Math 210 Homework Assignment 12

DUE DATE: APR. 15, 2008

1. By associating each pair (a,b) € Z* with the Gaussian integer o = a + bi € Z[i] we
see that the number of ways that we can write an integer n as a sum n = a? + b? of two
squares is the same as the number of Gaussian integers of norm exactly n, i.e., that

#{@v) ez |a+1*=n} =#{aezfi] | N(o)=n}.

The purpose of this question is to use unique factorization in the Gaussian integers to
count the number of such a.

Recall that by unique factorization any Gaussian integer o can be written as

a=unmyt-emm

where wu is a unit and 7y, ..., m are primes in Z[i].

(a) Suppose that p is a prime in Z, p = 1 (mod 4) and that m; and my are two distinct
primes in Z[i| with N(m) = N(m2) = p.

Let e be a nonnegative integer. Find a formula in terms of e for the number of pairs
(s1,82) with s1, so > 0 such that N(n7*m5?) = p°. (The answer isn’t complicated —
the hard part is understanding the question).

(b) If ¢ is a prime in Z, ¢ = 3 (mod 4) then ¢ is still prime in Z[i]. Given f > 0 how
many possibilities are there for integers ¢t > 0 such that N(q') = ¢*/? (This is
even easier).

(¢) If p =2, and given any f > 0, how many possibilities are there for ¢ > 0 such that
N((1+1d)t) =277

(d) Given a positive integer n let’s factor it as

2 2 2
n = pfi1p§2 . _kaq(J;oqlthfQ . qefe

where p; = 1 (mod 4) for all ¢, ¢go = 2 and ¢; = 3 (mod 4) for i > 1.

Putting parts (a), (b), and (c) together, how many possible expressions are there
of the form

_ S1,1 _S1,2 _S2,1 S22 Sk,1__Sk,2 \to t1 . t2 ty
Q=UTy1 Ty 9 Toq1 Tog " T 1 M9 (14+14)°q' ¢ - qp

with N(a) = n? (In the notation above, u is a unit and for each i the elements
mi1 and ;9 are two distinct primes such that N(m; 1) = N(m;2) = p;.)
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2. Suppose that I = (a,b) and J = (¢, d) are two ideals in a ring R.

(a) Show that I C J if and only if a,b € J.
(b) Show that I = J if and only if a,b € J and ¢,d € I.

3. The prime p = 13 factors as 13 = (2+3:¢)(2—3i) in Z[i]. Let I} = (2+3i), I, = (2—31)
in Z[i]. Let’s use the homomorphism theorems and the Chinese remainder theorem to
try and understand the ring Z[:]/(13).

(a) Show that I NIy = (13) in Z[i] (This should be a straightforward argument using
unique factorization and the fact that Z[i] is a P.I.D.).

(b) By part (a) and the Chinese remainder theorem,

Z{i] Z[i] Z{i]

(13) ~ (2+3i)  (2—3i)’

Z[i]
2+31)

and it would be nice to know what the quotients 7 and <2Z_[§i> are.

Let ¢: Z[x] — Z]|i] be the homomorphism given by ¢(f(z)) = f(i). The kernel
of ¢ is the ideal ker ¢ = (z? + 1).

Find the ideal J; = ¢~ ([;) of Z[z].
(¢) Show that the ideals J; and (13, — 8) are the same ideal in Z[z].

(d) By the third homomorphism theorem, Z[x]/J; is isomorphic to Z|i]/(2+3i). Using
part (c) show that Z[z]/J, ~ Z/137Z.

(e) Similarly, let J, = ¢~1(I3). Show that J, = (13,2 — 5), and again conclude that
Z[i] /(2 — 3i) ~ Z/137Z.
7] 7 %

f) Conclude that o = .
(f) Conclude that ey = 357 © 157

BONUS MINI-QUESTION: Explain why Z[i]/(13) is the same ring as Z[x]/(1
which is the same ring as F[z]/(z?+1), where F' = Z/13Z. Since (x—5)-(z—38
in F[z], use the Chinese remainder theorem to see that

Z{i]

—— ~F®F.
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