
Math 110 (Term 2) Homework Assignment 12
due date: Apr. 17, 2006

1. Let T1 : R
3 −→ R

2 be the linear transformation given by the matrix

[

1 3 2
2 0 −1

]

and let T2 : R
2 −→ R

1 be the linear transformation given by the matrix
[

5 3
]

.

(a) The kernel of T1 is one dimensional. Find a vector u1 which spans ker(T1) (i.e., a
basis for ker(T1)).

(b) The kernel of T2 is also one-dimensional. Find a vector v1 which is a basis for
ker(T2).

(c) Find a vector w1 in R
3 with T1(w1) = v1.

(d) Check that u1, w1 is a basis for ker(T ), where T = T2 ◦ T1.

[This question is just a concrete example of the main idea used to prove the lemma from
Tuesday’s class]

2. Suppose that T : C∞(R) −→ C∞(R) is a linear constant coefficient differential
operator (i.e. the things we’ve been looking at for two weeks) given by

T (f) = f (n) + an−1f
(n−1) + · · ·+ a1f

′ + a0f,

where the ai’s are real numbers and a0 6= 0. If we’re trying to solve the equation
T (f) = g for some function g in C∞(R), one way to try and find it is to write T as a
composition T = T1 ◦ · · · ◦ Tn, and, using the explicit formula for solving the Ti’s, work
our way up the chain. This seems like a lot of work, and in the previous assignment it
was suggested that an easier way might simply be to “try things that look like g” in T ,
and see if we can cook up a linear combination which works.

This doesn’t sound like a very mathematical statement, but in fact we can be a lot more
precise, and prove rigourously that that kind of idea will work.

In this problem, let’s prove that if g is a polynomial, we can always find a polynomial
f with T (f) = g.

Let d be any positive integer, and Pd the vector space of polynomials of degree ≤ d.
The vector space Pd is a subspace of C∞(R).
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(a) If f is in Pd (and so also in C∞(R)) explain why T (f) is also in the subspace Pd

(instead of just being some arbitrary thing in C∞(R) which might not be in Pd).

Since (by part (a)) every f in Pd gets sent back into Pd by T , we can also consider T as
giving a linear transformation T : Pd −→ Pd.

(b) Show that this linear transformation from Pd to Pd must be injective. (Hint:

Don’t we already know everything about ker(T )?)

(c) Explain why this means that the map from Pd to Pd must also be surjective.

(d) If g is a polynomial of degree ≤ d, explain why we know that there is a polynomial
f , also of degree ≤ d with T (f) = g.

If it makes it easier to explain your reasoning, you can assume that all the roots of the
characteristic polynomial of T are distinct.

3. Find the general solution to the following differential equations

(a) f ′′ − 4f ′ + 4f = −4 + 12x.

(b) f ′′ − 6f ′ + 9f = 20 − 12x + 9x2.

(c) f (3) − 3f ′′ + 3f ′ − f = 22 − 5x.

Reminder: If T is a constant coefficient linear differential operator whose characteristic
polynomial factors as

(λ − λ1)
m1(λ − λ2)

m2 · · · (λ − λr)
mr

Then a basis for ker(T ) is

eλ1x, xeλ1x, x2eλ1x, . . . , xm1−1eλ1x,

eλ2x, xeλ2x, x2eλ2x, . . . , xm2−1eλ2x,
...

eλrx, xeλrx, x2eλrx, . . . , xmr−1eλrx.
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