
Math 310 Homework Assignment 10
due date: Nov. 24, 2017

1. In class we computed the symmetry groups of the Platonic solids, allowing only
symmetries in SO3(R) (so, for instance, no reflections). In this problem we will compute
the symmetry groups allowing all symmetries in O3(R). Note that, unlike the case in
R2, not all elements of O3(R) ∖ SO3(R) are reflections.

Let Gt, Gc, and Gd be the symmetries of the tetrahedron, cube/octahedron, and icosa-
hedron/dodecahedron respectively, allowing reflections. Let Ht, Hc, and Hd be the
subgroup of symmetries contained in SO3(R). (The groups Ht, Hc, and Hd are the
ones we computed in class, although there we called them G, Gc, and Gd.)

(a) For each of the tetrahedron, cube, and dodecahedron, describe the stabilizer sub-
roup of a face. (This means more than just counting the number of elements in
the stabilizer subgroup, it means saying what that subgroup is — each one has a
name we already know.)

(b) Use the orbit-stabilizer theorem to find ∣Gt∣, ∣Gc∣, and ∣Gd∣.

(c) Label the vertices of the tetrahedron by {1,2,3,4}. Pick any element of Gt ∖Ht

and describe the action of that element on {1,2,3,4}.

(d) Which group is Gt? (Justify your answer).

(e) Now we will try and understand Gd and Gc. Since the arguments are similar, we
will do both groups at the same time. Start by showing thatHd and Hc are normal
subgroups of Gd and Gc respectively. (Suggestion: Consider the determinant
map.)

(f) Let J be the element of O3(R) which sends each vector in R3 to its negative.
Explain why J ∈ Gd and J ∈ Gc.

(g) Explain why the subgroup K = {e, J} is a normal subgroup of Gd (and of Gc).

(h) Show that Hd ∩K = {e} and that Hc ∩K = {e}.

(i) What are the groups Gd and Gc? (Justify your answer).
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2. As a complement to Q1 of this homework (andH2 Q1), let’s figure out what elements
of O3(R) ∖ SO3(R) look like.

(a) Let Rθ∶R2 Ð→ R2 be rotation by angle θ, and J ′ the linear transformation from R2

to itself that sends every vector to its negative. The linear transformation J ′Rθ is
in O2(R). Is it a reflection or a rotation? If so, which reflection or rotation is it?
(I.e., in which line or by which angle?)

(b) Let J ∈ O3(R) be the linear transformation from R3 to R3 which sends every vector
to its negative. If g ∈ O3(R) ∖ SO3(R) show that Jg ∈ SO3(R).

(c) If g ∈ O3(R) ∖ SO3(R), and g ≠ J , show that there is a plane P in R3, and a line
ℓ perpendicular to P , such that g is rotation around ℓ of some angle, combined
with reflection in the plane P . (You may, and should, use the result of H2 Q1 as
part of your answer.)

A reflection is the case that the angle is zero, hence not all elements in O3(R)∖SO3(R)
are reflections.

3. Suppose that G is a group and X a G-set. Pick x ∈ X , let g ∈ G be any element,
and set y = g ⋅ x. Prove that StabG(y) = g StabG(x)g−1. (In particular this shows the
less precise statement that StabG(x) and StabG(y) are conjugate subgroups whenever
x and y are in the same orbit.)

Finally, just to have it available, here is a picture of one of the five ways to inscribe a
cube in a dodecahedron and an icosahedron. (You won’t need this for the problems —
it’s simply to have a picture you can look at.)
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