Math 110 Homework Assignment 2

DUE DATE: SEPT. 30, 2016

1. In this problem we will use the geometric and algebraic properties of the cross product
to deduce the formula for the cross product. In particular, this shows that there is only
one possible formula, and shows how it is possible to come up with such a thing.

Let €1 = (1,0,0), & = (0,1,0), and €3 = (0,0, 1).

(a) Use the right hand rule and the length formula for the cross product to show that
51 X 52 = 6_;;,.

(b) Similarly compute €3 x €3 and €] X €.
(¢) Given a vector ¥ = (v, v, v3) show that ¥ = vi€] + v2€5 + v3€3.
The cross product satisfies these algebraic rules:

(antisymmetric) @ x b= —b x @ for all @,b € R,

1
il

(homogeneous) (c@) x b= c(@ x b) =@ x (cb) for all @,b € R3, ¢ € R.
(distributive) (G+b)x&=axé+bxZand @x (b+7) = axb+ax ¢ for all @b, € R3.
(d) For any vector @ € R?, show that @ x @ = 0. (Use one of the geometric or algebraic
properties.)

(e) Given vectors ¥ = (vq,v,v3) and W = (wy,ws, w3), use the algebriac properties
and parts (a)—(d) to deduce what ¢’ x @ must be.

NoTEs: (1) In this problem, do not use the algebraic formula for the cross product from
class — the whole purpose of this problem is to deduce that formula from the properties

of the cross product. ;

(2) There are two ways of setting up the z-, y-, and z-axes when
making a three-dimensional drawing. In every problem but this one,
it does not matter which way you use. For this problem, please use
the axes as shown at right. (If you use the other way of setting up x
the axes, the cross product obeys a “left-hand rule”, rather than a
right-hand one.) The labels shown appear in the positive direction of each of the axes.



2. The Cauchy-Schwarz inequality is a very important and useful result about the
size of the dot product. It states that for any two vectors v, w € R", the inequality
|0 0| < |Jv||w| holds. In this problem we will prove the Cauchy-Schwarz inequality in
two different ways.

(a) First, deduce the Cauchy-Schwarz inequality from the dot-product theorem.

We now work towards a different proof of the same inequality.

(b) Suppose that a, b, and ¢ are real numbers such that at? + bt +c > 0 for all t € R.
Explain why this implies that b* —4ac < 0. (SUGGESTION: Think about what the
inequality is saying about the parabola y = at® + bt + c.)

(¢) Let ¥ and @ be any vectors in R™. Explain why (t7 + @) - (tv + @) > 0 for all
teR

(d) Use the distributative propery of the dot product to rewrite (t0 + o) - (tv'+ @) in
the form at? + bt + c. (As part of the problem you will find formulas for a, b, and
¢ in terms of ¢ and .)

(e) Combine parts (b)—(d) to give another proof of the Cauchy-Schwarz inequality.

(f) Finally, suppose that xq, z3, x3, and y;, ¥y, and ys are any real numbers. Show
that the inequality

|21y1 + @2y + 23Ys3] < <\/ﬂf? + a3 +f€§) (\/yf +43 +y§)

is always true.



