
Math 310 Homework Assignment 11
due date: Dec. 1, 2017

1. Let G be a group of order 6.

(a) Explain why G must have an element of order 2, and an element of order 3.

(b) Let β be an element of order 3 in G, and let H = ⟨β⟩. Explain why H is a normal
subgroup of G.

(c) Let α be an element of order 2 in G. Explain why αβα−1 must be either β or β2.

(d) Assume that αβα−1 = β. Use this relation to write out the multiplication table for
G and show that G ≅ Z/6Z.

(e) Assume again that αβα−1 = β. Let K = {e,α} and show that H ∩ K = {e},
HK = G, and that H and K commute. Conclude that G ≅ K ×H , and therefore
that G ≅ Z/6Z again.

(f) Now assume that αβα−1 = β2. Use this relation to write out the multiplication
table for G and show that G ≅ S3.

(g) Assume again that αβα−1 = β2. Let K = {e,α}, and let X be the three left cosets
of K in G. Show that X = {K,βK,β2K}. Let G act on X by left translation.
This action gives a group homomorphism ϕ∶G Ð→ S3. Compute ϕ(β) and ϕ(α).
(In the computation of ϕ(α) you will need to use the relation.) Conclude from
this computation that G ≅ S3 again.

Remark. As a result of this question there are only two groups of order 6 up to
isomorphism: Z/6Z or S3. The reason for giving two different proofs in each of the two
cases (αβα−1 = β or β2) is to show the variety and flexibility of the methods we have
learned.

2. In this problem we will show that A4 has no subgroup of order 6. This example
shows that the converse to Lagrange’s theorem doesn’t hold in general: just because m

divides ∣G∣, it does not mean that G has a subgroup of order m.

(a) Suppose that α is an element of order 2 in A4. What are the possible cycle types
for α?

(b) Suppose that β is an element of order 3 in A4. What are the possible cycle types
for β?

(c) As above, suppose that α and β are elements of A4 of orders 2 and 3 respectively.
By considering the cycle types, show that αβα−1 will never be equal to β or β2.

(d) Show that A4 has no subgroup of order 6.
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3. In this question we will find the p-Sylow subgroups of S4.

(a) Label the four vertices of a square counterclockwise by 1, 2, 3, 4. The action of
D4 on the vertices gives a homomorphism ϕ∶D4 Ð→ S4. Compute all the elements
in Imϕ.

(b) Find all 2-Sylow subgroups of S4, and find elements which conjugate the first of
these into each of the others.

(c) Find all 3-Sylow subgroups of S4, and find elements which conjugate the first of
these into each of the others.

4. It is a useful fact1 that for any group G, and subgroup H < G with index [G∶H] = 2
is normal2. In this question we will prove a slight extension of this fact for a finite group
G.

(a) If q is a prime number, and n a positive integer with n < q, explain why q ∤ n!. If
n = p, a prime number, explain why p2 ∤ n!.

Now suppose that G is a finite group, that p is the smallest prime number dividing ∣G∣,
and that H ⊆ G is a subgroup of index [G ∶ H] = p. We will prove that H is a normal
subgroup of G.

Let X be the set of left cosets of H in G, with action of G given by left translation.
Since ∣X ∣ = [G ∶H] = p, this gives us a homomorphism Φ ∶ GÐ→ Sp.

(b) Show that Ker(Φ) ⊆H . (Suggestion: An element in the kernel doesn’t permute
any of the cosets. In particular, it must fix H .)

(c) Explain why ∣ Im(Φ)∣ divides ∣G∣, and why ∣ Im(Φ)∣ divides ∣Sp∣.

(d) Let ∣ Im(Φ)∣ = pe1qe2
2
⋯qeℓ

ℓ
be the prime factorization of ∣ Im(Φ)∣. Use part (a) and

part (c) to prove that ∣ Im(Φ)∣ ⩽ p.

(e) Finally, show that KerΦ =H , so that H is a normal subgroup.

1For instance, you may find it useful on Q1 of this assignment, or wish I had told you this fact in

time to use it on Q1 of the previous assignment.
2The proof is easy: The left cosets of H partition G, and since [G ∶ H] = 2, there are only two of

these left cosets. One of the left cosets is H and so the other must be G ∖H . Similarly, the two right

cosets of H are H and G ∖H . Since the partition by left cosets of H is equal to the partition by right

cosets of H , H is a normal subgroup of G. Note that the result holds even when G is infinite.
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