Math 110 Homework Assignment 12

DUE DATE: DEC. 8, 2005

Here are some counting problems. Parts (a) and (b) are warm-up problems and don’t
have anything to do with the other three, but (c), (d), and (e) are vaguely related.

All the counting problems are trying about counting matrices with entries in F,, so all
the answers will be formulas involving p.

(a) Using numbers in F,, how many matrices are there of the form { (1) (1) : : ]?

(b) How many 2 x 4 matrices are there (with entries in IF,)) of the form

A:[ﬁl

o | | i |

(i.e., Uy, Uy, Wy, and Wy are the column vectors) where ¢} and ¥ are linearly
independent, but w; and w, can be anything at all?

(c) Suppose that ¥ is a nonzero vector in 7. How many vectors are there on the
(1-dimensional) subspace spanned by ¥;7

(d) Suppose that @ and ¥, are two linearly independent vectors in F). How many
vectors in [ are there which are either on the subspace spanned by v; or the
subspace spanned by ¢, (or both)? [NOTE: this is not the same as the number of
vectors on the plane spanned by ¢ and 5 — we just want to count vectors that
are on one line or the other].

(e) When making an error-correcting code, we start with a matrix M which has the
property that for any pair of column vectors, the two vectors are linearly indepen-
dent. (Then to create the code, we look at the kernel of M and find a basis v,
..., U, and use them to transmit our message). Forgetting about the rest of that,
I'd just like to try and count how many matrices there are with that property.

How many 3 x 3 matrices are there with that property? i.e., how many 3 x 3
matrices are there of the form
|

M= [ 7
where ¢; and v are linearly independent, v5 and v3 are linearly independent, and
U1 and U3 are linearly independent. (Which doesn’t necessarily mean that ¢, U5,
and 05 all together are linearly independent). All the entries are in [, as usual.

Uy

Bonus QUESTION: How many 3 X m matrices are there with this property? And what’s
the largest m for which this number is not zero? (i.e., for which there is a 3 x m matrix
with this property?).



