
Math 310 Homework Assignment 7
due date: Nov. 3, 2017

1. Suppose that N is a normal subgroup of a group G, and that G/N ∼= Z/36Z.

(a) Write down the Hasse diagram (the diagram showing the partial order of inclu-
sions) for subgroups of Z/36Z, and include the index of each containment in an-
other.

(b) Similarly write down the Hasse diagram for subgroups of G containing N .

(c) Does G have a quotient isomorphic to Z/12Z?

(d) Does G have a subgroup H , (with N < H) such that H/N ∼= Z/12Z?

2.

(a) The group S3 has 6 subgroups, including K0 = {e}, and K5 = S3. Write down the
other four subgroups, giving them the names K1 through K4. (Which subgroup
gets which label is something you get to choose.)

(b) Draw the Hasse diagram for the subgroups of S3, using your labels from (a). As
in Q1, include the index of each subgroup contained in another.

(c) Which subgroups are normal in S3? What is the quotient of S3 by those groups?

Let N = {e, (12)(34), (13)(24), (14)(23)} and G = S4. In H6 Q1(b) we saw that
S4/N ∼= S3. By the Correspondence Theorem, subgroups of S3 correspond to subgroups
of S4 containing N .

(d) Write down the subgroups H0,. . . , H5 corresponding to the subgroups in (a). (If
it makes your life easier, you can use the notations X , Y , . . . , V from H6 Q1
instead of writing down all the elements of S4.)

(e) Draw the Hasse diagram of the subroups from (d). As before, include the index
of each subgroup contained in another.

(f) Which of the subgroups from (d) are normal in S4? What is the quotient of S4 by
those groups?
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3. Let G be a group, and H1, H2 two subgroups of G. The subgroup generated by H1,
and H2, denoted 〈H1, H2〉, may (by the definition of ‘generated by’) be characterized in
the following way : 〈H1, H2〉 is a subgroup of G which contains H1 and H2, with the
property that if H is any subgroup of G also containing H1 and H2, then 〈H1, H2〉 ⊆ H .

Let N be a normal subgroup of G, {Ki}i∈I the subgroups of G/N , and {Hi}i∈I the
subgroups of G containing N . As part of the correspondence theorem we proved that
Hℓ = Hi ∩Hj if and only if Kℓ = Ki ∩Kj.

For this question, similarly prove that Hℓ = 〈Hi, Hj〉 if and only if Kℓ = 〈Ki, Kj〉.

Suggestion: In the discussion above, “subgroup generated by” was characterized by a
list of properties involving inclusions. We know that the correspondence theorem gives
a bijection between the two sets of subgroups which preserves all relations of inclusion.
Putting these ideas together will be enough to prove the result.

4. In this problem we will prove the

Theorem (Second Isomorphism Theorem) : Suppose that G is a group, N a normal
subgroup of G, and that H is any subgroup of G. Then HN is a subgroup of G, N is a
normal subgroup of HN , H ∩N is a normal subgroup of H, and HN/N ∼= H/(H ∩N).

(Note that we are not assuming that N is contained in H .) Let π : G −→ G/N be the
projection map.

(a) Prove that the set of products HN = {hn | h ∈ H, n ∈ N} is a subgroup of G.

(b) Prove that π−1(π(H)) = HN .

(c) Prove that π(HN) = π(H). (One way is by (b) and the correspondence theorem.
You can also prove it directly.)

Now let ϕ = π|H . (The notation means : ϕ is the restriction of π to H .)

(d) Prove that Kerϕ = H ∩N .

By the first isomorphism theorem we therefore have that π(H) = Imϕ = H
H∩N

. Also,
since N ∩H is the kernel of ϕ, N ∩H is normal in H .

(e) Finally, prove that HN
N

∼= H
H∩N

.

Note: Part (e) should follow easily from (c), the observation after (d), and one fact
used in the correspondence theorem.
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