
Math 894 Homework Assignment 1
due date: Jan. 18, 2018

I do not believe in categories of any kind.

— Duke Ellington

1. For any group G let Z(G) be the center of G, i.e., those elements of G which commute
with all other elements of G. In particular, since elements of Z(G) must commute with
each other, this means that for each group G, Z(G) is an abelian group.

Show that G 7→ Z(G) does not give a covariant functor from Grp to Ab.

The issue is to show that there is no possible way of defining what this functor does to
morphisms G1 −→ G2 of groups, compatible with the axioms for a functor.

You may want to consider the case that G1 the group of order 2 and G2 = S3 the
symmetric group. The group G1 is both a subgroup and a quotient group of G2.

2. For any group G let [G,G] be the commutator subgroup of G, i.e., the normal
subgroup of G generated by all elements of the form xyx−1y−1 for all x, y in G.

For any group G, the quotient G/[G,G] is an abelian group.

Prove that G 7→ G/[G,G] is a functor from Grp to Ab. This includes describing what
to do with morphisms, and checking the conditions on composition.

3. Let C be a category such that for any two elements Y1, Y2 ∈ C the product Y1 × Y2

exists in C. Given three objects X1, X2, X3 ∈ C, show that X1 × (X2 × X3) satisfies
the conditions of being the triple product X1 × X2 ×X3. This means that you should
define the projection maps p1, p2, and p3, and prove that X1× (X2×X3) has the correct
universal property.
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Remark: (And not an assignment question.) In the setup of question 3, (X1 ×X2)×
X3 is also a triple product of X1, X2, and X3 in C, usually different from (although
canonically isomorphic to) X1 × (X2 ×X3).

For instance, in Set,

X1 × (X2 ×X3) =
{

(x1, (x2, x3)) xi ∈ Xi

}

, and

(X1 ×X2)×X3 =
{

((x1, x2), x3) xi ∈ Xi

}

,

and these are not the same sets. They are also clearly isomorphic.

Either one of X1×(X2×X3) or (X1×X2)×X3 deserves to be called “X1×X2×X3”, the
name we give to one/any triple product. This is a good example showing the difference
between equality and “isomorphic up to a canonical isomorphism”, and also that we
usually can’t hope that a product in a category be unique.
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