
Math 310 Homework Assignment 2
due date: Sept. 29, 2017

1. We know that orthogonal transformations in R
2 are either rotations or reflections, and

that the rotations are those with determinant 1, and the reflections are those with deter-
minant −1. In this problem we will work out what elements of SO3(R), the orthogonal
transformations in R3 with determinant 1, look like.

(a) Verify that a rotation matrix in R2 has determinant 1.

(b) If ϕ is reflection in R2, explain why there is an eigenvector of eigenvalue 1 and an
eigenvector of eigenvalue −1, and explain geometrically how these are related to
the line of reflection. Explain why this means that det(ϕ) = −1 (Hint: what is
the relation between the eigenvalues of ϕ and the determinant?).

The elements of SO3(R) are actually of a surprising form: each one is a rotation around
a line in R3. To convince you that this really is surprising, take any book and rotate
it 90 degrees in space around some line. Then rotate it 90 degrees around another
line, and then (why not?) a third. The resulting transformation of the book will be
an orthogonal transformation of determinant 1, and so (by the purported classification)
must be rotation by some angle around some fourth line. Is that obvious when you look
at the book?

Let’s try and see why this is true. Let ϕ be an orthogonal transformation from R3 to
R

3 of determinant 1.

(c) The characteristic polynomial of ϕ is a cubic equation. Explain why it has to have
at least one real root, and so ϕ must have at least one real eigenvector.

(d) Let v be a real eigenvector. Show that its eigenvalue must be either 1 or −1 (Hint:

ϕ preserves lengths).

(e) Let’s assume that v is an eigenvector of eigenvalue 1. Let P be the plane in R3

which is perpendicular to v. Explain why if w is any vector in P , then ϕ(w) is
also in P . (Hint: ϕ preserves angles)

(f) Since ϕ takes vectors in P to vectors in P , it induces a linear transformation from
P to P , which must also be an orthogonal transformation. However, P is a two
dimensional space, and we know what those transformations look like. If ϕ acts
as a reflection on P explain (using a method similar to part (b)) why this would
imply that det(ϕ) = −1. Since we started out by assuming that det(ϕ) = 1,
conclude that ϕ must act on P by rotation by some angle around the line spanned
by v. (This is exactly what we wanted to show.)
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(g) Complete the argument: if (in part (e)) we started with v being an eigenvector of
eigenvalue −1, show that ϕ still has to be rotation around some line, although not
the one spanned by v. (Hint: let P be the plane perpendicular to v as before,
and argue that the fact that det(ϕ) = 1 forces ϕ to act as a reflection on P . By
part (b) this means that there is an eigenvector v′ of eigenvalue 1 in P , and now
we can go back to parts (e) and (f) using that vector v′ instead of v.)

2. Show that the following subsets of GLn(R) are actually subgroups

(a) SLn(R) (the special linear group), defined as the matrices A ∈ GLn(R) with
det(A) = 1.

(b) On(R) (the orthogonal group), defined as the matrices A ∈ GLn(R) with AAt = In,
where In is the n× n identity matrix, and At is the transpose of A.

(c) SOn(R) (the special orthogonal group) defined as the matrices in A ∈ On(R) with
det(A) = 1.

Similarly, show that the following subsets of GLn(C) are actually subgroups

(d) Un, (the unitary group) defined as the matrices A ∈ GLn(C) with AA
t
= In. Here

A means take the complex conjugate of the entries of the matrix A.

(e) SUn, (the special unitary group) defined as the matrices A ∈ Un with det(A) = 1.

In general the word “special” is added to the name of a matrix group to mean “take the
subgroup consisting of matrices of determinant 1”.

3. In this problem we will work out the multiplication law for O2(R), the orthogonal
transformations on R2. Let Rα be rotation counterclockwise by angle α, and ρβ reflection
in the line through the origin which makes an angle β with the positive x-axis. In radians,
α should be in the range 0 6 α < 2π, and β in the range 0 6 β < π. Here we’re using
R0 for the identity e.

Work out the multiplication formulas for :

(a) Rα2
Rα1

(b) ρβ2
ρβ1

(c) Rαρβ

(d) ρβRα

Suggestion: One way to work out the formulas is to follow what happens to the
standard basis vectors e1 = (1, 0) and e2 = (0, 1), but you are free to use any method
you want to establish the multiplication formulae.
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