Math 347 Homework Assignment 7

DUE DATE: Nov. 1, 2024

1. Suppose that X is a Ty topological space (i.e., that every point is closed), and let
A=A{xy, ..., z,} C X be a finite set of points.

(a) Show that A is closed in X.

(b) Show that (in the subspace topology) A is a discrete topological space.

Now we drop the assumption that X is a T} topological space, and suppose instead that
x1, ..., Tpy1 are distinct points of X, that we have open sets U/, i = 1,..., n so that
x; € Uj for each i, and that U;NU;} = @ if i # j. We also suppose that for each i = 1,.. .,
n we have open sets V; and W; with z; € V; and x,,1 € W, and such that V;N W, = @.

For each 4,7 =1,..., n,let U; = U/ NV;, and set Up41 = (o, Wi

(c) Show that Uy,..., U,y are open sets, that z; € U; for each 7, i = 1,...n+ 1, and
that U; N U; = @ for each i # j.

(d) Suppose that X is a Hausdorff topological space, and that =y, ..., z, € X are
distinct points. Show that there are open sets Us,..., U, C X with z; € U; for
each 4, and such that U; NU; = @ if i # j.

2. Suppose that X and Y are Hausdorff topological spaces. In this problem we will show
that X x Y is also a Hausdorff topological space. This result is valid for an arbitrary
number of factors (i.e., if each X; is Hausdorff, then ], , X; is Hausdorff, even when I
is infinite), but to reduce notation we will only show the case that |I| = 2.

(a) Show directly that X x Y satisfies the condition to be Hausdorff. Le., if (z1,41)
and (x9,ys) are distinct points of X X Y, show that there are open sets U; and U,
with (xl,yl) c Ul, (xg,yg) c UQ, and U1 N U2 = .

Next, let us prove the same result using our other characterization of a Hausdorff topo-
logical space, that the diagonal is closed. Recall that the product is associative (up to
unique isomorphism) so that (X X Y) x (X XxY)=X xY x X xY.

Let 1: X XY XX XY —XxXandg: X XY xX XY — Y XY be the maps
q1(21, Y1, T2, y2) = (71, 22) and qa(21, Y1, T2, y2) = (Y1, Y2) respectively.
(b) Show that AXXY = ql_l(Ax) N q;l(Ay)

(c) Using (b), give another argument that if both X and Y are Hausdorff then X x Y
is Hausdorff.
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3. Let X = R? with the equivalence relation R from H6 Q3. In this question we will
check (using your answers from H6) that X/ R is not Hausdorff. Recall in that question
we have identified X /R with the union of the z- and y-axes, but with a topology different
from the standard one. We will use the notation of points on the union of the z- and
y-axes to talk about points in X/R.

(a) Show that if (0,1), (0,y2) are distinct points of X/R with y;, yo # 0, then there
are open sets Uy, Uy € X/R with (0,y;) € U;, i =1,2, and Uy N Uy = @.

(b) Similarly, if (0,y) and (z,0) are points of X/R, with y # 0, show that (0,y) and
(z,0) can be separated by open sets as in (a).

(¢) Finally, suppose that (z1,0), (x2,0) are distinct points of X/R. Show that if Uy,
U, are open sets with (x;,0) € U;, i = 1, 2, then U; N Us # @. Thus, X/R is not
a Hausdorff topological space.

4. Let X be a set, and R and equivalence relation on X. The graph of R is the subset
FR:{(:El,:L'g) €X x X | NRg:Q} C X x X,

Note that even though the name “graph” is used, this is not the graph of a function
unless R is a trivial relation. (For the graph I'y C X x Y of a function f: X — Y,
projection onto X gives a bijection between I'y and X, and this does not happen in
general for ' C X x X).

Let m: X — X/R be the quotient map, and 7 x 7: X x X — (X/R) x (X/R) the
corresponding map of products (i.e., so that (7 x 7)(x1, z2) = (7(z1), 7(x2))).

(a) Show that I'g = (7 x m) " (Ax/r).

Now assume that X is a topological space. It is useful to know when the quotient X /R
is Hausdorft.

(b) Prove the one-way implication that if X /R is Hausdorff then I'g is closed in X x X.

It would be very convenient if (b) were a two-way implication, but in general it is not.
(I find the reason that it is not a two-way implication a somewhat subtle issue.) One
additional condition which does allow the opposite implication (i.e, that I'g closed —>
X/R Hausdorff) is that = be an open map, that is, if for every open set U C X, w(U) is
open in X/R. This openness condition is automatic if the equivalence relation is given
by the orbits of a group action, where each element of the group acts continuously, a
common setting for the quotient construction.
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Now let us go back to two of our quotient examples, which we know to be Hausdorff
and non-Hausdorff respectively, and check the condition that I'g is closed.

To start with, let X = R?\ {(0,0)}, with the equivalence relation (zy,y;) ~ (2,¥2)
if and only if 3 ¢t € Ry such that (z2,y2) = (1, ty;). In this case we know that
X/R = S', which is certainly a Hausdorff topological space.

(c¢) Show that (z1,y1) ~ (xq,y2) if and only if

1 U1

=0, 129 > 0, and > 0.
Ty Yo 122 U1Y2

(The first equation is that the determinant of the 2 x 2 matrix is 0.)
(d) Show that I'g is closed in X x X.

Now let X = R? with the relation R given in H6 Q3. We have checked in Q3 of this
assignment that the quotient X /R is not Hausdorff. Note that X x X = R? x R? = R%.
One “piece” of I'g, associated to the equivalence classes [(x,0)] for z € R is the subset

{(x,o,x,())\x GR} C R,

(e) Find the other part of I'g (associated to the equivalence classes of points (z,y),

y #0).
(f) Show that I'y is not closed by finding a point in T'g which is not in T'g.
For (f), it is enough to give a specific point in R* which you claim is in I'g, some reason

why you know /think it is in I'p (e.g., a sequence of points in I'p which converge to your
point) and a reason why that point is not in I'r, and so in I'g \ T'i.
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