Math 347 Homework Assignment 10

DUE DATE: MAR. 27, 2026

1. Let us consider the topology on Z used in the proof that there are infinitely many
primes, namely, the one with base

{Bn(a)‘a,neZ,n#O},

where

Bn(a):{a+kn|k;ez}:{bez\bzamodn}.

It is not clear if we should think of this as an actual topology, but let us use this as an
excuse to think about some of the properties we know.

(a) Show that Z (with this topology) is Hausdorff.
(b) Show that Z is totally disconnected. (From the class of Feb. 26th.)

(c) Prove that the addition map A: Z x Z — Z is continuous. (The addition map
sends (z,y) to z + ).

Here (of course!) Z x Z has the product topology, using our topology on Z. Since we
can check continuity by using elements of a base, concretely this means, for every set
By, (a) in our base, we need to show that the inverse image of B,,(a) under addition, i.e.,
the set

AL (By(a)) = {(x,y) €ZLXZL|z+ye Bn(a)}

is open in Z x Z. To show that, we need to show that this set can be covered by open
sets of the form B, (a;) X B,,(as).

(d) Similarly, prove that the multiplication map M : Z x Z — Z is continuous. (The
multiplication map sends (x,y) to zy)

(z,y) |

NoTE : For (d), for a fixed n it may help -

to consider the diagram at right, where the Z X7

A

vertical maps are reduction mod n, and the l T2 l 1

horizontal maps are multiplication. The di-
agram commutes since reduction mod n is a
ring homomorphism. (Z,7) |

(Z/nZ) x (Z/)nZ) —— 7./nZ

In this diagram the part in black is the diagram of sets (and topological spaces), while
the parts in grey around the outside show what happens to the elements.

The inverse inverse image of @ € Z/nZ under the map r; is exactly the open set
B, (a), and so if we give Z/nZ the discrete topology, then the “reduction mod n” maps

Ty

Ty


https://creativecommons.org/licenses/by-nc-sa/4.0/

are continuous (because the inverse image of @ is B, (a)), and the multiplication map
m: (Z/nZ) x (Z/nZ) — Z/nZ is continuous, because every map of sets where the
source has the discrete topology is continuous.

It should be possible to put all that together to show that the multiplication map is
continuous.

Or, you can also argue directly from the definition of the topology, as in part (c).

(NOTE : The ‘diagram idea’, replacing multiplication with addition, can also be used
to answer (c).)

2. Let max: R? — R be the function sending each (z,y) € R? to max(x,y).

(a) Show that max is a continuous function on R? by covering R? by two closed subsets
Z1 and Zs, in such a way that max |z and max|z, are obviously continuous.

(b) Let X be a topological space, and f, g: X — R continuous functions. Show that
the function x — max(f(z), g(x)) is a continuous function on X.

3. Suppose that 7,, 7, and =, are three paths in a topological space X, with 7,(1) =
7%(0), and (1) = 7.(0). Let (7, ® 75 ® v.) be the path defined by

7.(3s) if s €[0,3]
(a® 71 ®7e)(s) = Ww(Bs—1) if s €[g,3] for s € [0, 1].
Ve(3s —2) if s € [2,1]

Find a path homotopy between (v, ® 75 ® v.) and (V4 * 75) * Ve
NOTES:

(1) (74 ® v ®7.) is a completely made-up notation for this question.

(2) One purpose of this question could be that, if we wrote down a similar homotopy
between 7y, * (75 *7.) and (7, ®7,®7.), then by combining the homotopies (i.e., by
transitivity of the equivalence relation of path homotopy) we would have another
argument that v, * (75 * Ve) ~ (Ya * V) * Ye-

(3) But, the real purpose of this question is for you to practice writing down a homo-
topy of this kind.
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