Math 347 Answers for Homework 4

(a)

Suppose that f: X — Y is injective, and g1, g2: Z — X two maps so that
fogi=[og.
For each z € Z, this means that f(g1(z)) = f(g2(2))

f(91(2)) = f(g2(2)) can only happen when gi(2) = g2(2)
91(2) = g2(2), 1 = go.

Since f is injective,
Since, for each z € Z,

Suppose that f: X — Y is not injective. Then there are two elements z1, x5 € X,
with z # x9, so that f(z1) = f(22).

Let Z = {a}, i.e., let Z be a set with the single element a. Define the function
g1: Z — X by g1(a) = x1, and define go: Z — X by go(a) = xs.

Then, f(g1(a)) = f(x1) = f(z2) = f(g2(a)). Since a is the only element of Z, this
means that fo g = fogs. But g1 # ¢, since g1(a) # go(a). Therefore f is not a
monomorphism in Set.

Suppose that f: X — Y is a surjective map, and ¢;, go: Y — Z two maps so
that g1 o f = go 0 f.
Pick y € Y. Since f is surjective, there is an x € X so that f(z) = y. Then

91(y) = 91(f(x)) = (910 f)(x) = (920 [)(2) = g2(f (2)) = 92(v).
Since y € Y was arbitrary, this is true for all y € Y, and so g; = ¢».

Suppose that f: X — Y is a map of sets which is not surjective. Let A = f(x)
(i.e, A =1Im(f)) and set B = Cy A. Since f is not surjective, A is not all of Y, and
B is nonempty.

Let Z = {z1, 20}, i.e., let Z be a set with two elements. Define a map ¢g;: Y — Z
by g1(y) = 21 for all y € Y, and define go: Y —> Z by

z ifyeA
2 ify¢ A

92(y) =
Since B is not empty, there is at least one y € B, and for that y, ¢1(y) = 2,
92(y) = 23, and so g1 # ¢go.
But, for all x € X, ¢1(f(z)) = 21 = g2(f(2)), since for all x € X, f(z) € A. Thus,
giof =gs0 f, but g # go, and so f is not an epimorphism in Set.
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(a) To slightly reduce space, set P = X x (X3 x X3). f
Recall that p; = ¢1, po = 10 @0, and p3 =
T2 © (Qs.

Let Z be a set, and f;: 7 — X, 7 €
{1,2,3} be maps of sets. By the universal
property of X, x X3 there exists a unique
map v: Z —> Xy X X3 such that ryov = fy
and r9 o v = f3. By the universal property
of P there exists a unique map u: Z — P
such that ¢ ou = f; and gz ou = v.

But now
prou = qou=fi,
p2ou = riogou=rov=fy and
P3OU = T90@qOo0U=T200V = f3.

This shows that given fi, f2, and f3, there is a map u: Z — P such that p;ou = f;
for i e {1,2,3}.

To see that this map is unique, suppose that there are two such maps, u; and us.
The map ¢ o u; is a map Z — X, x X3 with the property that, composed with
r1 and ro, we get fy and f3 respectively. Similarly ¢s o us also has this property.
By the uniqueness of maps to X5 x X5, we must have gs ou; = ¢a 0uy. But we also
have ¢ ou; = f; = qgous. That is, u; and uy composed with ¢; and go respectively
are also the same maps. By the uniqueness of maps to X; x (Xy x X3), we must
have u; = us.

Hence P satisfies the universal property of the triple product. O

(b) The map f: X1 x Xp x Xz — X; x (Xp x X3) is f(21, 29, 23) = (21, (22, 73)).

These triple products are isomorphic, via a canonical isomorphism, but not equal.
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