Math 314 Homework Assignment 2 FEBRUARY 9, 2004
DUE DATE: FEBRUARY 23, 2004

1. Decide whether or not the following polynomials are irreducible over Q:

2. Find the minimal polynomials for the following elements over Q:
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(d) o= 2sin(7/9)

)
b) a = ™/
) a=

)

Don’t forget (in each case) to include some short argument stating why the polynomial
you found is really irreducible over Q.

3. Let L be the field L = Q(w) where w = €?™/3. Show that
L={a+bw | a,beQ},
and verify that the map a + bw — (a — b) — bw is an automorphism of L.

2mi/3

4. Let a be the real number o = 2'/3, and 8 = aw, where w = e as above.

Are the fields Q(«) and Q(/) the same subfields of C? (that is, does Q(a) = Q(5)?)
Are they isomorphic as fields?

5. Is L = Q(v/2,/3) a simple extension? Give either a proof that it isn’t, or an explicit
element « in L and a proof that Q(«) = L.



6. AN IMPOSSIBLE PROBLEM.

In order to enter Moscow State University as an undergraduate, candidates were re-
quired to pass an oral examination by professors in their area of study (as well as other
examinations in Russian, and political knowledge). For instance, to enter the mathe-
matics department, the candidate would have to answer mathematical questions posed
by some of the faculty.

Sometimes the examiners wanted a particular candidate to fail, and a special supply of
difficult or cruel questions was kept in order to make this easier.

The following is one such question. It was stated as follows:

QUESTION: Find rational numbers a, b, ¢, and d to solve

(a+bvV2)? + (c+dvV2)* =2+ 2V2.

You can try expanding the squares and collecting terms, but it isn’t so easy to see what
to do (a, b, ¢, and d are in Q, and not just integers).

Prove that this problem is impossible in the following simple way: Assume that there is
a solution, apply a Galois automorphism to the equation, and use a single property of
the real numbers to arrive at a contradiction.



