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Abstract In this article, we present streamlined proofs of results of Ankeny, Artin,
and Chowla concerning the fundamental unit of the real quadratic field Q(,/p) for
primes p = 1 (mod 4) while providing a generalization of their conjecture. Using
our generalization, we relate Fermat quotients of quadratic non-residues (mod p) to
sums of harmonic numbers.
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1.1 Introduction

In 1951, Ankeny et al. [1] derived four congruence relations for the class number
of real quadratic fields Q(,/p) with p a prime. It seems that a similar independent
investigation was undertaken several years earlier by Kiselev [2]. In a later paper, [3],
they published proofs of only three relations and perhaps inadvertently omitted the
proof of the fourth relation. This gap was filled in by Carlitz [4] who gave a proof but
again omitted to write out several key steps of the proof. The missing steps involve
the use of the p-adic logarithm, a profound idea introduced in [3] and developed
later by Iwasawa [5]. Looking back at the paper of Ankeny, Artin and Chowla, one
cannot fail to see the birth of two fundamental concepts of number theory: one is the
p-adic logarithm and the other is the use of the group ring to study cyclotomic fields,
both of which had a transformative influence in the number theory of the twentieth
century.
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In this paper, we will amplify this idea by giving simplified proofs of the results
in [1, 3]. At the same time, we extend these results and investigate a conjecture of
Ankeny, Artin, and Chowla explained in the next section.

1.2 An Extension of the Ankeny-Artin-Chowla Congruence

Let p be a prime = 1 (mod 4). The fundamental unit of Q(,/p) can be written as

8_t+uﬁ

1.1
> (1.1)
for positive integers ¢ and u. Ankeny et al. [1] stated the result

2hu A+ B

= = (mod p) (1.2)

t

where £ is the class number of Q(,/p), A is the product of the quadratic residues
(mod p) lying in [1, p] and B is the product of the quadratic non-residues (mod p)
lying in [1, p]. This was one of the four results stated in [1] and three of these four
results were proved in [3]. Carlitz [4] noted this gap and provided a proof but was
vague in several key steps. The essential ingredient of the p-adic logarithm needed
to derive (1.2) is not clearly enunciated in [4] or [3]. We will fill this gap in our
discussion below. We will also use this occasion to give streamlined proofs of the
results in [1, 3].

In their paper, Ankeny, Artin and Chowla conjecture that for primes p = 1
(mod 4), we always have p { u. They verified their conjecture when p = 5 (mod 8)
and p < 2000. Van der Poorten, te Riele and Williams [6, 7] verified the conjecture
for all primes p < 2 - 10'". The interest in this conjecture lies in the following obser-
vation. In 1960, Ankeny and Chowla [8] proved that # < p. For any given prime p,
the quantities A, B and ¢ are easily computed (using the continued fraction of ,/p in
the case of ¢) and so, (1.2) provides a congruence for 4 (mod p). But since 4 < p,
the reduced residue gives the exact value of & provided u is not divisible by p.

We briefly address remarks made by Ankeny and Chowla [8] regarding 7 < p.
In their paper, they wrote that this estimate is not well-known and cite a comment of
Carlitz [4] to this effect. They then give a proof of the stronger estimate 7 = O (/p).
In a postscript to their paper, they provide another proof of the weaker estimate
h = O(p'/***) due to Mordell which uses the theory of reduced binary quadratic
forms. The proof given in [8] employs Dirichlet’s class number formula though the
authors never say so. In fact, the formula on top of page 146 is pulled out of the “hat
of Dirichlet.”

It is relatively painless to give a proof that h = O(,/p) using Dirichlet’s formula
in the form
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2hlog£=zxfln)’ (1.3)

Vidi]

n=1

where x(n) = (dx/n) is the Kronecker symbol, dg is the discriminant of K =
Q(/p). From (1.1), we see that € >> ,/p so that the left hand side of (1.3) is

hlogp
VP

On the other hand, the right hand side of (1.3) can be re-written (by partial
summation) as

p—1 X
ZX(”) +/S()2C)dx,
n x

n= P

where S(x) =), _. x(n). As S(x) = O(p), we see that the right hand side of
(1.3) is bounded by O (log p) and the claim is now immediate. We remark that an
identical proof shows that the class number 2 (D) of Q(+/D) with D a fundamental
discriminant is also O (v/]D]). We will use this fact in a later section.

A natural question that arises is what result emerges in (1.2) if we replace A and
B by complete sets {aj}i’= —11)/ 2, {bs}i’; _11)/ 2 of quadratic residues and non-residues
(respectively) but not lying necessarily in [1, p]. We will assume that the a,, b are
all positive. This question is easily answered as follows.

Writing

where (x) denotes the reduced residue of x (mod p). Then,
(p—D/2 a
A= 11 (o0 [5])
s=1 p

)

s=1

We easily see that

(P D2F 9 )
A= A* — pA* = | = (mod
p 3|5 ] o)

da,
s=1 §
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(p=1)/2 1
B=B"-pB* > [—} — (mod p?)
s=1 p bs

where
(r—1)/2 (-2
A* = l_[ a, and B* = 1_[ b;.
s=1 s=1
Thus,
D21 (PDRE, T
A+ B=A*+B"—p| A* ==+ B* [—5}— mod p?).
p( ; [P}as ; p 1 bs (mod p7)
Therefore,
(p—1)/2 (-2
A+ B A*+ B* a1 . b7 1
= —(a* > [—}—+B > [—]— (mod p).
D p — Lrlas = Lplbs

This leads to the following variant of (1.2).

Theorem 1 Let p = 1 (mod 4) be a prime and {a,}, {b;} be positive numbers repre-
senting a complete set of quadratic residues and non-residues (mod p) respectively.
Let A* and B* be the product of the a; and by respectively. If ¢ = %(t + u./p) is the
Sfundamental unit of Q(,/p), then

(p—1)/2 (p—1)/2
A*+ B*  2hu |:as:| 1 |:bs:| 1
=AY |2 =+B ) || ) mod p).
p t ( — Lrla ~ Lplbs

Remark If 1 < ay, by < p, then the two sums in the congruence above vanish
identically and we retrieve the Ankeny, Artin, and Chowla congruence (1.2).

1.3 Relation to Fermat Quotients and Harmonic Numbers

Let R be a complete set of quadratic residues (mod p) all lying in [1, p — 1] and
N a complete set of quadratic non-residues (mod p) all lying in [1, p — 1]. Then
A*=Aand A = —1 (mod p). Moreover, B* = B and B = 1 (mod p). Now we fix
a quadratic non-residue m (mod p) and define the two sequences

b,=mr (re R) and a,=mn (n € N).

In this set-up, Theorem 1 reads as
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A + B* 2hu mr] 1
=—+B* — | — (mod
. 21; | oy (mod )

p L P
and A B 2h (mn] 1
* 4 u mn
z—+A*Z — | — (mod p)
P f ney L P 1M

respectively. Observing that B* = m?~1/2A and A* = m?~1/2 B respectively, and
that m»~1/2 = —1 (mod p), we deduce

T4\ 2 1
A <u) = 2hu A [ﬂ:| — (mod p) (1.4)
p t p | mr

reR

p1

i1\ 2m 1

p(Mi i) _p [@} — (mod p) (1.5)
p ! nen L P AT

This then leads to a refinement of [1].

Theorem 2 Suppose p is a prime = 1 (mod 4) and let R a complete set of quadratic
residues lying in [1, p — 1], N a complete set of quadratic non-residues lying in

[]’p_]]y
8_t+uﬁ
2

be the fundamental unit of Q(,/p), and h the class number of Q(/p). Then for any
quadratic non-residue m (mod p),

mP~1 —1 4hu mr| 1

—— =2y [—] — (mod p) (1.6)
p ! rer L P AT

mP~l —1 4hu mn]| 1

- E——+2Z[—}—(mod ) (1.7)
P t N p mn

Proof By the above discussion, the theorem follows at once by noting that A =
—1 (mod p) and B = 1 (mod p) and by multiplying equations (1.4) and (1.5) by
m®P=D/2 — 1 = -2 (mod p). O

Definition For p a prime number, the base a Fermat quotient is the integer defined

as |
P11
Fa)=2

Adding the two congruences in Theorem 2 we deduce.

Corollary 3 Suppose p = 1 (mod 4) and m is a quadratic non-residue (mod p).
Then,
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p—1
mF(m) = 22 [mk] %
=1

where F(m) is the Fermat quotient.

Remark We observe that this congruence relation for the Fermat quotient is uncon-
ditional of the Ankeny-Artin-Chowla conjecture. If p | u, then the terms involving
the class number in Theorem 2 vanish. If p 1 u, these same two terms cancel when
added.

Definition The k-th harmonic number H; is defined as

k
szz

where we understand that Hy = 0.
Lemma 4 For any odd prime p, H,_; = 0 (mod p).

Proof This is a simple matter of pairing up additive inverses. As k runs through
{1,...,%},p—kwillrunthrough{p—l,. p“} Hence,

P*l 12 p=l
1 1
HP—':E ZE <z )EE (———)EO(modp). U
1 k=1

An immediate corollary of Lemma 4 is the following:

Corollary 5 Suppose p is prime and a < b are positive integers such that a + b =
p — 1, then
H, = H, (mod p) .

Proof By Lemma 4, we have

1 — 1
O=Hy,y=) —+ ) - (modp)
j=1 J Jj=a+1 J
By assumption, a + 1 = p — b and hence
p—1 1
H,=— Z — (mod p) .
j=p—b I

Making the change of variables, j — p — j we have,

1
7EH;,(modp). O
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Setting x; = Hjy_1, Corollary 3 reads as

p—1

k
mF(m) = Z [m?i| (Xg+1 — xx) (mod p) .

k=1

Using summation by parts this becomes

p—1
mF(m)=xp [@] — Zxk (|:m_ki| — [mib (mod p) .

k=2 p p

The first term on the right hand side vanishes by Lemma 4. Now in the summand,
we simplify the difference of the floor functions using the following lemma:

Lemma 6 Suppose p is prime and that M is any positive coset representative of a
positive reduced residue m (mod p). Then,

N N N

forall 1 <k < p — 1. In particular, if M = m then

p p 0 otherwise.

[m_k:| ~ |:m(k— 1)} B {1 ifk = [%]Hforsomee €10, m—1]

Proof Write M =m + p [%] Then,

S B e [

As [x +n] = [x] + n for any positive integer n, we deduce the first part of the
statement.
mk—1)
4

For the second statement, we note that [”’7"] — [1—] # 0 if and only if there

exists some positive integer £ < m — 1 such that

memn ok
p p

Rearranging this inequality, we have that

£
k—1<p—§k
m

and hence k — 1 = [,;n_z] For these values of k, we seek to simplify:
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RERIRRR

Writing pl =6 +m [%K] for 0 < 6 < m we deduce that

m [ pﬁ] y 0
plLm p
Using this relation we have:

H RN b G N R R N
—([=1+1)|-|=|=||=lt-=+=|-|t-=|=|—|-|-=
p m pLm p p p p p
Since 0 < 6 < m, the first floor function on the right is zeroas 0 < m — 6 < p. The

second term is —1 as —1 < —0/p < 0. The result then follows. ]

Lemma 7 Fix p and some q < p. Then forall 1 <k <q — 1 we have

(2] [remb]
q q

Proof Suppose [%k] = {. Then we have that

e ]

and since [%k] = ¢ we deduce that [%pk] = —¢ — 1. Hence,

(2] [299] e =, 0
q q

Therefore, by Lemma 6, and partial summation we deduce:

Theorem 8 If p = 1 (mod 4) is a prime and M is any positive coset representative
of a quadratic non-residue m (mod p), then

m

M m—1
—MF(M) = [—} —|—ZH -
p 2
Remark One can shorten the sum on the right in Theorem 8 by applying Corollary

5 and Lemma 7. The length of the resulting sum depends only on the parity of m.

Remark Note that if p = 5 (mod 8), so that 2 is a quadratic non-residue, Theorem
8 yields
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—2FQ2) = H[%] (mod p)

as the sum contains only a single term. Moreover, as p is odd, [%] = pr1. In effect,
we recover Eisenstein’s congruence

—2FQ2) = H% (mod p)

for all primes p = 5 (mod 8) [9]. In fact, we get a slight generalization of this result.
Suppose 1 < m < p is an odd quadratic non-residue with p = 1 (mod m). From the

(p 1)1

previous remark, Theorem 8, and the fact that [%] , we deduce that

(m—1)/2
—mF(m)=2 Z (modp).

Remark The Fermat quotient F'(a) = “”;% satisfies the “logarithmic” functional
equation
F(ab) = F(a) + F(b) (mod p)

for a and b coprime to p. Indeed, a?~! =1 + pF(a) so that
|+ pF(ab) = @b)P~! = aP~"pP=1 = (1 + pF(a))(1 + pF(B)) = | + p(F(a) + F(b)) (mod pz)

from which the desired additive congruence is immediate. It is important to note that
the Fermat quotient is a function from (Z/ p*Z)* — Z/pZ.

Theorem 9 Suppose p = 1(mod 4) is prime. Then the Fermat quotient of any
quadratic residue (mod p) can be written as some linear combination of Fermat
quotients of quadratic non-residues (mod p). Precisely, if r is a quadratic residue
(mod p) such that r = ab (mod pz) for quadratic non-residues @, b (mod pz) such
thata@ = a (mod p) and b = b (mod p) then,

b—

— - a—1
—rF(r) EE[E] +a [3} +B Y Hp Z ] (mod ).
p =ik

b
k=1

Proof This follows from Theorem 8§ and the logarithmic property of the Fermat
quotients (]

1.4 A Generalized Ankeny-Artin-Chowla Conjecture

In arecent paper [10], Yang and Fu formulated a generalization of the Ankeny-Artin-
Chowla conjecture as follows. Let D be a positive integer which is not a perfect
square. Consider the set of all solutions of the Brahmagupta-Pell equation
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u* — Dv* =1,

with u, v natural numbers. Let (u;, v;) be the least positive integer solution in this
set and denote by n(4D) the class number of primitive binary quadratic forms of
discriminant 4D. For D odd, they conjecture that

v1h(4D) #0 (mod D).

We will refer to this as the generalized Ankeny-Artin-Chowla conjecture (GAAC).
Assuming this conjecture, Fu and Yang show that the equation

x4+ y =z min(x,y)>1, (x,y)=1, 2 fxy, x,y,z€N

has no solution. However, it appears that their conjecture has been made prematurely.
Indeed, in [11, 12] independently have found a a list of six positive squarefree
D < 103 such that v; = 0 (mod D). Of the six counterexamples only D = 3 - 69997
and D =41 -79 - 541 are odd and congruent to 3 (mod 4). These two values of D
represent counterexamples to GACC.

We will use an elementary sieve argument and basic algebraic number theory to
show that GAAC is true for infinitely many discriminants D. We begin with a very
simple set-theoretic sieve inequality:

Lemma 10 (The simple sieve) Let S be a finite non-empty set and I a finite indexing
set. For eachi € I, we assigna set A; C S.If J C I, then

s\Ja

iel

> s\ (Jaj| = X 14l

jeJ iel\J

An application of the simple sieve plus an elementary counting argument yields:

Lemma 11 The number of n € N less than x such that n> — 1 is square free is

{n <x:n*—1lis square free}| = Ax + O (L>

loglog x
2
a= 11 (1-3).

2
p<loglogx p

where

Proof Let x be sufficiently large. For each prime p < x we define:
Ap:{nfx:p2|(n2—l)}.

Then our goal is to estimate



Fermat Quotients and the Ankeny—Artin—Chowla Conjecture 11

{ngx}\UAp

p=x

A straightforward application of the simple sieve gives the lower bound

= Y 14,

Z=p=x

{nfx}\UAp

P=z

{nfx}\UAp

p=x

=

where z is some parameter we will choose later.

We make the observation that if n € A, then p? | (> — 1) and in particular, p?
can only divide one of n — 1 or n + 1. Therefore, A, will be the number of n < x
that reduce to 1 (mod pz) or —1 (mod p2). From this we deduce that

2x
lApl = — + O().
p

Hence,

S lAl=2x Y %-FO(n(x)).

z<p=x z<p<x

By the integral test, we see that the sum is bounded above by 1/z and therefore we
can bound the sum as X
D 1Ay < 4 0.
zspsx

Let P, = [],. p- Then we have that

P=z

in<x:ng¢A,foranyp <z}|=>_ > p.

X @2 (n2—1)
d|P.

Switching the order of summation we have

YD wd=) pu@d Y oL

n=x q2|(n*—1) d|P; n=x
d|P; n?=1(d?)

y2ed
d2

The inner sum is + 0(2*@). Putting this into the above equality we have that

Y Y @ =x Y H o [y

n<X @2|(n*—1) d|P, d|P;
d|P,
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Noting that 1(a)2*@a~2 and 2@ are multiplicative functions, we can write the
two sums as products over all the primes less than z, i.e.,

>y M(d):x]‘[<1—§>+0(]_[(1+2)).

n=x g?|(n2-1) P=z P=z
d|P,

The first product converges to a non-zero constant and the product in the error term
can be estimated as 379, In all, we deduce that

l{n < x :n* — 1 is square free}| = Ax + O (3”(2)) + 0 (f + n(x))
Z

for some absolute non-zero constant A. Choosing z = loglog x, we can bound the
first big-O term by O ((log x)®) for some absolute constant B and the second term
by O(W). In all,

{n < x:n*>—1is square free}| =Ax—|—0<#> 0
loglog x

For a more detailed analysis of squarefree values of quadratic functions f(n) =
n? + ¢, we refer the reader to section two of [13].

Theorem 12 IfD = n®> — 1 is squarefree, thene = n + v/n? — 1 is the fundamental
unit of Q(v/D). For such D, GAAC is true for D sufficiently large.

Proof The fact that ¢ is the fundamental unit of Q(«/ﬁ) is an exercise in [14]
(see Exercise 8.3.1 on page 115). In the notation of conjecture GAAC, we have
v; = 1. As remarked earlier, #(D) = O(4/]D]) and the assertion is now evident by
Lemma 11. U

1.5 The p-Adic Logarithm

One can define the p-adic logarithm using the power series

X n
X
—log(l —x) = —.
og(l — x) ; .
Let v, (n) be the largest power of p dividing n. We denote by | - |, the standard p-adic
metric on Q. Thus if x = a/b, a, b € Z, gcd(a, b) = 1 and b # 0, then

|x|p — pvp(b)_vp(a)'
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Since for a given prime p, v,(n) < [log n/log p], we see thatif [x], = A < 1 then

X n
—log(l —x) = Z%
n=1

converges p-adically because

xn

< )anv,)(n) =0

np

asn — 00.

As usual, we denote by Q,, the completion of Q with respect to | - |,. Given Q,,,
we take its algebraic closure @p, we then complete it to obtain the p-adic analogue
of the complex numbers denoted by C,,. This field is algebraically closed (see for
example, Proposition 5.2 of [5]).

The p-adic logarithm defined above for |x|, < 1 can now be extended to all of
C,, such that

logxy =logx +logy

and log p = 0. To avoid confusion with the usual logarithm, we denote the p-adic
logarithm as log,.
To say that |x|, < 1 is equivalent to saying v,(x) > 0. If v,(x) > 1/(p — 1),

then in the series
xﬂ
—log(l —x) = —,
g(l —x) n§=1 "

we see that

1

o (x’f’”) v =D _r((p=D+ D —vp -1 Q)@=
p—1 p—1 - p—1 -

ifv>2,r>1orifv=1,r >2orifv=0andr > p — 1. Thus, we have

14

Y 1
log(1 —x)—ZXT < ;

—
! p

In other words,
p

log(l — x) = —ij—,](mod p).

j=1

A simple extension of Wilson’s theorem shows thatfor 1 < j < p — 1,
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_1)i-!
l(p) = ( 1?] (mod p) .
p\J J
Therefore,
U 1
log(l1 — x) = —<’?>(—1)fo + —(=1)”x” (mod p)
PR AV P
= 1 (1 = x)” — 1) (mod p).
P

This proves:

Theorem 13 (Ankeny et al. 1952) If v,(x — 1) > 1/(p — 1), then

xP =1

logp (x) = (mod p) .

We can relate this to Fermat quotients
r=1_q

a
Fla) = ——
p

for (a, p) = 1 as follows. Writing al~l'=1+ pF(a), we have

1 1
1 = 1 =l =~ _og (1 F(a)).
og,(a) 1 og,a b1 og,(1 + pF(a))

On the other hand, we have the p-adic series

—:—1—p—p2_...

and
2

X
—log[,(1+x)=—x+?—-~-
so that

2F 2
log,,(a)=(—1—p—p2—-~-)(pF(a)_¥+...>

= —pF(a) (mod p?).

Thus, we have:

Theorem 14 [f (a, p) = 1, then
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0g,(a)

1
F(a) = — (mod p) .

D2 such that

In particular, if we have sets of integers {aS}E’:ll)/ % and {bs},2,
(p—1)/2

1_[ a; =—1+4+ pQ2
s=1

and
(p—1)/2

[] b:=1+pe

s=1
then taking p-adic logarithms, we derive formula (3.2 ff) of [4]:

(p—1)/2

Q= Z F(ay) (mod p)
s=1
(p—1)/2

Y F(bs) (mod p)

s=1

Q*

Remark It is this crucial discussion regarding the p-adic logarithm that is missing
in [4].

1.6 The Group Ring, Gauss Sums, and Congruences

Another important idea of [3] is the use of the group ring attached to a Galois group
I' and how it operates on the field elements. More precisely, let K/Q be a finite
Galois extension with Galois group I'. The group ring Q[I'] consists of elements

Zagg, a, € Q

gel

and we define multiplication via

> agg (ZbM):Z > aghy |z

gel hell zell \ gh=z

If T is abelian, then Q[I'] is also abelian.
One can extend the action of I" on the field elements K to the action of Q[I'] in
the obvious way: for o € K,
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Zagg () := Zagg(a).
gel gel
In the case of the cyclotomic field Q(¢,,) where &, denotes a primitive m-th root of
unity, the Galois group I, of Q(g,)/Q is ' = (Z/mZ)>, where the automorphism

o, corresponding to the coprime residue class a (mod m) is given via

04(Lm) = gyt:l

If m = p is prime, we let ¢ = ¢, and following [3], we denote by
p—1 j
G = <—> o

the element in the group ring Q[(Z/ pZ)*]. Here (;) denotes the Legendre symbol.
This element can be viewed as a “Gauss sum”. Precisely we have:

Lemma 15 Let p = 1 (mod 4) be a prime. Suppose ¢ is a primitive p-th root of
unity. Then forany 1 <a < p — 1,

G = Vb (%)

where (;) is the Legendre symbol.

Proof By definition we have

p=1l .
] .
Gy =) (—) ¢
— 14
J
Making the change of variables, k = aj we have

P2 ra 'k
G(:“>=Z( > )c".

k=1

By multiplicativity of the Legendre symbol and (a/p) = (a~'/p) we have

ail
G = <—) T
p

where
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p—1
k> X
=y (_ .
k=1 p
By Corollary 4.6 of [5], T evaluates to

VP, if p=1(mod4)
iJp, if p=3(mod4).

The result follows. (]

Given an element ¢ € K and § = der agg € Q[I'], we will use the notation

of = 1_[ g(a)t.

gel’

We remark that given x € Q,
G _
x7 =1
as the character sum vanishes, and x is fixed by every group element.
The Dirichlet class number formula can then be written using the group ring

formalism as follows. If p = 1 (mod 4), ¢ is the fundamental unit of Q(,/p) and &
is the class number, then we have the familiar formula

p—1 .
2hloge =~ (i) log(1 — ¢). (1.8)
=1 NP

Here, we have crucially used that p = 1 (mod 4) to evaluate the Gauss sum that
appears in deriving (1.8). Exponentiating the expression in (1.8), we have that

e — (1 —¢)°F,
using our group ring formalism. As noted above, x® = 1 for any x € Q, so
'=01-0"%=¢-D"

If n is a quadratic non-residue (mod p), we make a change of variables in the sum
defining G by sending j — nj. Under this change of variables, we have

p—1 nj p—1 j
G = (—)on':— (—)O’,,'.
>\ ) o 2.5 )ow

= j=1

~

Hence,

1-0%=10-¢n°
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from which it follows that
o2 — " — 1)C.

Combining the two formulas for 2" gives
n_1 G n_ 1 G
S
¢—1 ni¢—1
since n% = 1.

We then have the following lemma,

Lemma 16 Let ¢ be a primitive p-th root of unity for p a rational prime. For a
quadratic non-residue (mod p), set

¢ -1
o= ——.

n(/ —1)
Thenv,(a; —1) = 1/(p — 1.
Proof Writing @ = ¢/, we have that

-0 14
L= 7_ = — k_
@i n(l—w) n ];w

Sincez = 1 (mod 1 — ¢), wededuce thatw® = 1 (mod 1 — ¢)foralll <k <n — 1.
Hence, o; = 1 (mod 1 — ¢). Therefore, (1 — ¢)?~! divides (a; — 1)?~'. We have
that (p) = (1 — £)P~!. Hence,

(@j — DHP~' =0 (mod p).
In particular, as v, (x) is multiplicative we have that

(p— Duple; — 1) = 1.

From which the desired conclusion follows. O

<§n_1 )G_Ii_[l< é—ﬂj_l )(é)
n¢ =1/ i i\n@ =1

and applying the p-adic logarithm to both sides of (1.9), we have that

p—1 . .
J ¢v =1
4h logp &= Z (;) log[, (m) (mOd p) .

j=1

Observing that
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By Theorem 13 and Lemma 16 we deduce the congruence

. =1\P
([N L ()

This is equivalent to

1
4hlog,(e) = ;G(f({)) (mod p) (1.10)

1 x"—=1\” x"? —1
fx) =— - .
p x—1 xP —1
Noting that we can factor the two rational functions in the definition of f(x), we
deduce that f(x) is a polynomial in x:

where

P n—1
fx) = (Zx) —Zxkp ) (1.11)
j=0

Moreover, as ¢? = 1, we see that the second sum in (1.11) equals n when evalu-
ated at ¢. Therefore, f(¢) = ((i 711> n) Following [3] we wish to simplify
f(x) (mod p). In particular:

Lemma 17 For f(x) as defined above,

p—1 —1 n—1

"3

fx)=— Z Ex”k”’ + / : xK*PI (mod p)
k=1 j=0 k=1 j=0
where the first sum is over nk + pj < pn.
Proof We write f(x) as
" =DPxP—1) — (P — 1)(x — 1P 1
fx) = ~ :
p (x = DPxP —1)

Noting that %(Z) = % (mod p) for 1 <k < p — 1 we have

p—1 Pk

Writing £ = p — k, the above expansion f(x) can be written as
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p-1 Xt p-1 pn

.X
fx) = Ze(xp T'x 1)2

=1 =1

(mod p) .

Writing

— => x xl’)2 Z(] + x?,

Jj=0
ploon[-&-m Plooj+] . 1<>o]_’_l .
CEE 95 DL D) DA 9D DA Y
£=1 j=0 o=1 j=0 £=1 j=0

Changing the index of summation in the last sum above from j — j — n we have

p=l oo eypj Pl oo . p—1 o
— X JH1 e Pt
R 3 3 e D) D f
(=1 j=0 (=1 j=0 (=1 j=n
p—1 oo n
+ —xPI*t (mod p) .

The two middle sums cancel to give a finite sum. Next, we observe that the exponent
in the last sum is over numbers greater than pn and coprime to p. As such, we can
write the exponent u = nv + pj forsome v € {1, ..., p — 1}. As such,

u=nv+pj>pn= pj>n(p—v)>0.
Hence, the exponent u appears in the first sum as well. Making a change of variables

in the first sum of £ — n{ we see that the term corresponding to the exponent u in the
first sum has coefficient —n/u. Therefore, the last sum entirely vanishes. In effect,

p—1 oo 1 p—1 n—1 .+1
fx) = Z Zx”“” + / 7 xP* (mod p)
=1 j=0 =1 j=0
where the first sum is over all n¢ + pj < pn. O

Finally, we require one more computational tool.

Lemma 18 Suppose p = 1 (mod 4). Then

P21 [k
S:ZE<;)EO(modp).

k=1

Proof We observe that
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p—l1 =l
p—k 1 [(—k
S = = — —|{ — ) (mod p).
Yo () =2 () e

Since p =1(mod4), (—1/p) = 1. Adding the two representations of S, we
deduce that
28 =0 (mod p).

Hence, S = 0 (mod p). (Il

Theorem 19 (Ankeny et al. 1952) Suppose p = 1 (mod 4). Let h denote the class
number of Q(/p) and ¢ = (t + u.,/p)/2 be the fundamental unit. Then

1220
Talk H (p)““’dp)
k=1

for any quadratic non-residue n (mod p).

Nl:

Proof Suppose ¢ is a primitive p-th root of unity. Then by Lemma 17,

—_

pP— 001 .
FO==3 3 "+

=1 j=0 (=1 j=0

(j + D¢ (mod p)

where the first sumis over all n¢ + pj < pn.Inparticular, there are 1 + [n£¢/p] such
Jj in the first sum. Changing the index of summation in the first sum from £ — p — ¢
we have

§1+[%] . n(n+1)

f(©) = R Z ¢* (mod p).

=1

Then applying the element G as defined in (1.10) and using linearity of G, we have

r—1 14 n = 1
G(f(©)) —Z#G(C’”Hn(”; )Z ~G(£") (mod p).
=1 =1

By Lemma 15, this reduces to

G(f(())—\/_z<_;£>l+£[%] ”(”H)IZ (£>(modp)

Expanding the first sum out, applying Lemma 18, and noting that —n is a quadratic
non-residue (mod p), we deduce that
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p—1
1| nt Y4
GUEN =Y [”—} <;> (mod p).
(=1

p
Therefore, 1
4hlog, () = —7’7 3 % [%} (%) (mod p) .
=1
Noting that
log, (¢) = ”*t/ﬁ (mod p) .,
we conclude the result. O

1.7 Concluding Remarks

We have presented a self-contained treatment of some of the results in [3, 4]. We
generalized the AAC conjecture in Theorem 1 and thus, related the AAC conjecture
to a congruence of Fermat quotients. This generalization allowed us to obtain a gen-
eralization of a result of Eisenstein relating Fermat quotients to sums of harmonic
numbers.

The function field analogue of the Ankeny-Artin-Chowla conjecture has been
studied by Yu and Yu [12]. The case p =3 (mod 4) has been studied by Mordell
[15, 16] and he made a similar conjecture. In all cases, we have an interesting
connection to Bernoulli numbers. In particular, if there are infinitely many regular
primes (that is, primes p that do not divide the class number of the p-th cyclotomic
field), then the Ankeny-Artin-Chowla and the Mordell conjectures are true for those
primes p. It is unknown at present whether there are infinitely many regular primes
though the conjecture is that there is a positive density of such primes. A relevant
survey article by Slavutskii [17] is worth a careful study.

Acknowledgements We thank the referee for helpful comments.
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