
Math 310 Homework Assignment 8
due date: Nov. 14, 2017

These questions concern the semi-direct product, using the notation and formulae from
class.

1. In this problem we will check some of the basic facts about the semi-direct product
construction, namely that N and H are subgroups, that N is a normal subroup, and
even that (N ⋊ΨH)/N ≅H .

(a) Show that the set {(x, eH) ∣ x ∈ N} is a subgroup of N ⋊ΨH .

(b) Show that the set {(eN , h) ∣ h ∈H} is a subgroup of N ⋊ΨH .

We identify the subgroup in (a) with N (i.e., we think of it as N inside N ⋊Ψ H), and
similarly identify the subgroup in (b) with H .

(c) Prove that the projection map π2∶N⋊ΨH Ð→ H given by π2(x,h) = h is a surjective
group homomorphism.

(d) Prove that (N ⋊ΨH)/N ≅H .

(e) In general, is the map π1∶N ⋊ΨH Ð→ N given by π1(x,h) = x a group homomor-
phism?

2. Now suppose that G is a group, and N andH subgroups of G satisfying the conditions

(i) HN = G; (ii) H ∩N = {e}; (iii) N is a normal subgroup of G.

In this problem we will prove that G is isomorphic to a semi-direct product of N and
H .

For each h ∈H define a map ψh∶N Ð→N by the rule ψh(x) = hxh−1. Since N is normal
in G, for each h ∈ H , hNh−1 = N , which shows that the output of ψh really does lie in
N . You may assume (and have probably proven on the midterm) that each ψh is an
automorphism of N .

(a) For any two h1, h2 ∈H , prove that ψh1h2
= ψh1

○ ψh2
.

By (a) the map Ψ∶H Ð→ Aut(N) given by Ψ(h) = ψh is therefore a group homomor-
phism. We use this Ψ to construct N ⋊ΨH . We now want to prove that G ≅ N ⋊ΨH .

Define a map of sets ϕ∶N ⋊ΨH Ð→ G by the rule ϕ(x,h) = xh.
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(b) Prove that ϕ is a surjective map of sets. (Suggestion: Condition (i) and the
fact that N is a normal subgroup.)

(c) Prove that ϕ is a homomorphism.

(d) Prove that Kerϕ = {e}.

(e) Conclude that ϕ is an isomorphism, so that G ≅ N ⋊ΨH .

Remark. The computation in (c) should have been very easy. One way to look at the
semi-direct product construction is as taking that ‘obvious’ computation, and figuring
out how to abstract it.

3. Finally, let us look at another example where a semi-direct product occurs. An affine

linear transformation on Rn is a linear transformation on Rn followed by translation by
a vector in Rn. An affine linear transformation is therefore given by a pair (w,A), with
w ∈ Rn and A ∈ GLn(R). This pair then defines a map Rn Ð→ Rn by the rule v ↦ Av+w.
The group Affn(R) is the set of all affine linear transformations from Rn to Rn, with
group operation given by composition.

(a) Compute the rule for composition in Affn(R). I.e., compute the result of composing
(w1,A1) with (w2,A2).

(b) What is the identity in Affn(R)?

(c) What is the inverse of an element (w,A)?

Now let H = {(0,A) ∣ A ∈ GLn(R)} and N = {(w, IdRn) ∣ w ∈ Rn} = Rn. We consider N
to be a group with group operation addition of vectors, and H = GLn(R) is already a
group we know.

(d) Show that H and N are subgroups of Affn(R).

(e) Show that H and N satisfy conditions (i)–(iii) of Q2.

(f) For A ∈ H = GLn, w ∈ N = Rn use the formula from Q2 to compute ψA(w)

(g) Check that your formula in (c) agrees with the formula in class given for the inverse
of an element. (This formula uses ψ.)

Note: Because of the remembrance day services, there is no class on Friday, November
10th. The homework is therefore due on Tuesday, November 14th instead.
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