraically, and try to perceive a pattern. To have the best chance of recognizing any such pattern, we
introduce symbols to represent the “parameters” of the problem:
H = 200
d= 5
r = 1.02

the initial height of the stalk
the distance climbed/minute
the 1-minute multiplier for beanstalk growth.

The recursion is now written:
𝑥𝑛+1 = 𝑟𝑥𝑛 − 𝑑

There are many great lessons in
this unit. One of these is that
symbols are sometimes better
to work with than numbers––
the expressions stay cleaner.
You can see more easily what
happens to what.

𝑥0 = 𝐻

Let’s run it algebraically:

xn+1 = rxn – d
x0 = H
x1 = rH – d

x2 = r(rH–d) –d = r2H – rd – d
x3 = r(r2H – rd – d) – d = r3H – r2d – rd – d

Each time I put the value from
the line above into the recursion
again. At each step I have simplified the expression by removing the brackets, hoping that a
nice pattern will emerge. And it
does!

We can write this last equation:
𝑥3 = 𝑟 3 𝐻 − 𝑑(1 + 𝑟 + 𝑟 2 )
and we have a pattern that is easily seen to continue.
𝑥𝑛 = 𝑟 𝑛 𝐻 − 𝑑(1 + 𝑟 + 𝑟 2 + 𝑟 3 + ⋯ + 𝑟 𝑛−1 )
The expression in brackets is a geometric series and we have a formula for its sum. The first term is 1, the common ratio is r and there
are n terms. The sum is in the bracket below.

Note that to calculate the sum,
I have turned the terms around
so they are in ascending powers of r. The expression we
get is more familiar to the students.

1 − 𝑟𝑛
𝑥𝑛 = 𝑟 𝐻 − 𝑑 (
)
1−𝑟
𝑛

There we have it!––we have found a formula for 𝑥𝑛 . To simplify it,
we put the two 𝑟 𝑛 terms together (that's the piece that depends on
n.)
𝑥𝑛 =

peter.taylor@queensu.ca

𝑑
𝑑
+ 𝑟 𝑛 (𝐻 −
).
𝑟−1
𝑟−1

In the rewriting of the formula
I have recognized that r is
larger than 1, so I have written
r–1 instead of 1–r.
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Putting in the numerical values H = 200, d = 5 and r = 1.02:
𝑥𝑛 =

5
5
+ (1.02)𝑛 (200 −
)
0.02
0.02

= 250 + (1.02)𝑛 (200 − 250)
= 250 − 50(1.02)𝑛

We have a simple formula for Jacqueline’s distance from the top of
the stalk at any time n.
To calculate the time it takes her to get to the top, we set 𝑥𝑛 = 0:
0 = 250 − 50(1.02)𝑛
(1.02)𝑛 =

250
=5
50

The simplest (elementary) way to find n at this stage is by trial and
error with a calculator (but see below). We find that
(1.02)81 = 4.97
(1.02)82 = 5.07
We conclude that she reaches the top sometimes in the 82nd minute,
just as we found with the spreadsheet.
The standard analytical way to solve the equation is to hit both sides
with the logarithm:
(1.02)𝑛 = 5
log((1.02)𝑛 ) = log5
𝑛log(1.02) = log5
𝑛=

log5
= 81.3
log(1.02)

Well that’s the Jacqueline problem. I have used different versions of
it over the years and in Fall 2000 I was talking to a math text-book
author and he asked me if I knew a version that was a “practical” application. And right away I thought of the scholarship problem.
Read on!

peter.taylor@queensu.ca

Practical?
Do I hear howls of protest?
What could possibly be more
practical than beanstalk climbing? Who knows when you’ll
next be tempted to trade your
cell phone for a handful of
magic beans?
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2. The scholarship problem–a financial-math solution.
The student council has decided to establish a scholarship of $500
which will be awarded each year to “the university-bound student
who has contributed most to the life of the school.” To finance this
scholarship they canvass the alumni to donate to a trust fund.
Suppose the fund is formally announced on a certain September 1,
with a capital of $7500, with the first scholarship to be awarded next
year. To be specific, over the course of the year the fund will gain interest at an annual rate of 5% and each year on September 1, $500
will be withdrawn from the fund for the winning student. Thus, the
size of the fund rises and falls over the course of each year––each
September 1 it falls by $500 and then by next September the amount
remaining has grown by 5%.

Here is another problem.
Most students will have encountered a version of this in
an earlier grade. For example
it arises in the financial math
unit in the Ontario grade 11
curriculum
The students will discover that
this problem bears a striking
similarities with the beanstalk
problem.

7500
+5%

+5%
500

+5%
500

+5%
500

+5%
500

+5%
500

500

Here’s the problem. If no additional capital is added to the fund, will
it be enough to support the scholarship forever? If not, how long will
the fund provide the scholarship? That is, how many $500 scholarships will it support?

Your job is to determine
whether the fund will support
the scholarship indefinitely,
and if not, how many years it
will last.

Some preliminary calculations. I asked the students for some preliminary calculations. Let T0 = 7500 be the initial amount in the fund and
let 𝑇𝑛 be the amount after n years. Then
𝑇1 = (1.05)𝑇0 − 500 = (1.05)(7500) − 500 = 7375
𝑇2 = (1.05)𝑇1 − 500 = (1.05)(7375) − 500 = 7243.75
Already most students could see that the fund would eventually run
out. The argument was the same as for the Jacqueline problem. After one cycle (growth plus withdrawal) the fund is at 7375 and that’s
less than it was a year ago. That means that the amount it grows in
year 2 will be less than it was in year 1. But the withdrawals are always the same. So the fund will keep decreasing and the amount of
decrease will even grow. If there is no additional fund-raising the
fund will run out.
Okay, how many scholarships will we get? How do we calculate
that?
Is this in fact exactly the Jacqueline problem? Can we use the
Jacqueline solution to find the number of scholarships? Before we
investigate this question, we review the standard financial-math solution of the problem.
peter.taylor@queensu.ca

Is this the same problem?
Can the Jacqueline solution
be directly imported? Have
we already done all the work
we need?
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The standard annuity solution of the scholarship problem
Recall what an annuity is. It’s a fund from which an amount d is
withdrawn at regular intervals, say yearly, and the money remaining
in the fund grows at interest rate i assumed for our purpose to be a
constant. The standard question is how much is needed in the fund
to support a certain number of payments. By definition, the amount
need to provide exactly n payments is called the present value of
those payments and is denoted 𝑃𝑛 . In fact there’s a formula for it:
𝑃𝑛 =

first term

second term
third term
fourth term

𝑑
𝑑
𝑑
𝑑
+
+
+ ⋯+
2
3
(1 + 𝑖) (1 + 𝑖)
(1 + 𝑖)
(1 + 𝑖)𝑛

Observe that 𝑃𝑛 is the sum of n-terms. The first term is the amount
that in 1 year’s time will grow to be d. The second term is the
amount that in 2 years’ time will grow to be d. And so forth.
Now 𝑃𝑛 is a geometric series with common ratio =

1
1+𝑖

nth term

. Its sum is:

𝑃𝑛 = 𝑑(𝑣 + 𝑣 2 + 𝑣 3 + ⋯ + 𝑣 𝑛 )
= 𝑑𝑣(1 + 𝑣 + 𝑣 2 + ⋯ + 𝑣 𝑛−1 )
1 − 𝑣𝑛
1 − 𝑣𝑛
= 𝑑𝑣 (
)
) = 𝑑(
1
1−𝑣
−
1
𝑣
1 − 𝑣𝑛
𝑑
𝑃𝑛 = 𝑑 (
) = (1 − 𝑣 𝑛 )
𝑖
𝑖

Note that
1
−1
𝑣
= (1 + 𝑖) − 1
=𝑖

Okay, we can use this to solve the scholarship problem. To find the
number n of scholarships the fund of $7500 will support, we take d =
500, i=5% and set 𝑃𝑛 = 7500:
𝑑
500
1 𝑛
7500 = (1 − 𝑣 𝑛 ) =
) )
(1 − (
𝑖
0.05
1.05
7500 = 10000(1 − (1.05)−𝑛 )
3
= 1 − (1.05)−𝑛
4
(1.05)−𝑛 =

1
4

𝑛

(1.05) = 4
Solve for n. By trial and error. We find that
(1.05)28 = 3.92
(1.05)29 = 4.12
We will get 28 scholarships over 28 years. At that point, the fund
will be unable to support another scholarship.

peter.taylor@queensu.ca

This is intriguing. We have
two problems that seem completely similar, but with two
quite different methods of solution.
I guess the game to play now
is to try to solve each of the
problems with the other solution method.
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3. The scholarship problem–the Jacqueline solution.
The first thing to ask is what’s the Jacqueline analogue of the trust
fund? In each cycle, the fund grows at a fixed percentage rate and
then it decreases by a fixed amount. That’s exactly the behavior of
the distance x between Jacqueline and the top of the stalk. So the
amount T in the fund plays the role of Jacqueline’s x. And the size of
the scholarship is the amount withdrawn and that’s Jacqueline’s
climbing distance d. And the multiplier is r = 1.05 instead of multiplier is r = 1.02. To summarize:
𝑇𝑛 =
d = 500
r = 1.05

the size of the fund after n withdrawals
the amount withdrawn each year
the annual multiplier for fund growth.

The scholarship problem has
the same mathematical form as
the Jacqueline problem––two
interacting growth processes
going on at the same time, one
additive and the other multiplicative. For the Jacqueline
problem, the parameters were:

H = x0 = 200
d= 5
r = 1.02

In the Jacqueline problem we found a formula for the distance x after
n minutes:
𝑑
𝑑
𝑥𝑛 =
+ 𝑟 𝑛 (𝐻 −
).
𝑟−1
𝑟−1
Replace x by T and put in the numerical values H = T0 = 7500 (the initial fund), d = 500 and r = 1.05:
𝑇𝑛 =

500
500
+ (1.05)𝑛 (7500 −
)
0.05
0.05

= 10000 + (1.05)𝑛 (7500 − 10000)
𝑇𝑛 = 10000 − 2500(1.05)𝑛
We have a simple formula for the size of the fund at time n.
How many scholarships will the fund support? That is, when will the
fund run dry? We set 𝑇𝑛 = 0:
0 = 10000 − 2500(1.05)𝑛
(1.05)𝑛 =

10000
=4
2500

This is the same equation that we had before, and the answer is that
we will get 28 scholarships over 28 years. At that point, the fund will
be unable to support another scholarship.

peter.taylor@queensu.ca

An interesting observation is
that if we had used the $7500
to award all the $500 scholarships at the very beginning, we
would get 15 scholarships.
The 5% interest rate over time
allows us to give out almost
twice that number.
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4. The Jacqueline problem––the financial math solution.
If we can solve the scholarship problem with the Jacqueline solution
(see part 2) we should be able to solve the Jacqueline problem with
the financial math solution. Let’s do it.
At any time, the amount in Jacqueline’s "account" is her distance x
from the top of the stalk. In each one-minute period, this distance
first grows at rate i = 2% and then she "withdraws" d = 5 meters by
climbing. Her starting "capital" is H = 200 m. How much will she
have after n minutes (and n withdrawals)?

Holy cow
The Jacqueline problem has
always for me been very much
an enrichment problem, certainly beyond the standard
high school fare. But here I
was grappling with the discovery that it was an immediate
application of the standard annuity formula from Grade 11.

The “present value” of n withdrawals (5-meter climbs) is
𝑃𝑛 =

𝑑
(1 − 𝑣 𝑛 )
𝑖
1

1

We take 𝑃𝑛 = 200, 𝑑 = 5 and 𝑣 = 1+𝑖 = 1.02.
Find n:
200 =

5
1 𝑛
) )
(1 − (
0.02
1.02

200 = 250(1 − (1.02)−𝑛 )
200 4
= = 1 − (1.02)−𝑛
250 5
(1.02)−𝑛 =

1
5

(1.02)𝑛 = 5
This is the same equation we got with the original Jacqueline solution and the answer is the same, n = 81.3. She reaches the top sometime in the 82nd minute.
Jacqueline, solved as an annuity problem––This is definitely not an
approach one would normally think of!

peter.taylor@queensu.ca
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Problems
1. Solve the beanstalk problem assuming that the beanstalk starts at height 100 m and grows at the
rate of 5% per minute, and Jacqueline’s climbing speed is 5 m/min. If Jacqueline does reach the top,
at what time will this occur and how high will the beanstalk be at this point?
2. I have an account at the local Trust Company which pays 0.1% interest every week. To be precise, every Friday at 6 PM an amount is deposited into the account equal to 0.1% of the minimum
balance maintained during the previous week (since last Friday at 6 PM). I use the account to buy
my morning coffee each day. Specifically, every day (weekends and holidays included) at 8 AM, I
withdraw exactly $1 from the account and use it to buy a cup of coffee. Suppose on a certain Friday
at noon, the account holds exactly $5000. The problem is to determine whether the account will
support my coffee-drinking habit indefinitely.
(a) Tabulate the balance in the account over the next few weeks, always making your calculation on
Friday at noon.
(b) Argue that the account will eventually run out.
(c) By any method, find a formula for the balance in the account after n weeks, and determine when
I will have to jettison my coffee habit. [Answer: after 336 weeks.]
3. How much capital would we need to fund the scholarship discussed above indefinitely?
𝑑
𝑖

(a) Solve this working with the PV formula 𝑃𝑛 = (1 − 𝑣 𝑛 ).
(b) There is a much simpler direct argument to find the amount that will support the scholarship
forever. [Hint: What starting amount is unchanged after one complete year (from Sept 2 to Sept
2)?]
Solution to (a). 𝑃𝑛 certainly increases with n (the longer we want to support the scholarship the
more initial capital we will need. It makes sense that if T were larger than 𝑃𝑛 for all n then it should
be large enough to support the scholarship forever. So we ask: what happens to 𝑃𝑛 as n gets very
large. To answer that question, we need to know what happens to 𝑣 𝑛 as n gets large. If v > 1, 𝑣 𝑛
1
gets larger and larger; if v < 1, 𝑣 𝑛 gets smaller and smaller, approaching zero. Well 𝑣 = 1+𝑖 so is less
than 1. Therefore as n gets large 𝑣 𝑛 will approach zero. Taking the limit
𝑃∞ = lim 𝑃𝑛 = lim
𝑛→∞

𝑛→∞

𝑑
𝑑
(1 − 𝑣 𝑛 ) =
𝑖
𝑖

The quantity, T = 𝑃∞ is exactly the amount you’d need to support the scholarship forever. For our
problem, where the scholarship is d = 500 and interest rate i = 0.05 this gives us
𝑇=

peter.taylor@queensu.ca

500
= 10,000 .
0.05
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4. In the Jacqueline problem discussed here, the parameters of the problem were
H = 200
the starting height
d=5
Jacquie’s climb each minute
r = 1.02The 1-minute beanstalk multiplier.
Find general conditions on H, d and r for Jacqueline to eventually reach top.
5. Solving the y-recursion. Using the original method of iterating the recursion algebraically, solve
the recursion for Jacqueline’s height y off the ground yn+1 = 1.02yn + 5. Then equate this to zn to
show that Jacqueline eventually reaches the top.
6. Change of variable.
(a) Take the original x-recursion:
xn+1 = 1.02xn – 5

x0 = 200

and solve it by first changing variable from x to s using the formula:
sn = 250 – xn .
That is, use this change of variable equation to replace all occurrences of x by s in the recursion.
The new s-recursion has a simple structure which allows you to solve it easily. Now return to the
variable x and you should have the correct formula.
(b) Where did I get the 250 from in the change of variable formula? What was it that made this
method work? Analyze it and develop a change-of-variable method to solve the general recursion
xn+1 = axn – b

x0 = A .

7. You toss a coin repeatedly. Heads is worth 1 and tails is
worth 2, and you add up the score as you go along. What is
the probability that you’ll hit 10? That is to say, 10 might be
one of the sums you get, but it also might not—if you hit 9
and then roll tails, you’ll go straight to 11 and miss 10. The
question asks, if you do this a large number of times, what
proportion of the times will you get 10 as one of your sums?
This is a wonderful problem with many different avenues of
approach. But one of these is recursive. The idea is to consider the problem with 10 replaced by an arbitrary target n.
Let pn be the probability that you'll hit n. Find a simple recursion for pn , solve it by any method, and set n = 10.
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Start with some numerical
explorations––find pn for a
few small values of n. Get a
feeling for how different pn
are related.
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