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The enumerative geometry and arithmetic
of banana nano-manifolds
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AND MIKE ROTH (ON APPENDIX A)

A banana manifold is a Calabi-Yau threefold fibered by Abelian
surfaces whose singular fibers contain banana configurations: three
rational curves meeting each other in two points. A nano-manifold
is a Calabi-Yau threefold X with very small Hodge numbers:
hYY(X) + h?1(X) < 6. We construct four rigid banana nano-
manifolds Xy, N € {5,6,8,9}, each with Hodge numbers given
by (ht1, h%1) = (4,0).

We compute the Donaldson-Thomas partition function for ba-
nana curve classes and show that the associated genus g Gromov-
Witten potential is a genus 2 meromorphic Siegel modular form of
weight 2g — 2 for a certain discrete subgroup Py C Spy(R).

We also compute the weight 4 modular form whose pth Fourier
coefficient is given by the trace of the action of Frobenius on
H g’t(X ~,Qy) for almost all prime p. We observe that it is the unique
weight 4 cusp form on I'g(N).

1. Introduction: the geography, enumerative geometry, and
arithmetic of Calabi-Yau threefolds

In this paper, a Calabi- Yau threefold (C'Y3) is a smooth, projective threefold
X over C with Kx = Ox and H'(X,C) = 0. We are interested three aspects
of a CY3 X. Namely, geography (the Hodge numbers of X), enumerative
geometry (curve counting on X'), and arithmetic (for rigid X, counting points
over F,, gives rise to a weight 4 modular form).

In this paper, we construct four new CY3s which are interesting from all
three points of view.

1.1. Geography

The Hodge numbers of a CY3 X are determined by the two values ht!(X)
and h*1(X) which have geometric significance: h'*(X) is the Picard number
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of X and h*!(X) is the dimension of the space of deformations of X. The
geography problem for C'Y3s asks which pairs of numbers (%!, h%1) occur
as the Hodge numbers of a CY3. There has been some recent interest in
the physics community in the existence of CY3s with small Hodge numbers.
Candelas, Constantin, and Mishra [8] list all known (at the time) CY3s with
height At 4 h21 < 24. We call a CY3 with height satisfying

W+ RPN <6

a nano-manifold. We construct four new examples of rigid nano-manifolds of
height 4.

Theorem 1. There exist CY3s Xy, N € {5,6,8,9} with
W (Xy) =4, h*(Xy)=0.

There is an Abelian surface fibration Xy — P, with four singular fibers,
whose generic fiber is an Abelian surface of Picard number three. Pic(Xy) is
spanned by the class of the fiber and the three divisor classes of the generic
fiber. X has fundamental group of order N (c.f. Theorem 10).

Remark 2. The CY3 of smallest known height was found by Freitag-Manni
[12, 13] and has (A%, h®1) = (2,0). The list in [8] includes a modest number
of nano-manifolds but our X ~ are new examples of height 4. There are no
examples with height 3 on the list. It is unknown if there exists a rigid CY3

with Picard number 1 (and hence height 1).
1.2. Enumerative geometry

The enumerative geometry of a CY3 X is the study of curve counting on X.
There are several equivalent curve counting theories on a CY3. We are par-
ticularly interested in Donaldson-Thomas (DT) invariants, Gromov- Witten
(GW) invariants, and Gopakumar-Vafa (GV) invariants.

1.2.1. DT theory As usual, we may define the DT invariants of a CY3 X
as the Behrend function weighted Euler characteristic of the Hilbert scheme

DT,.5(X) = e(Hilb™" (X), ).

Here Hilb™#(X) is the Hilbert scheme of subschemes of X supported in the
class 8 € Hy(X) and having holomorphic Euler characteristic n, and e(—, v)
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denotes topological Euler characteristic weighted by Behrend’s constructible
function v [3].

For a basis of divisor classes Dy, ..., D,, we define the DT partition func-
tion by

Zx(pqr - ) = > DTog(X) (=p)" g - g Pr.
n,B

The nano-manifolds X ~ are of banana type which makes it possible to
compute the DT partition function of Xy for all fiber curve classes. To be of
banana type means that Xy — P! s the compactification of a group scheme
)~(]°V — P! by banana configurations.

A banana configuration in a CY3 is a union of three smoothly embedded
(—1,—1) rational curves C1,Cy, C3 whose intersection consists of two points
{p, q}. Moreover, the group structure on the smooth locus of the singular fiber
where a banana configuration occurs is C* x C* and it acts on the banana
configuration and its formal neighborhood (see [6]).

q

p

There is a basis of divisoz classes for X N given by F , &, S , S where F
is the class of the fiber, and A,S’, S are classes which, when restricted to a

. . . . —2N2 0 0
generic fiber, span the Picard group and have intersection form < 0 0N >
0 NO

We assign variables z,y, ¢, @ to the divisors F , &, s’ , S respectively and we
compute the DT partition function for fiber curve classes, i.e. we compute
the z — 0 limit of Zg (p,2,9,q,Q).

Theorem 3. Define positive integers c(a,m) as the Fourier coefficients of
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the ratio of theta functions 04(q2,y)/601(q*, y)?, namely:

(1) Z Z c(a, m)qiy™ = Yomez @™ (—y)™ )
a=—1meZ <Zm€Z+% q2m2(—y)m>

Then the DT partition function of )~(N, for fiber curve classes is given by

—c(4rs—t2,m)
Ze 00,0 = T 11 (1—pquT/"“Q’“yM)

ke© N m,r,s,t

where in the sum m,r,s,t are integers with r,s,r + s+t >0 and if r = s =
t =0 then m > 0, and O is the 4-tuple given by

05 =(5,5,1,1), ©6=(6,3,2,1), Os5=(4,4,2,2), ©O9=(3,3,3,3).

Remark 4. The methods developed in [6] to compute the fiber curve class
DT partition function of the ordinary banana manifold applies equally well to
the banana nano-manifolds X . The primary difference is that in the ordinary
banana manifold, the three banana curves of any singular fiber span the fiber
curve classes whereas the classes of the banana curves in the singular fibers of
X n are more complicated and vary from singular fiber to singular fiber. For
this reason, it is more convenient to express the partition function in terms
of the divisor classes and it accounts for the differences between the formula
in this paper versus the one in [6].

1.2.2. GW theory We define the genus ¢ GW potential for fiber curve
classes by

N P
FN@Quay) = >, (On @79y

BEH2(XN)
74 3=0
where ( );(g is the genus ¢ GW invariant of Xy in the class /.

The following is a consequence of Theorem 3:

Corollary 5. The genus g GW potential of )~(N is given by

(2) FiN(Q,q,y) = Y Fn(@F, ¢V, y™)
keON
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where for g > 2, nga”(Q, q,y) is a meromorphic Siegel modular form of weight
2g — 2 with

Q — 627ricr’q — 627r7,"r7y — 627riz’ fOT’ (7.2— ;) c Hg

where Hy is the genus 2 Siegel upper half space. Namely, F;’a” is the Maass
lift of the index 1, weight 29 — 2 Jacobi form

Qg - ¢_271(q, ?J) ) E2g(Q)

where Eag(q) is the weight 2g Eisenstein series, ¢_21(q,y) is the unique weak

Jacobi form of weight —2 and indezx 1, and ay = 29592 ‘2), (c.f. [6, § A.4] for

notation).

We show that (up to a change of variables) the GW potentials F;N(N
are Siegel modular forms for a certain subgroup of Sp,(R) as follows. For
N € {5,6,8,9} consider the group

N 1 1
Z 5l 37 §NZ
Lz 7z Lz L7
dn N Ndy
3 Py =S N
() N p4(@) %Z N7Z 7 %Z
N2 N
NZ L7 X7 7

where dy = ged Opn. Explicitly, ds = 1, dg = 1, dg = 2, and dg = 3. We
additionally consider the involution
0 VN 0 0
1
- 0 0 0
VN
0 0 VN 0
and observe that conjugation by ¢ty preserves Py. We can therefore produce
an index 2 normal extension of Py

P;\}:PNULNPN

and prove the following

Corollary 6. Up to a change of variables (see Section 5.3), the GW potentials

X . . .
F3~ for g > 2 are meromorphic Siegel modular forms of weight 2g — 2 for
the discrete subgroup Py, C Spy(R).
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The involution ¢y induces the transformation (Q,q,y) — (q%,QN . Y),
which is a symmetry of F] gXN after the change of variables. We note that
this is reminiscent of the behaviour of Siegel paramodular forms where in
particular, invariance under (Q,q,y) — (q%,QN,y) is a key property [15,

§3.1].

1.2.3. GV theory The genus g, curve class § GV invariant of a CY3 X
is an integer valued curve counting invariant n% (X) which has been given a
geometric definition by Maulik and Toda [21]. The GV invariants are conjec-
turally equivalent to the DT/GW invariants by the Gopakumar-Vafa formula
which can alternatively be used to give a (non-geometric) definition. Either
by assuming the Gopakumar-Vafa formula holds for Xy, or by using the
non-geometric definition, we may use our computation of the DT partition
function to compute the (fiber class) GV invariants of Xy .

The curve classes of a smooth fiber of Xy — P! generate (over Q) the fiber
curve classes of X y. Consequently, the fiber curve classes inherit a quadratic
form || - || coming from the intersection pairing on a smooth fiber.

Proposition 7. Assuming that the Ciopak‘umar— Vafa formula holds for X N
the Gopakumar-Vafa invariants of Xy in an effective fiber class [ with
2||5|| = a, are given by

where

) .S and X NG
en(B) = Z enk (), eni(B) = {1 fk|(8-5) and 5| (B-5")

keON 0 otherwise,

and the integers ng are given by

i i nd (y2 +y )2t = ﬁ (L+yg™ (L +y 'g™ (1 —¢™)
¢ - 4n)2 1 An\2(1 _ Any2
a=—1 g=0 nol (1 +yg?)2(1 + y~tgi7)2(1 — ¢*)

We remark that in the usual banana manifold, the GV invariants in an
effective fiber class 5 only depend on the quadratic form induced by the
generic fiber whereas for X ~, they also depend mildly on divisibility condi-
tions through the number ey (3) € {1,2,3,4}.
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1.3. Arithmetic

Let X be a rigid CY3 defined over Q. Then there is a continuous system of two
dimensional representations of Gg = Gal(Q, Q) on H, gt(X@, Q). It was shown
by Gouvéa-Yui [14] and Dieulefait [11] using the proof of Serre’s conjectures
by Khare-Wintenberger [17, 18] that this system of Galois representations is
modular. In particular, there exists a weight 4 modular cusp form

fx(a) = ang"
n=1

uniquely characterized by the condition that
(5) ay = tr(Froby | H (Xg, Q)

for almost all primes p. Moreover, tr(Frob,) can be determined by the Lef-
schetz fixed point formula in terms of # X, and so the arithmetic of counting
points in X over F, gives rise to a modular form fx(q)'.

Theorem 8. The rigid CY38 )~(N is defined over Q. The corresponding modu-
lar form f)zN(q) 1s the unique weight 4 cusp form on the congruence subgroup
Co(N). It can be expressed as the eta product

feo@= 1] n(d")?

k€eON

where 7(q) = ¢"/**T],,»,(1 — ¢") is the Dedekind eta function, and Oy is as
in Theorem 3. -

The proof of this theorem, given in Appendix A, reduces our case to a
previously known case. Namely, we show that

f54(@) = fxye(q)

where XY¢ are the rigid CY3s studied by Verrill [27, Appendix] who carried
out the requisite point counts to determine fxye (q).

The banana nano-manifold X ~ — P! has four singular fibers over points
P1s- .., pa € P and thus there is an associated elliptic curve Ey given by the

'Modularity for rigid CY3s defined over Q is analogous to the famous modularity
theorem of Wiles-Taylor for elliptic curves over Q. In that case the associated
modular form fg(q) is weight 2.



534 Jim Bryan et al.

double branched cover of P! ramified over py,...,ps. We have observed the
following curious proposition which we will prove in Appendix A.

Proposition 9. There is a model for En defined over Q such that the asso-
ciated weight 2 modular form fg,(q) is given by

fen(@ = T n@™)

keO N

so that fEN(q)2 = f)ZN(QQ)'

There is also an elliptic curve associated to any rigid CY3 X, namely the
intermediate Jacobian J(X) which is given by

0 — Hy(X,Z) 5 H*(X)* = J(X) = 0

where the embedding ¢ is given by integrating the Calabi-Yau form over 3-
cycles. This raises the natural

Question 9.1. Is Ey = J(Xy)?
More generally, we ask the following

Question 9.2. Let X be a rigid CY3 defined over Q and let E = J(X) be
its intermediate Jacobian. When does there exist a model for E defined over
Q such that the equation

fx(@®) = felq)?
holds?

1.4. Plan of the paper

In Section 2 we give our construction of Xy which is given as a free quotient
of a crepant resolution of a certain fiber product of extremal rational elliptic
surfaces. In Section 3 we use toric geometry to prove some key facts about
our construction. In Section 4, we find a basis for curve classes and for di-
visors on X ~ and compute their intersection numbers. In Section 5, we use
the techniques of [6] to compute the DT invariants of Xy and we use that
computation to get the GW and GV invariants. In Appendix A, we prove
Theorem 8 by using étale cohomology techniques to reduce our computation
to a related computation done by Verrill [27].
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2. The construction of EN

Let Sy — P! be one of the four unique rational elliptic surfaces having four
singular fibers of type (Ix,, Ik, lk,, Ir,) where On = (ki, ko, k3, k4) is given
below:

Singularity  Mordell-Weil ~ Modular
Type On Group Gy  group I'y

N
5 (5,51,1) Zs I (5)

6 (6,3,21) Z I'1(6)

8  (4,4,2,2)  ZyxZs Iy (4)NT(2)
9 (3,3,3,3) ZsxZs I(3)

The surface Sy is a compactification of the universal elliptic curve over
the modular curve

P! — {4 points} = H/T'y

where H is the upper half-plane and I'y C S Ly(Z) is the congruence subgroup
listed above. Sy admits an action of Gy, the associated Mordell-Weil group
of sections listed above. The modular curve can be regarded as parameterizing
elliptic curves E equipped with an injective homomorphism G — E. Note
that the order of Gy is N. Sy is an extremal elliptic surface: it admits no
deformations preserving the singularity type [22, 2].
We will henceforth often suppress the IV subscript of Sy and G. Let
S;ing - S/G7 S/ — Séing
be the quotient and its minimal resolution. The action of G on S is free away
from the nodes of the singular fibers and it is easy to see that the stabilizer
of the nodes in an [}, fiber is Zyy;. It then follows that S’ is isomorphic to
S where the isomorphism is induced from an automorphism of the base P!
which reverses the order of the singular fibers?. Indeed, the quotient of an I,
fiber in S is an irreducible nodal rational curve in S;ing with a Zy/, quotient
singularity at the node. We denote this type of fiber by Ilz NI
Let
Xsing =5 Xp1 !

sing»

2This phenomenon fails for two other the extremal rational surfaces with singu-
larity types (9,1,1,1) and (8,2,1,1) which is why our construction doesn’t work
for those types.
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Xeon =9 xp1 5.
It follows from the previous analysis that
Xging — P! and Xeon — P*
are Abelian surface fibrations with four singular fibers of type
I x 1P and T x Ty
respectively for k € Oy.

The threefolds Xging and Xco, are singular CY3s. Xcon has 4N singularities
occurring at the points

nlxn;EIkXIN/k

where n; € I and n; € Iy, are nodes. The singularities of Xcon are all
conifold singularities whereas the singularities of Xgjng are more complicated
but are locally hypersurface singularities given by the equation {ab = 2'y'}
where | = N/k.

We illustrate Xging and Xcon below in the case of N = 6:

It follows from the previous analysis of the stabilizers of G that the diag-
onal copy of G in G x G acts freely on S xp1 S’, transitively permuting the
N conifold points in each singular fiber.

One of our main technical results is that there is a projective conifold
resolution of Xcon given by blowing up an explicit (non-Cartier) Weil divisor
passing through all the conifold points. Namely, let

I' € Xeon
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be the proper transform of v C Xgng where v is the (fiberwise) graph of the
quotient map
f:8— 8

sing*

Theorem 10. Let I' C Xcon be as above and let
XN = BIF(Xcon)

be the blow-up of Xcon along I'. Then Xy s a non-singular CY3 with
31 (Xy) = 0 and hY(Xy) = 4N. Moreover the quotient of Xy by the
diagonal copy of Gn

Xn=Xn/GyN
is a CY3 with h*(Xy) = 0 and h"1(Xy) = 4.

Proof. The most difficult part of the proof of the above theorem is showing
that blowing up I' yields a conifold resolution. We defer that to the next
section.

Assuming the conifold resolution exists, we compute the Hodge numbers
as follows. First we show that X is rigid. For any CY3 given as a conifold
resolution Z — Z.on, the deformations of Z are given by the deformations of
Zcon which do not smooth any of the singularities [24, § 3.1]. In the case of
Xeon = S xp1 S, all deformations arise from deformations of S, S’, or from
composing the map S — P! with a Mobius transformation of the base [26].
But since S and S’ are extremal elliptic surfaces, any such deformation results
in smoothing one or more of the conifold singularities [22]. Therefore, Xy is
rigid and A% (Xy) = 0.

The topological Euler characteristic of X, can be computed as follows.
Since the generic fibers of Xcon — P! are Abelian surfaces and have Euler
characteristic 0, the Euler characteristic of X, is equal to the sum of the
Euler characteristics of the singular fibers. The Euler characteristic of a vari-
ety with a C* x C* action having isolated fixed points is equal to the number
of fixed points [4]. Then since the singular fibers admit C* x C* action whose
only fixed points are the singularities, we find

e(Xcon) = number of conifold singularities
=4N.

The conifold resolution Xy — Xeon replaces each conifold singularity with
a P! and so we find that e(Xy) = 8N. Then since for any CY3 X, e(X) =
2hHH(X) — 2h*1(X) we see that h'(Xy) = 4N as was asserted. Finally
since G'n acts freely, the Euler characteristic of Xy is 8 and subsequently,
B (X ) = 4. O
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2.1. Schoen nano-manifolds

We briefly digress to discuss some nano-manifolds closely related to Xy. Con-
sider

X]SVCh =5 N X¢ S;V
where the notation means that we take the fiber product of Sy — P! with
the composition Sp — P! 2 P! where ¢ : P! — P! is a generic Mobius
transformation.

The fiber product of any two rational elliptic surfaces such that the sin-
gular fibers of each surface do not coincide (such as X3) is called a Schoen
manifold and is a smooth CY3 with ht' = h%! = 19. The 19 deformations
are given by the 8 deformations of each rational elliptic surface along with
the 3 dimensional family of Mobius transformations of the base.

Consider the quotient of X3 by the free action of the diagonal G C
GN X GNZ

X3 = X3 /Gy

These manifolds are a part of a more general class of non-simply connected
Calabi-Yau threefolds studied by Bouchard and Donagi [5].

Proposition 11. )?R,Ch s a nano-manifold of height 6 with
hl,l ()?JSVch) _ hZ,l(ij]Svch) -3
Moreover, )?IS\,Ch and )?N are related by a conifold transition.

Proof. The deformations of )N(]S\,Ch are those deformations of the universal cover
X3¢h which preserve the Gy action. Since X3 is a Schoen manifold, the de-
formations are exactly the deformations of S, the deformations of S” and the
deformations of ¢ [26]. Then, since S and S’ are extremal they have no defor-
mations preserving the Gy action [22]. Consequently, the only deformations
of X3 are the deformations of ¢. Therefore h%!(X3") = 3 and since

(X3 = e(XF") =0
we have hl’l()N(JSVCh) = 3. Under the deformation taking a generic ¢ to the
identity, X ]S\,Ch deforms to Xcon/Gn which has Xy as a conifold resolution. [

The enumerative geometry of the Schoen nano-manifolds )?]S{,Ch is expected
to be interesting. On one hand, it is related to the enumerative geometry
of Xx by the usual conifold transition formulas. On the other hand, the
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enumerative geometry of X ]S\‘,Ch should be related to the enumerative geometry
of the CHL model

(KS X E)/GN

where Gy acts symplectically on K3 and by translation on the elliptic curve
E. The DT invariants of these models were studied in [7].3

3. Local toric geometry, resolutions, and intersections

In this section, we use toric geometry to analyze I' C X in a formal
neighborhood of the singular points and prove (among other things) that
Xnx = Blr Xcon is a conifold resolution of Xcopn.

Remark 12. The existence of some projective conifold resolution of X, is
provided by Schoen [26]. However, the group G does not act on the conifold
resolutions provided by Schoen’s method (which in this case is a sequence of
blowups of components in the singular fibers). Blowing up I' is much more
difficult to analyze than blowing up smooth components of the singular fibers
because I is in general not smooth, but it has the crucial advantage of yielding
a Gy invariant conifold resolution.

Since I' C Xeon is a divisor, it is Cartier away from the 4N conifold singu-
larities and hence the blow-up does nothing away from the singularities. Thus
understanding Xy = Blp(Xcon) reduces to the local problem of understand-
ing I' in a neighborhood of each singular point. This is still difficult since I
is defined as the proper transform of v C Xgng and is hence given by a clo-
sure (for example, it turns out that I' is necessarily singular and non-normal
although we will not need to prove that here).

For each k € Oy let

l=N/k
so that the corresponding singular fibers in Xgjng and Xcon are of type Ij, x I 121

and [ x I; respectively. At the node in [ IZ ', the surface S;ing is formally locally
modelled on

Seing = A/ Z

= Spec (C[z, y]Zl)
= Spec (C[2', o/, zy])

3The argument connecting these two models is a folklore degeneration argument
that we learned from G. Oberdieck.
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= Spec (Cla, b, ]/ (ab — )
and the map to the base is locally modelled on the map

|
Stoes — Al
given by (z,y) — xy, i.e. (a,b,c) — c.
Let

Sloc N Sloc

sing
be the minimal resolution. Note that the exceptional fiber is a chain of (I —1)
Pls.
The local model of Xng at a singular point in the Ij, x [ 1Zl fiber is then
XES = A% x 0 SEC

sing sing
= Spec (C[,’L’, Y, a, b7 C]/(Clb - Cla Ty — C))
= Spec (Clz,y, a,0]/(ab — 2'y"))

and Xcon — Xiing is locally modelled on

Xloc Xs'?ncg where  X/9¢ = A2 x 1 S'°°.
We note that the graph of the quotient map A% — Sl?,fg in the fiber
product is the Weil divisor v C Xs"i’n‘:g with ideal

(CL - xla b— yl) - C[fL‘,y,CL, b]/(a’b - :Elyl)'

The threefolds X;?ncg and X°¢ are both toric, the former is an affine toric
variety with 1 singularity and the latter is a quasi-projective toric variety
with [ conifold singularities. Indeed, A%?/Z; and its minimal resolution '
are well known to be toric with fans in R? given by cones generated by the
vectors {(0,1),({,1)} and {(0,1),(1,1),...,(l,1)} respectively. Moreover the
map A%/Z; — Al is also toric and hence the fiber products Xsl?ncg and Xloc
are also toric. This description allows us to easily determine the fans which
we denote Fgng and Feo, respectively.

As with any toric CY3, the fans Fyng and Fion consist of cones in R3 which
are generated by vertices in the z = 1 plane allowing us to depict the fans
by collections of polygons in the z = 1 plane. The fan Fjj,g is a single cone
over the rectangle with vertices (0,0,1), (0,,1), (1,0,1), and (1,7,1). The
fan Fop is the union of the cones over the [ squares with vertices (0,7 — 1, 1),
(0,4,1), (1,4 —1,1), and (1,7,1) for i = 1,...,1l. We illustrate this below for
the case of [ = 3:
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a
(0,3,1) (1,3,1) (0,3,1) (1,3,1)
(0,2,1) (1,2,1)
y x
(07171) (17 171)
(0,0,1) (1,0,1) (0,0,1) (1,0,1)
b

In the above pictures (which live in the z = 1 plane), the cones of the fans
are given by the cones over the grey polygons. The dual polytope is depicted
in red and corresponds to the torus invariant points, curves, and divisors*.
For example, the plane perpendicular to the ray (1,3,1) in the left picture

corresponds to the torus invariant (Weil) divisor given by the ideal
(y,0) C Clz,y,a,b]/(ab — 2%y?).

This divisor is a copy of A? with coordinates x and a and the intersection
of v with it is given by the curve a = 3 which we draw schematically in

loc " mnamely I' C X9 can intersect

orange. The proper transform of v C X,

sing?
the exceptional curves of X/°¢ — Xs'?ncg in complicated ways, which we depict

in the right hand picture with a squiggly orange curve.

4The faces of the dual polytope should be perpendicular to the rays in the fan,
so the red polytope does not lie in the z = 1 plane. We depict a projection of the
dual polytope to the plane.
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To deal with the potential complications of I' and its blowup, we find a
family of divisors that interpolates between I' and a toric divisor. Let D, C
Xs'?ncg be the Weil divisor given by the ideal

(yl - Eba a— Exl) - (C[:Ca Y, a, b}/(a’b - xlyl)'

Then Dy = v and Dy is the torus invariant divisor with ideal (yl,a). Dy
has support on the torus invariant divisor with ideal (y, a) which corresponds
to the ray generated by (1,0,1) in the fan. Note that Dy has multiplicity [

since on the interior of Dy where b,z # 0, we have a = z'y'b~! = unit -

Yyl

Let D! C X!°¢ be the proper transform of D, C X;?,fg. For the toric case of
€ = 0, D], can be determined by the combinatorics of the fan. Indeed, as with
any torus invariant divisor, Dy C X;?ncg is determined by an integer valued
function on the vectors generating the rays of the fan. In this case, the function
takes the values (0,0, 0,1) at the generators ((0,0,1),(0,1,1),(1,7,1),(1,0,1))
respectively. Dq is not Cartier: if it were, its associated values on the vectors
generating the fan would be the restriction of a linear function on the cone. It
is however Cartier away from the singular point. This is reflected in the fact
that the values are the restrictions of linear functions on the 2-dimensional
faces of the cone. Since Feop is obtained from Fjng by adding various new gen-
erators to the 2-dimensional faces of Fyjng, the proper transform Dy is given by
the function on the generators obtained by restricting the linear function on
the faces of Fing to the new generators. Namely, Dy is given by the function
taking values 0 on the generators (0, 7,1) and [ — j on the generators (1, j,1)
for j=0,...,L

Note that D) C XSS is still non-Cartier: on the cone in Fo, generated by
((0,i—1,1),(0,4,1),(1,a—1,1),(1,4,1)), Df take values (0,0, —i+ 1,1 —1).
On this cone, which corresponds to the T-invariant affine neighborhood of
the ith conifold point in X2, D} is the sum of the divisors taking values
(0,0,1,0) and (0,0,1 — i,l — i) on the generators. The latter is principal and
hence doesn’t affect the blowup. The blowup of the former gives the conifold
resolution obtained by adding the 2-dimensional face spanned by (0,7 —1,1)
and (1,4,1) to the fan. Thus

con

X|OC — B1D6 (XIOC)

is smooth and is given by the fan F' colored grey in the picture below:
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(0,3,1) / (1,3,1)
0 0

C3 /
/
(0,2,1) b2 (1,2,1)
0 1

ca -

b1

(0,1,1)
0

Cc1 /

(0,0,1) (1,0,1)
0 / 3

The fan F of X'¢, the dual polytope, and the multiplicities of D).

Let Djj C X'°¢ be the proper transform of Dj. The values of DY on the
generators of the fan F' are depicted in blue in the above picture and the dual
polytope is depicted in red.

The exceptional locus of X'°¢ — Xo¢ is given by ¢; Ubj U---Ubi_1 Ugy,

sing
a chain of 20 — 1 P's. The [ curves ci,...,c are the expectional curves of
the conifold resolution X' — X'°¢ and the I — 1 curves by, ..., b_; are the

con
: loc loc
proper transforms of the exceptional curves of Xt — Xgr.

We can now compute the intersection numbers Dy - ¢; and Dy - b;. Let
Dir, s, 1] denote the torus invariant divisor corresponding to the ray generated
by (r,s,1). So then

1

Dy => (1—k)D[1,k,1].
k=0
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Now the intersection of the proper curves b; and ¢; with Dlr,s, 1] can be
computed using standard toric geometry. The intersection number is 0 if the
curve and divisor are disjoint and 1 if they meet in a single point. If the curve
is contained in the divisor, one can find a linearly equivalent divisor (by
adding a suitable global linear function on the fan) such that no component
of the new divisor contains the curve and then easily compute the intersection
number. The results are

1 ifk=i+1
bi- D[k, 1]=¢ -1 ifk=1

0 otherwise.

1 fk=7i-1
¢ DLk 1]=< -1 ifk=1

0 otherwise.
We then get

bi-Di =1—(i+1)—(I—1)
=1

¢ Dy =1—(i—1)— (-1
= 1.

We summarize the above discussion in the following lemma.

Lemma 13. Let X' = Blp, (Xoc). Then X'°¢ is a smooth toric CYS. The

con
exceptional set of the resolution X'°¢ — X!°¢ is a chain of 21 — 1 curves

sing

c1UbyU---Ubi_1 Uc; where the ¢;’s are the exceptional curves of X'°¢ — ngﬁ

and the b;’s are the proper transforms of the exceptional curves of X1°¢ —

Xl?,fg. Let DY C X' be the proper transform of D}. Then the intersection
numbers of D{ with the exceptional curves are given by

(6) boci=+L, fori=1,...,1,
(7) Dy -bi=-1, fori=1,...,1—1.

We next show that the above lemma holds for the whole family of divisors
parameterized by e. This will allow us to convert the toric result about X'°¢
into a global result for X since the divisor I' = D!_; is well defined globally.

Let

D c Al x Xoc

sing
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be the Weil divisor with ideal
(4! — eb,a — ex') C Clx,y,a,b, €]/ (ab— z'y").

Let I’ be the proper transform of D under Al x X!o¢ — Al x X;?ncg and
consider

XIOC — BI]D)/ (Al % Xloc).

con

By the functoriality of blowups, the fiber of X'°¢ — Al over € is given by
Blp, (X25). We've shown that Blp, (X[25) is non-singular, so it follows that

con con

Blp, (X[¢) is non-singular for generic €. Then since there is a C* action on X'°¢

given by (z,y,a,b,€) — (z,y,Aa, \"'b, \e) we see that Blp, (X25) must be
non-singular for all e. In fact, since the singularities are all conifolds and the
resolutions are conifold resolutions, we have X'°¢ = X'o¢ x Al Let D” C X'o¢
be the proper transform of I’. Then D! - ¢; and DY - b; are independent of e
since they are given by deg(O(D")|cxe;) and deg(O(D")|exs, )-

In particular, when e¢ = 1, the divisor D/_; C XX¢ is a local model

for I' C Xcon and then the local results for D!_; imply the following global
results:

Proposition 14. Let I' C Xcon be as defined in § 2. Let Xn = Blp(Xcon)
and let us also denote by I' C Xy the proper transform of I' C Xeon. Then
Xy is a smooth CY8 and

(8) I'e=1
for any exceptional curve ¢ of X — Xcon and
(9) r-o=-1

for any curve b given by the proper transform of an exceptional curve of
Xcon — Xsing'

4. Divisors, curves, and intersection numbers on Xy

We now study the cohomology classes of Xy and Xy. In particular we find a
Q basis for curve classes and divisor classes and we compute their intersections
numbers.

As shown in [26, eqn 3.2], the divisor classes of Xy necessarily consist of
the divisor classes of the generic fiber and the fiber classes. Here (following
[26]) the “generic fiber” is the fiber over the generic point 7 € P! in the sense
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of schemes. The Picard group of the generic fiber is spanned by the three
divisors

S=5 Xp1 {0}, S = {0} Xp1 Sl, and T

The fiber divisor classes are given by the general fiber F' and the irreducible
components of the singular fibers.

We now develop notation for the curves and divisors in the singular fibers
of Xy — P!. As discussed in Section 2, for each k € O there is a correspond-
ing singular fiber of Xy — P! which is the proper transform of I, x I; C Xcon
where we recall that

Fibers of this type are called multi-banana fibers and were studied by Kana-
zawa-Lau [16] and Morishige [23]. We label® such a fiber by F(k).

The singular fiber F'(k) C X is a non-normal toric surface and its formal
neighborhood F (k) has a universal cover which is a formal toric Calabi-Yau
threefold U modelled on the toric CY3 whose fan in R? consists of the cones
generated by

(7/7]71)7 (Z+17]71)7 (Z+17]+171)7 (’L’])GZXZ?

and
(4,7,1), (5,7 +1,1), i + 1,5+ 1,1), (i,j) €Z X L.

An element (s,t) € Z X Z in the group of deck transformations of U — F (k)
acts on the generators of the cones by translation by (sk,tl,0) (see [23, § 2.2]
for more details). We then may choose a fundamental domain for the Z x Z
action on the cones, namely the cones given above with 7 € {0,...,k—1} and
j €{0,...,1—1}. The quotient of I?(k‘) by the action of Gy is then given by
the quotient of U by Z x Z where now (s,t) acts by translation by (s,t,0)
on the generators of the cones. This quotient is the formal neighborhood of a
banana fiber, F\ban in the notation of [6]:

F(k)/GN 2 Fpan.
We label the torus invariant divisors in F'(k) by D;j(k),i=1,...,k, j =

1,...,l and the torus invariant curves by a;;(k), b;j(k), and ¢;; (k). We do this
such that the zero section meets Dy, (k) and the b and ¢ curves coincide with

5If k is repeated in Oy we will use primes to further distinguish so that the
labels will be in (1,2,3,6), (1,1’,5,5'), (2,2/,4,4"), or (3,3',3",3").
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the b and ¢ curves in the local model. In particular, ¢;;(k) are the exceptional
curves of the conifold resolution Xy — Xcon, bs;(k) for j # [ are the proper
transforms of the exceptional curves of Xcon — Xsing, and by (k) is the proper
transform of the curve

ni x 7" C Iy X IT' C Xing.
Finally, a;j(k) is the proper transform of
aiXTLjCIiXIlCXcon

where a; is the ith curve in I; and n; is the jth node in I;.
We illustrate this in figure below for N = 6, k = 3, and | = 2 (we suppress
the k from the notation in the diagram):

D1y Doy D3,
a a a
c11 H Cc21 21 31 31 c11
¥ (0,0)
b b b
o12 12 92 22 932 32
f/
c ol @ A c .
O1T 1T bat 21 93T 31
cri aj1 cn a1 31 asl

el
A fundamental domain for the toric diagram (gray) and dual polytope (red) for
F(3), the formal neighborhood of the singular fiber F(3) C Xg.

Note that in the above example, the fan and dual polytope of the local
model appears k = 3 times, each with [ = 2. The intersection of I" with F'(3)
is depicted in orange.

The 4N + 4 divisor classes given by

{F7 ‘97 Slv Fa Dij(k)}k:GGN,i:l,...,k,j:l,‘..,l
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admit four obvious relations, namely
> Dijk)=F
i,J

for each k € ©y. Since the Picard number of Xy is 4N, there are no further
relations.

We obtain the following intersection numbers easily since in each case,
the curve and divisor are either disjoint or intersect transversely in a single
point:

S - aij(k) = S/ : b”(k’) =5- Cij(k) = S, . Cij(k’) =0.

and
1 ifi=k
S/ aij(k): IZ ’
0 ifi#k,
1 ifj=1
S-byk)y=4- "770"
0 ifj#L

By Equations (8) and (9) in Proposition 14, we have

FC”(]C) = 1,
I b”(k}) =—1 for j 7& l.

Thus to get all the intersection numbers of the fiber curves with {S, 5", T'}, it
remains to compute I' - a;;(k) and I' - by (k). To determine these, we use the
curve classes

f=S-F f=8.F

which are the fiber curve classes of the elliptic fibrations S — P! and S’ — P!.
We may write these classes in terms of a;;(k), b;;(k), ¢;; (k) since they are given
as the total transform of the curves I x {0} and {0} x I; respectively in the
fiber F'(k) C Xy. These curves are illustrated in the above diagram in blue.

Since I, x {0} is homologous to I x n; where n; is any node, and the
total transform of I x n; is the union

U (k) Uas;(k)

i
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we get the following relation for any fixed k and j:

f Z C7,] + az] )

Similarly, for any k and ¢ we get

Taking a representative for f' and f in the generic fiber, we see that®
f-T=1, f-T'=N.
Combining, we get

1=f.T

MN

(cij(k) + bij(k)) - T
1

—(l—=1)+by(k)-T

— .
I

which implies
bu(k)-T'=0
for any 4 and k.
We note that a;;(k) - I' is independent of i since the action of the first

factor of Gy x G preserves I' and permutes the i indices of a;;(k). Then for
any j and k we have

N

f-r

I

(cij(k) + a;(k)) - T

5We remark that the picture of the intersection of f and I' in the diagram is
misleading. The curve f should meet I" twice in each of D15, Das, D3s for a total of
N =6.
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where the last equality holds for all ¢, j, k. Thus we get
aij(k’) . F = l — 1.

We summarize these results in the following

Lemma 15. The intersection numbers of the fiber curve classes a;j(k), bij(k),
and c;;(k) with the divisors S,S’,T" are given by the following table:

€ S’ e S - I'-e
a;; (k) {égﬁ;:} 0 [=1
Lifj=1 0 ifj=1
bij(k’) 0 {02‘%7&1} {—11‘%;&1}

We are primarily interested in curve and divisor classes on X N = Xn/GN.
Let
m: Xy — )A(:N
be the quotient map. We note that for each k, G acts simply transitively on
the sets {a;;(k)}, {bij(k)}, {cij(k)}, and {D;;(k)}. In particular the classes

a(k) = me(ai;(k)),  b(k) = ma(bij(k)), &(k) = m(cii(k))

are independent of the choice of ¢ and j. We also define

F=nm(), S=m/(S), 5 =m(5)

and finally we define F to be the class of the fiber of X ~ — P Note that
the pushforward behaves a little differently for this class:

F = tm.(F).
The divisor classes {F, S, S, T'} span Pic(Xy) and to compute their in-
tersection numbers with the fiber curve classes a(k), b(k), ¢(k) we use the
following. B B
If D is any divisor class on Xy, € is a curve class on Xy, and D = m,(D)
then

D-e=mn.(D)-€
= (D - 7€)

=D 7%
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so to compute S a(k) for example, we need to compute
S (a(k) = S aii(k)
1,3

and this can be read off from the table in Lemma 15. Carrying this out we
get the following table of intersections on Xy.

ak) 1 0 N(@l-1)
b(k) 0 ko —k(l—1)
k) 0 0 N

Geometrically, the classes a(k), b(k), (k) are represented by the three
banana curves in the fiber F(k) = F(k)/Gy. It will be convenient to consider
a slightly different basis of curve and divisor classes. Namely, consider the
curve classes

a(k) +¢(k), b(k)+c(k), c(k)
and the divisor class
A=T-NS -5,

Lemma 16. The intersection numbers for the above classes are given in the
following:

¢ ST S5 A-F
(k) +¢(k) l 0 0
(k) +¢(k) 0 k 0

c(k 0 0

a
b

4.1. The intersection form of a smooth fiber

The divisor classes
r, s, S8, A=I'-NS-S

on Xy and the corresponding classes
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on X N restrict to a fiber to give curve classes
y=0I-F, f=S-F f=8-F §=A-F

on Xy, and correspondingly

on XN.

Viewed as divisor classes on a smooth fiber £ x £/ C Xy or (E x
E")/Gn C X, these classes are endowed with an intersection form. Geo-
metrically, we may explicitly write these cycles:

f={(x0e ExEY}, f={{0,2)YeExE} ~={9)eExE}

where g : E — E’ is the quotient map.

The self-intersection of f, f’,~ are all zero since translation by a generic
element in F x E’ creates a disjoint homologous cycle. The remaining inter-
sections are transverse and easily counted using the above descriptions. They
are given by

ff,:17 f7:N7 f”}/:l
It follows then for 6 =~ — N f' — f that

§-f=0, 6-f =0, §-6=-2N

so in the basis (6, f, f') for Pic(E x E’) the intersection form is

—2N 0 0
0 01
0 10

All classes « € {f, f’,v} have the property that

m*m.a = G orbit of «
= N«

so for &’,E S {fN’7 J‘N”ﬁ,g} we have

a-f=Na«a-p
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since

Tu (T et - )

(Tec - T 3)

= =

¥
=

Thus we’ve proved the following

Lemma 17. The classes g, f, f’ given by the restriction of the divisor classes
A, S, S in X to a smooth fiber have intersection pairing given by the matriz

—2N2 0 0
0 0 N
0 N 0

It is also useful to write the classes of the banana curves a(k), b(k),c(k) C
F(k) in terms of the curve classes 9, f, f'.

Lemma 18. The following equations of curve classes hold

(k) + (k) = o F
(k) + (k) = % 7
k) = —%5

Proof. Tt suffices to show that both sides of each equation have the same
pairing with the divisors 5’, S, and A. The pairings of f, f/, with 9,5, A
are given by the intersection pairing in Lemma 17. In particular, the only
Nnon-zero pairings are

1+ ~ N

[EACE

1+ N

es=T =k

1~~~ 1 -
—ga0 A= g2V = .

The pairing with the classes on the left are given by Lemma 16 which are the
same. n
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5. Computation of the enumerative invariants of X, N
5.1. Review of the partition function of banana manifolds

The fiber curve DT partition function of the generic banana manifold Xpa,
was computed in [6] with a combination of motivic and topological vertex
methods. The method works for any other CY3 of banana type including
Xn. What is needed is a CY3 X with an Abelian surface fibration X — P!
whose singular fibers Fy, ..., F; are banana fibers, so that in particular the
formal neighborhoods F; are isomorphic to Fha, see [6, § 4]. The result is that
the fiber curve DT partition function is a product over the contributions from
singular fibers

Zx =[] %5,
=1

where each Zp is, up to a change of variables, given by
Zﬁban (p7 Q17 QQ; Q3) - Z DTm,ﬂa(_p)injl (212 gS
d,m
N —e(d2
=0 - ot @

d,m

where if a, b, c are the banana curves in F\bam

5& == dla + de + dgC.

-

Moreover, the coefficients ¢(d
by definition

2 m) are defined as in Equation (1) and d? is

d? = 2dydy + 2dads + 2dsdy, — d> — d3 — d3.

Finally, in the above product we require dy,ds,ds > 0 and if dy = ds = ds =0
we require m > 0.

5.2. The DT partition function of YN

In the case of X ~, we have four singular fibers, indexed by k& € Oy given by

F(k)/Gn = Fpan
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and containing banana curves a(k), b(k), &(k). Therefore

Zzo = 11 Zowyon

kEO N

and ZF(k)/G

follows.
The contribution of a class

=7

£, Up to a change of variables which we determine as
an

B3(k) = dya(k) + dob(k) + dse(k)

to the DT partition function contributes by definition to the coefficient of the
monomial
yPal-B (Ba(k)-S" B5(k)-S

By writing
B1(k) = d(a(k) +&(k)) + da(b(k) + &(k)) + (ds — di — d2)&(k)

we can easily rewrite the above monomial using the table in Lemma 16. It is
given by

yﬂa(k)'A . qﬂa(k)‘s' . Qﬁa(k)'s N(ds —d1—dz) | dez
_ _ d:
= (d'y )" (Q’“y Ny (N
where we recall that | = N/k. So
Zﬁ(k)/GN (p7 Y,q, Q) = Zﬁban (p7 Ql? Q27 Q&)
where
(10) Qi=dy ™", Q=0 ", Qs=y".

Combining, we’ve shown that

Z5.(0,y,q,Q H H<1_p N (s —di—d2) ldekdg)

kEON g d,m

—c(d?,m)

Letting
T’Zdl, 5:d2, tzdg—dl—dg
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and observing that
d? = 4rs —

we then have the formula for Z %y 88 stated in Theorem 3 and thus have
concluded its proof.

5.3. GW potentials of fN

In this section we prove Corollary 5. We begin by computing the genus g,
fiber curve, GW potential of X y:

bS Xy 85,85, 8A
FXNQ,qm) = Y () Q7572
BeH>(XnN)
7 3=0

Our calculation follows closely the computation in [6, App A]. The reduced
GW potential F g/ is defined by removing the § = 0 term from F, gXN :

F;(Q7Q7y) = F;(N(Q7qay) - F;(N<07070)

The GW/DT correspondence conjectured in [20] and recently proven by Par-
don in [25], asserts that

> Zs (p,v,q,Q)
FI(Q) q, y)A2972 = 1Og ){N—
QZO g Z)?N(p,O,O,O)

under the change of variables p = e, Applying this to the DT partition
function of X we get

i Fy(Q,q,y)\*"* =log ( IT [T« —pmq”Q’“yNt)c<4mt2,m)>
g=0

ke®n m,r,s,t

Z Z 47"5 o t2 ) f: %pnmqnlransynNt
n=1

ke®y m,r,s,t

where the indices (m,r,s,t) in the product and sum are given by integers
satisfying r, s,7+ s+t > 0 and (r, s,t) # (0,0,0). Now ¢(d,m) =0if d < —1
[6, Prop 14] from which one can show that an equivalent indexing condition
is given by r,s > 0and t > 0if r =5 =0.
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In Appendix A of [6] it is shown that
(12) Z Cog—a(d)N?972 = Z c(d, m)e™*
g=0 meZ
where cy_2(d) is defined by
V2g-2(¢: y) chzg 2(4n — %)
n=0 teZ

and where 19,_2(q,y) is the weak Jacobi form of weight 29 — 2 and index 1
given by

1 g=20

V2g—2(¢,y) = d—21(q,y) - § 9(q,v) g=1
B g

291292 IQ)IEQg(Q) g > 1

(see [6, App A] for further explanation). Applying the substitution p = €™ to
Equation (11) and using Equation (12) we find

> FQ.qy)\?
g=0

_ Z ZZ qnlrans nNtZCQQ ) 4TS—t2) 29— 2A2g 2

keOy 7,5t n= 1

so that

F;<Q7 q, y) = Z Z 029—2(4TS - tz) Li3—2g<qlersyNt)'

ke®pn 7,s,t

For g > 1 we can add back in the constant terms using for example [20, § 2.1]
to get

(13)

FXQ,q,y)

—B
= Z (CQQ_Q(O) 4g 29 42 + ECQQ 2 47“5 —1 )ng 29 (kaqlr Nt)) .

7,8,t
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Let

Fban<Q q, y)—CQg 2(0 _B29 2 ZZCQQ 2 47‘S—t )ng 2g (QS " )

49 — 4
r,s>0 t

where the sum over t is for t € Z unless r = s = 0 in which case the sum
is t € N. It is shown in Appendix A of [6] that F;a“(Q,q,y) is the genus
2 Siegel modular form given by the Maass lift of 195_2(q,y). Then we can
rewrite Equation (13) as

FXN Q q, y Z Fban l N)

keON

which completes the proof of Corollary 5.
Proof of Corollary 6. Let us define the function

FXNQ.qy) =Y FENQYE g% yY)

keOy

which is clearly related to the GW potential F, Xy through the simple change of
variables Q) — QN We will prove Corollary 6 by establishing the automorphic

properties of ]-“gXN

Lemma 19. If F(Q,q,y) is a Siegel modular form on Sp,(Z), then for N
and k positive integers, F(QN¥, q%,yN) 1s a Siegel modular form of the same
weight for the subgroup

Z kZ (7 %7

17z 7 Lz L7z
Lyk=Sp,(QnN |k N N

X7 NZ Z 1Z

NZ NkZ kZ Z

Proof. Recall that Q = €*™ ¢ = e*™7 y = €2™% where Q = (7 Z) is an
element of the genus 2 Siegel upper half space Hy. The diagonal matrix

h = diag(N, Nk, k, 1)

acts on Hy in the standard way by

Q»—)h-Q:NO Qko
0 Nk 0 1

B %7’ Nz
~ \Nz Nko/~
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999
F(Q,q,y) is a Siegel modular form on Sp,(Z), then F(h - Q)
) :

is a Siegel modular form of the same weight on Sp,(Q) N
(bt Sp4( )h). For the particular matrix h above, it is straightforward to
verify that

Ly = Sp4(Q) N (hil Sp4(Z)h).

]
2g — 2 for the group

Recalling that F”"(Q, q,y) is a Siegel modular form of weight 2¢g — 2 on
Sp4(Z), the above lemma implies that F;V is a Siegel modular form of weight

Nkecon LNk

which one can easily show is exactly the subgroup Py C Sp,(Q) defined by
Equation (3). Finally, we note that by the standard action of Sp,(R) on Ha,

the involution ¢y (defined in Equation (4)) induces the transformation

(Q.q,9) = (g7, Q")

the proof of Corollary 6

under which FXV is evidently invariant. It follows that ]:;ZN is a Siegel mod-
ular form for the index 2 normal extension Py, C Sp,(R), which completes

O
5.4. GV invariants of X, N

In [6] it is shown that if a,b, ¢ C ﬁban are banana curves the GV invariants
(Fban) of an effective class

,B = dla + d2b + dgc
only depend on g and the quantity

a=d° = 2d1d2 + 2d2d3 + 2d3d1 - d% - d% - dg
and then n%(ﬁban)

nd where the integers ng are given by the formula
oo ~1,2n—1
PP
a=— :

5)20q0+1 — ﬁ A +ye (A +y ¢ (1 — ")

45 (T+yg™ )2 (1 +y~'g™)*(1 — ¢™)

Now consider an effective curve class on F (k) C Xy given by

8 = dya(k) + dob(k) + dsc(k)
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Recall that we have a quadratic form || - || on fiber curve classes induced from
the intersection form on a smooth fiber. We compute [|5]|| as follows:

1B = lldr(a(k) + (k) + da(b(k) + (k) + (ds - d1 — da)c(k)]|

1
= ||di - f+d2 - f+(d3—d1 d2) 5”
1 1 )

= 2dyd, - " N+(d dy — dy)? 'W'(_QN)
1
§(4dld2—(dg—d1 d2)?)
1
=5 (2d1ds + 2dsds + 2d3dy — di — d3 — d3) .

And thus if we let a = 2||3]| then n%(ﬁ(k)) =nd.

Then for a general effective fiber curve class 8 on Xy with a = 2||8|| we
have

(14) ng(Xn) = en(B)ng
where ey () is the number of singular fibers F(k) C Xy on which 8 is

represented by an integral class.
For example the class

is represented by an effective curve in F
in F'(k) when k # N, so in this case, €

—~

N), but is not represented by a curve
(a(N)+¢(N)) =1.

= 2 enull
con

2

Lemma 20.

where
1 ifk|(B-S) andl‘(ﬁ-g’)

0 otherwise.

engk(B) = {
Proof. An integral class on F'(k) given by

B = dya(k) + dob(k) + dsc(k)
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can be written as

- 1~
/ — — PR ——
[+ (ds —dy —da) 5N d

~| =

and thus satisfies
B-S' =dl, B-S=dsk, B-A=(d3—dy—ds)N

and so in particular & divides 3 - S and [ divides R S, Moreover, N divides
B - A for any effective fiber curve class.

Conversely, suppose that § is an effective fiber curve class satisfying &

(8-5) and ‘ (8- 5"). Then f is represented by an integral curve class on

F (k) since we may define the integers

1. - 1
=588, dy=28-3

and then
1 ~
ds=—0-A+d+ ds.
3 Nﬁ +d1 + a2
O
Lemma 20 and Equation (14) then complete the proof of Proposition 7.

Appendix A. Rigid CY3s related by finite quotients and
small resolutions (with Mike Roth)

Recall that for a rigid CY3 X defined over Q there exists a weight 4 modular
cusp form

o0
Ix(q) = Z ang"
n=1
uniquely characterized by the condition that

a, = tr(Frob,

Hégt(Xva Ql))

for almost all primes p.

In 27, Appendix]| Verrill considered rigid CY 3s which are closely related to
our banana nano-manifolds X . Namely, let XY be (any) projective conifold
resolution of the fiber product Sy xp1 Sy (Schoen [26] proved that there exists
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projective resolutions of any self-fiber product of a rational surface). Then
XYer is a rigid CY3 with hlH(XYer) = > keoy k- Verrill uses a particular
model for Sy which is defined over Q and proves that

Fxe(@) =[] n(d")?

keO N
independent of the choice of the conifold resolution”
X]\\/fer 7T—1> SN Xp1 SN.

We remark that Saito and Yui use the Shimura isomorphism and the fact
that Sy — P! is the universal curve over the modular curve for the group
I'y to argue that fX]\Ger(q) is a weight 4 cusp form for the group I'y (see [27,
Thm 5.3]).

We note that the quotient of Sy xp1 Sy by Gn acting on the second
factor is

SN Xp1 Ssing = Xsing-

Thus Xy and X]\éer are related by the following sequence of maps
(15) XJ\\/ferII%SN Xp1 SNq’l)XSing&XNq’z)XN

where the maps m; and s are crepant resolutions and ¢; and ¢, are both
quotients by the action of the finite group Gy.

We will show that the above maps and varieties are defined over Q and
that they induce an isomorphism

HG (XN, Qi) = HE(Xn, Qi)
which is compatible with the action of Frobenius so that in particular

fxve(a) = [, (0).

Let V be a variety defined over C. We recall that the both the ordinary
cohomology groups H*(V,Q), and the groups H:(V,Q) of cohomology with
compact support carry weight filtrations, increasing filtrations fy C F; C

Fy C - of Q-subspaces. We denote by Gr,, H'(V) (or Gr,, H{(V)) the

"The existence of a projective conifold resolution follows from a theorem of
Schoen. However, Schoen’s argument does not guarantee that the conifold reso-
lution is defined over Q. We will address this issue in Lemma 22.
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quotient F,/F,,—1. Given a map 7: V — V' of varieties, the pullback maps
on cohomology are compatible with the weight filtrations, and so induce maps
of the graded pieces.

Moreover, if one has an exact sequence of cohomology groups, for instance
an excision sequence

oo — H"YZ) — HY(U) — H (V) — HY(Z) — -
then for any m the sequence of graded pieces
oo = Gr, H7Y(Z) = Gr,,, H{(U) — Gry, H(V) = Gr,, H/(Z) — - -

is again exact. This is a consequence of the fact that the maps on cohomology
are not only compatible with the filtrations, but are strictly compatible [9,
Proposition 1.1.11].

Lemma 21. Let V and V' be projective threefolds defined over C and
m: V. — V' a birational map. Let Z C V be the exceptional locus of
and Z' =7(Z).

(a) Suppose that Z and Z' have the property that Grs H*(Z) = Grz H3(Z) =
0 and that Grz H*(Z') = Grg H*(Z') = 0. Then the pullback map
7% H3(V') — H3(V) induces an isomorphism on Grs.
(b) The vanishing conditions in (a) hold in each of the following cases:
(b1) For the morphism ma: Xy — Xsing above;
(b2) When 7: V. — V' is a conifold resolution (e.g., m: X)& —
SN Xp1 SN)
Proof. Let
U=V -2 U=V -2,
and note that 7 induces an isomorphism U = U’.
The excision exact sequences for U = V —Z and U’ = V' — Z' are compat-

ible with the maps 7* on cohomology and lead to the following commutative
diagram with exact rows:

H2(Z') —— H3(U') —— H3(V') —— H3(Z')

iﬂ* ZJ,W* i”* iﬂ*

H*(Z) —— H2(U) —— H3(V) —— H3(2)
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Passing to Grs and using the vanishing hypotheses, this diagram becomes

0 —— H3U') —— Crs H3(V') —— 0

zlﬂ* lﬂ*

0 —— GI‘3H63(U) E— Gl‘gHg(V) — 0

Consequently the map Grs H3(V') — Grz H3(V) is an isomorphism.

We next check the vanishing conditions for mo: Xy — Xiing. In this case
Z' C Xging is given by the union of the curves I, x n’ where I}, C S are the
singular fibers and n’ € S;ing is the nodal point in the corresponding fiber.
Since Z’ is complex one-dimensional, H3(Z') = 0. Since Z’ is proper, all
weights of H'(Z') are < i, by [10, Théoréme 8.2.4]. In particular all weights
of H*(Z') are < 2 and so Grg H*(Z') = 0.

The exceptional locus Z — Z’ is a union of components in the singular
fibers of Xn which by the local toric description of Section 3 is a normal
crossing divisor. The class of Z in the Grothendieck group of varieties is a
polynomial in I = [A!], the class of the affine line. It follows that the weight
polynomial of Z is supported in even degrees and in particular, we have that
Grs H*(Z) = 0. Since Z is proper, Grz H%(Z) = 0 as above.

Finally, we check the vanishing conditions for a conifold resolution. Here
Z' is a finite set of points and so has no cohomology above H°, and Z is
a curve, and so the degree 3 parts of H? and H? vanish as in the previous
case. U

Lemma 22. The morphisms and varieties given in Equation (15) are all

defined over Q.

Proof. As we make explicit in Appendix B, both Verrill’s model for Sy — P!
and the group action Gy x Sy — Sy are defined over Q. Consequently,
SN Xp1 SN, Xsing = Sy Xp1 (Sn/Gy) and the morphism ¢; are all defined
over Q. The map ¢ is the composition of Xn — Xcon and Xcon — Xiing. This
later map is induced by the minimal resolution Sy — Sy/Gx on the second
factor which is defined over Q because we may take S} to be the so-called G-
Hilbert scheme which is a component of the Hilbert scheme of substacks of the
stack quotient [Sy/Gn] and the morphism to be the Hilbert-Chow morphism
(the Hilbert scheme of substacks of a stack defined over Q is defined over Q).
The morphism Xy — Xeon is given by the blowup of I' which is a divisor
defined over Q since it is the proper transform of the graph of a morphism
defined over Q.
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Finally, we need to see that Verrill’s conifold resolution X X,e' — Sy Xp1 Sy

is defined over Q (this issue does not appear to be addressed in the original
paper). Schoen proves the existence of a projective resolution of any S Xp1
S self-product of a rational elliptic surface with singular fibers of I, type
and Verrill quotes this result. However, Schoen’s argument (first blow up the
diagonal and then successively blow up irreducible components of the singular
fibers) does not guarantee that the result is defined over QQ since components
of the singular fibers may not be defined over Q (indeed they are not in
general in our case). We may nevertheless find a conifold resolution defined
over Q as follows. The diagonal, the G -orbits of the diagonal, and H-orbits
of the diagonal for subgroups H C G are all Weil divisors defined over Q.
We can obtain a projective conifold resolution of Sy xp1 Sy defined over Q
by successively blowing up those Weil divisors and their proper transforms in
various orders. The specifics of this process depend on NN, which is not hard
to determine with explicit analysis of the singular fibers. Explicitly, for N =5
it suffices to first blowup the diagonal and then blowup the proper transform
of the Zs orbit of the diagonal. For N = 6, first blow up the diagonal, then
blow up the proper transform of the Zs-orbit of the diagonal, then blowup
the proper transform of the Zs-orbit of the diagonal. For N = 8, first blowup
the Zs-orbit of the diagonal and then blowup the proper transform of the
Zy-orbit of the diagonal. For N = 9, blowing up the full Zs x Zs orbit of the
diagonal works. O

We will also use the following standard result which may be easily proved
using the Leray-Serre spectral sequence.

Lemma 23. Let G be a finite group acting on V. Then H'(V/G) = H{(V)%
where the inclusion H'(V/G) = HY(V)Y — HYV) is given by p* where
p:V =>V/G.

We now complete the proof of Theorem 8. We examine the maps on
cohomology induced by (15):

H3(XYer) < H3 (S s S) € H3(Xng) = H3(Xy) <2 H3(Xy)

Restricting to the weight 3 graded piece of the above and using the fact that
XYer. Xy, and Xy are non-singular projective threefolds we get

H3(XYe) L Gy B3 (S xp Sx) & Grs B (Xang) 5 HY(Xy) <2 H3(X)

By Lemma 21 75 and 7] are isomorphisms on the degree 3 pieces. By
Lemma 23, ¢ and ¢5 are both injective. Since X]\/,er and Xy are both rigid
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CY3s, H3(X)®") and H3(Xy) are both isomorphic to Q & Q and hence the
injection (77) "t o ¢} o (m3) 7! o ¢ is an isomorphism

H3(Xy) = HY(XN).

Fix a prime [. Then by the comparison theorem [1, Lecture 11, Theo-
rem 4.4] H3(Xn, Q) = H3(Xy,Q) ®g Q; and HE (XY, Q) = H3 (XY,
Q) ®g Q;. The isomorphisms provided by the comparison theorem are com-
patible with pullbacks, and so the map (7}) o ¢} o (73) ™! o ¢} also induces an
isomorphism

Hégt(XN7 @l) = Hgt(XJ\\/fer; Ql)

As a consequence of Lemma 22, the maps 71, 7, g1, and g9 are all defined
over @, and so this isomorphism on cohomology groups is also an isomorphism
of Gal(Q/Q) representations. Thus we have the equality

F2y (@) = fxver(a).

This completes the proof of Theorem 8.

It remains to prove Proposition 9. The four singular fibers of Sy — P!
occur at points p1,...,ps € P! which are given explicitly in [27, Table 2]. In
all cases, p; = 0o, and the cross-ratio of the four points is given by

)\:p?)—pz
P3 — P4

If Ey is the double cover of P! branched at {pi,...,ps}, then the j-invariant
of Ey is given by

(A2 —=X+1)3

I =250

Thus, one can compute j(A) in each case, and use the LMFDB [19] to find a
suitable model of F over Q whose corresponding weight 2 cusp modular form
fEx(q) satisfies fr, (¢)? = [z (¢?). The data is presented in the following

table, where the labels for the Q-model of Ey are those coming from the
L-function and modular form database (LMFDB):
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Q-model  Weierstrass form

N i) of Ex of Q-model fen(q)

5 ASS09TM 90a1 2= 342 41z — 116 n(q%)2n(g?)?

6 190068 9483 yP=2%—22-242-36  (¢2)n(c®)n(g")n(e?)
8 1728 32.a3 P=—z n(¢®)*n(q*)?

9 0 36.a3 y?2 =1 — 27 n(g®)*

Appendix B. Explicit Q-models for the surfaces Sy

For reference, we include some basic explicit data for the models over Q of
the surfaces Sy studied by Beauville [2] and by Verrill [27]. In this model, the
surface Sy is given by the minimal resolution of a hypersurface Sy C P? x P!
with equation fx(z,y, 2, A, ) = 0, which is homogeneous of degree 3 and 1
in the variables (z,y,2) € P? and (\, ) € P! respectively. Projection onto P
gives a pencil of cubics and projection onto P? realizes Sy as the blowup of
IP? at the basepoints of the pencil.

In each case the Mordell-Weil group Gy is finite, and we include here
explicit equations for the group action Gy x Sy — Sy (which to our knowl-
edge does not appear anywhere else in the literature). Departing notationally
from Beauville and Verrill, we choose to index the cases by the order N of
the Mordell-Weil group. Note that the N = 3 and N = 4 cases do not arise
in the main body of the paper, as they do not lead to a construction of a
banana nano-manifold.

N fn Gy Generator(s) for the Gy action
3 u(@®y + Pz + 2%r) — Awyz Zs (z,y,2) = (y,z,2)
4 plr+y)(vy — 2%) — Aayz Zy (7,y,2) = (vy, —2% 22)
5  px(z—y)(y—z) — Aryz Zs (x,y,2) = (y(z — 2), —yz, z2(x — y))
6 pwrt+y+z)(zy+yz+zz)—dvyz Zg (z,y,2) — (xy,yz,22)
8  ux(x? + 22 + 2zy) — Az(2? — y?) Zy x Ly (See below)
9 u(@®+yd+2%) — dayz Z3 X Zs (x,y,2) > (y,2,x)
(7,y,2) = (7,wy,w?2), wi=1

In the case of N = 8, the following maps of order 4 and 2, respectively,
generate the Z, X Zy action
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(z —y)(z — 2)*(2® + 2(2y + 2))

= (e —y)(z—2) (2% — 2?2 + 222y + 2) + 2(2y% + 2yz + 2%))
z —(z+y)(2?+ 2(2y + 2))?)
x 2y +2)(2* +y2)*(2® + 22y + 2))

| (2 +y2) (28 + 3atyz + y323 + 2%2(y + 6322 + 3y + 23))
z —222(y + 2)3(2% + 2(2y + 2))

In the case of N € {3, 6,9}, the generators of the action can be determined
by inspection. The remaining cases require a straightforward calculation us-
ing the group law of a generic fiber of Sy — P!. This smooth cubic curve
intersects its Hessian curve in 9 inflection points, one of which can be chosen
as the origin. An analysis of the cubic pencil fy = 0 determines the sections,
and the translation morphism by a given section can thus be determined from
the group law as a birational automorphism of P2.
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