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In 1964, S. Chowla asked if there is a non-zero integer-valued
function f with prime period p such that f(p) =0 and

p

> fm=0

n=1

and Y 7, f(n)/n = 0? Chowla conjectured that there was no
such function. Later that year, Chowla proved a special case of
his conjecture and in a subsequent paper, asked if the condition
that f(p) =0 can be dropped. In 1973, Baker, Birch and Wirsing,
using the theory of linear forms in logarithms obtained a general
theorem, a special case of which implies the conjecture of Chowla.
They alluded to the fact that Chowla also settled the conjecture
in his special case, but this proof (if different from the one by
Baker, Birch and Wirsing) never seems to have been published.
We resurrect the 1964 approach of Chowla and indicate how
the cyclotomic units discovered by Ramachandra in 1966, can be
combined with Baker’s theorem to answer Chowla’s question. We
also obtain a mild generalization of the theorem of Baker, Birch
and Wirsing.
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1. Introduction

In a paper written in 1964, Sarvadaman Chowla [3] considered the following problem. Let p be a
prime number and f an integer-valued arithmetical function, not identically zero, with period p, such
that f(p) =0 and

p
> fmy=o.
n=1

Chowla conjectured that under these conditions,

> oo

n=1

Following an argument outlined by Siegel, Chowla [3] proved this conjecture in the case that f is
odd (that is, f(—n) = —f(n)). Since his argument is very short and elegant, we give it below (see
Section 2). At the same time, we note that the argument applies in a wider context with minor
changes.

In a later paper, Chowla [4] asked if there exists a rational valued function f :Z — Q with prime
period g such that

I o (1)

n
n=1

The difference now is that f(q) is not required to be zero. One can also investigate the general
case when q is not necessarily prime and inquire under what conditions the sum (1) is zero. This
general question was addressed by Baker, Birch and Wirsing [2] using Baker’s theory of linear forms
in logarithms. If we require that the function also satisfies the condition

f@=0 forl<(a,q) <gq, (2)

then they showed that there is no such function for arbitrary q.

More generally, if f takes values in an algebraic number field K which is disjoint from the gth
cyclotomic field, and satisfies (2), then they proved that no such function exists.

After describing Chowla’s original question, Baker, Birch and Wirsing wrote in a footnote on
page 225 of their paper [2] that “While working on the manuscript, we were informed by Professor
Chowla that he had also solved the problem to the extent stated above.” It is unclear what the phrase
“to the extent stated above” means but judging from the context, it seems to mean that Chowla also
solved the problem in the case g is prime. However, Chowla does not seem to have published any
work on this to give us an indication of what his methods were, if they were different from those
of [2].

In [5], we indicated how Chowla may have proved his theorem using tools at his disposal at
that time. Using ideas of this paper, we show that a new simplified proof of the Baker-Birch-Wirsing
theorem can be given. We also give a modest extension of the theorem of Baker, Birch and Wirsing [2].
It will be convenient to define the Dirichlet series

L(s, f):Z f(n).

nS
n=1

As indicated in [7], this series admits an analytic continuation to the entire complex plane by virtue
of the theory of the Hurwitz zeta function.
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Theorem 1. Let f : 7./q7Z — Q be such that

and f(a) =0 for 1 < (a,q) < q. Write f = f. + f, where f, is an even function and f, is an odd function.
If the qth cyclotomic polynomial is irreducible over the field generated by the values of f,, then L(1, f) #0
unless f is identically zero.

As a corollary, we deduce

Corollary 2. The values L(1, ) as x ranges over the even Dirichlet characters (mod q) are linearly independent
over QQ.

The corollary is not true for odd characters since in that case, each L(1, x) is equal to an algebraic
multiple of 7. Moreover, we remark that Corollary 2 together with Schanuel’s conjecture implies the
algebraic independence of the L(1, x) as x ranges over the even Dirichlet characters (mod q).

2. Group-theoretic preliminaries

We begin with a straightforward result from group theory which is an interesting variant of Artin’s

theorem on the linear independence of the irreducible characters of a finite group G. As usual, we can

define an inner product on the space C(G) of complex-valued functions on G. Indeed, if f.g € C(G),
then

1 _
U@ﬁﬁaiymﬂ&

xeG
Lemma 3. Let G be a finite group. Suppose that
> x(Ryuy =0
x#1

forall R # 1 and all irreducible characters x # 1 of G. Then uy =0 for all x # 1.

Proof. For any irreducible character v # 1, we can multiply our equation by ¢ (R)/|G| and sum over
R #£1 to obtain

1 — Hx@
0=-5 D URD  xRuy =Y uy ((w,x) - %)
1l &z X#1 x#1 €]

Thus, by the orthogonality relations,

20
|G

1
D ugx (M =uy — v (say).

|G|
x#1

O=u

Hence, for every R # 1, we have
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1
0=—>Y x(R)x®S.
Gl

Recalling that

1

lGle(R)xa):o

X
unless R =1, we deduce that S=0. Hence u, =0 for all x #1 as desired. O
3. Baker’s theorem and variations

In the discussion below, a pivotal role is played by the fundamental theorem of Baker concerning
linear forms in logarithms. We record this as:

Lemmad4.Ifaq,...,an € Q\{0}and B1, ..., Bn € Q, then

prlogaq + --- 4 Bnlogay

is either zero or transcendental. The latter case arises if log a1, . .., log ay are linearly independent over Q and
B1, ..., Bn are not all zero.

Proof. This is the content of Theorems 2.1 and 2.2 of [1]. Let us note that here and later, we interpret
log as the principal value of the logarithm with the argument lying in the interval (—m,7]. O

In particular, if logay, ..., logoy, are linearly independent over Q, then they are linearly indepen-
dent over Q.

As an application of Lemma 4, we prove the following variant of a result from [9].
Lemma 5. Let a1, o>, ..., a, be positive algebraic numbers. If cg,c1, ..., c, are algebraic numbers with
co #0, then

n
CoTt + ch logoj
j=1

is a transcendental number and hence non-zero.

Proof. Let S be such that {logaj: j € S} be a maximal Q-linearly independent subset of

logay, ..., logay,.

We write m = —ilog(—1). We can re-write our linear form as

—icolog(~1) + ) _d;loga;,
jes

for algebraic numbers d;. By Baker’s theorem, this is either zero or transcendental. The former case
cannot arise if we show that
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log(—=1), logaj, jeS

are linearly independent over Q. But this is indeed the case since

bolog(—1) + ij logaj =0
jes

for integers bo, bj, j € S implies that

ij
i =1

jes

which in turn implies b; =0 for all j € S since «j, for j € S are multiplicatively independent. Conse-
quently, bg = 0. This completes the proof. O

4. Revisiting the problem of Chowla

We now give a different approach to the problem of Chowla [3,4] and obtain a generalization of
the theorem of Baker, Birch and Wirsing [2]. Consider an algebraic-valued function f defined on the
residue classes (mod q). We assume that f(0) =0 and that

q
> f@=o.
a=1
Our strategy is to write
f = fe + fo

where f, is even (that is, f(—n) = f(n)) and f, is odd (that is, f(—n) = —f(n)). We can write
f= Z Cx X
X#1

where the sum is over non-trivial Dirichlet characters x (mod q). The trivial character does not appear
since

q

Y f@=o.
a=1
Thus, we have
fe=" D o
x even, x#1
and

fo= Z CxX-

x odd
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We recall that Ramachandra (see Theorem 8.3 on page 147 of [12] as well as [11]) discovered a set
of real multiplicatively independent units in the cyclotomic field, which we will denote by &, (with
1 <a<q/2 and (a,q) = 1) using the notation of [12]. A fundamental property of these units is the
following formula (see the proof of Theorem 8.3 on page 149 in [12]): for even x with x # 1, we
have

LA, x)=Ay Y X(@logk, (3)

1<a<q/2

where A, is a non-zero algebraic number. This is the cyclotomic analogue of one of the main the-
orems of [10] in the case of an imaginary quadratic field (see also [11]) we need in our context. To
elaborate, let ¢ be a primitive gth root of unity and following Ramachandra [10], define

‘l _ é-ad
Na = 1_[ m
Setting do = 3(1 - a) 2 _dlq.(d.q/d)=1,dq D> ONE sees that & = ¢%n, lies in the real subfield Q(¢ +

¢~1). These are the multiplicatively independent units for 1 < a < q/2 with (a, q) = 1. Following the
calculation on page 149 in [12], we see that

q
Yox@ ) loglt—¢

a=1 dlq, (d.q/d)=1,d#q

is a non-zero algebraic multiple of L(1, x). This easily leads to the formula (3) above. Proceeding as
in the case of the imaginary quadratic field [6], we have that

LA, fo= > L, 0

x even, x#1
= Y CXAX< > )‘((a)log%’a>= > ( > AXCXX(a)>log$a.
x even, x #1 l1<a<q/2 l<a<q/2 * x even, x#1

Since the &;’s are multiplicatively independent, the log&,’s are linearly independent over Q. By Baker’s
theorem, they are linearly independent over Q. Consequently, L(1, fe) =0 if and only if

Z AycyX(@=0, 1<a<gq/2.
X even, x#1

Now the even characters of (Z/qZ)* can be viewed as characters of the group (Z/qZ)*/{£1} and
by Lemma 3, we deduce that ¢, =0 for all even . In other words, we have proved the following
theorem:

Theorem 6. Let f, be an even algebraic valued function and suppose that Zgzl fe(a) =0and f,(0) =0. Then
L(1, fe) # 0 unless f, is identically zero. Moreover, L(1, f.) is an algebraic linear combination of logarithms
of multiplicatively independent units of the qth cyclotomic field. In particular, if f, is not identically zero, then
L(1, fe) is transcendental.
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As an immediate corollary, we deduce (a seemingly new result in the classical case):
Corollary 7. L(1, x), as x ranges over non-trivial even characters mod q, are linearly independent over Q.

The Chowla-Siegel theorem, to be outlined in the next section, shows that L(1, f,) is an algebraic
multiple of 7r. Moreover, if we assume that the field generated by the values of f, is disjoint from
the gth cyclotomic field, then it shows that L(1, f,) # 0 unless f, is identically zero. Consequently,
combining this result with Theorem 6 and then invoking Lemma 5, we deduce that L(1, f) = 0 implies
that L(1, f,) = 0 which can happen only if f, is identically zero. In the latter case, f = f. is even and
we have L(1, fe) #0 unless f, is identically zero. This proves:

Theorem 8. Let f : (Z/qZ)* — Q and suppose that f(0) = 0 and 2221 f(@) = 0. Let K be the field generated
by the values of f,. If K is disjoint from the qth cyclotomic field, then L(1, f) # 0 unless f is identically zero.

To complete our discussion, we give a proof of the theorem of Chowla and Siegel in the next
section.

5. The Chowla-Siegel theorem

We begin by giving the proof (with some minor variations) of Chowla and Siegel [3] when f is an
odd function. The essential idea here is to use the familiar cotangent expansion:

1
JTCOtJTXZZn+X.

nez

Theorem 9. Let K be an algebraic number field which is disjoint from the qth cyclotomic field. Let f : Z/qZ —
K be odd, that is, f(—n) = — f(n). Suppose that f(n) = 0 whenever (n, q) > 1. Then,

> 1® o,
n=1

n

unless f is identically zero.

Remark. As noted earlier, only the case q prime and K is the rational number field is considered
in [3]. However, a careful study shows that their argument gives a proof of the theorem stated above.

Proof of Theorem 9. Let

Since f is odd,

We will show that if S =0, then f is identically zero. To this end, we observe that

Sk= ) Sy Y] %

a (mod q) n=a (mod q), n#0
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and the inner sum is

1 1 n ma 2mif1 1
DT e CAre))
qiZt+a/q q ¢ q £ —

where ¢ = e2™1/4, Thus,

27 (1 1
—iSi= f(ka)%(i—l—;a_l).

a (mod q)

Since k is coprime to g we have

Y fkay= Y fl@=0
(a,9)=1 (a,9)=1
as the sum can be taken over all a (mod q) and
Yo f@= Y fco=- ) f@.

(a,p=1 (a,p=1 (a,p=1

Thus, the first sum in the above expression for S; disappears and we deduce that

iqj: Z f(ka).

_ T
2m a (mod q) ¢
In particular,
_iqS1 _ Z f(a)
27 ca—1
a(mod q)

This calculation in particular evaluates L(1, x) when x is odd. Now the right hand side is an algebraic
number. For (k,q) =1, applying the Galois automorphism ¢ > ;k’ where kk' =1 (mod q), we see that
S1 =0 implies Sy =0 for all (k,q) = 1. Note that this step is valid if f is K-valued and K is disjoint
from the gth cyclotomic field. Hence, if S =0, then S, =0 for all (k,q) =1 and so

= 3 q0si= Y xh Y f(ka)_ Y f )M

k (mod q) k (mod q) a (mod q) a,k (mod q)

Now put ka=b (mod q) to obtain
K b)
= Y fox® Y ),E,b
b (mod q) k (mod Q)

For fixed b, the number k’b runs over all coprime residue classes (mod q) as k runs over all coprime
residue classes (mod q). Thus, the inner sum is

Z x(©)  iqL(1, x)
-1 ox
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for x odd. In particular, by virtue of the fact that L(1, x) # 0, we deduce that for x odd,

Y fxb)=o0. (4)

b (mod q)

Now (4) is also true if x is even since

Y. fxby= Y fhX(=by=— > fbxb).

b (mod q) b (mod q) b (mod q)

In any case, we have

Y. fxb)=0

b (mod q)

for all x (mod q). Thus,

0=Zx(a)(
X

> f(b))T(b)>= Yo )Y x@xb)=¢@)f (@,

b (mod q) b (mod q) X
by the orthogonality relations. Hence f is identically zero. O

As alluded to above, there are several noteworthy features in the above proof. First is that the
argument works if f is K-valued and K N Q(¢q) = Q. The second is that the function is only supported
on the coprime arguments. That is, f is “Dirichlet type” in the sense of [8].

6. Proof of Theorem 1

In the previous discussion, we assumed that f is supported only on the coprime residue classes
mod q. In the theorem of Baker, Birch and Wirsing, f(q) # 0 is also admitted. We now show how a
minor variation leads to Theorem 1.

Let g be a function defined on the residue classes mod ¢q in the following way. g(a) =1 if
(a,q) =1. We set g(0) = —¢(q) and g(a) = 0 for the remaining residue classes. In [7], the Hurwitz
zeta function was used to explicitly evaluate L(1, f) for f:Z/qZ — C. If ¥ denotes the digamma
function (that is, the logarithmic derivative of the I'-function), then

1 q
L1, f) =—aZf(a)W(a/q).
a=1

Now (1) = —y, where y is Euler’s constant, and on page 311 of [7], we derived the formula
q
> ¥(a/q) =—qlogq — yq. (5)
a=1

To evaluate

> v/,

(a,9)=1
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we use the Mobius function:

q/d
> v/g= Zwa/q) Do =) ud ) y(a/@q/d).
(a,p)=1 dig,a dig a1=1
Using (5), we see that this is equal to
q q q\ _ B _
E:Mab<—abga—ya)——§:u@ﬂb(dkgd yd).

diq diq

Simplifying, and using our formula for L(1, f) with f replaced by g,

1 q
L.g=— > g@v(a/g).
a=1

Since g(0) = g(q) = —¢(q), we have

L, &) =—d@y — Y, ¥(a/g.

(a,p)=1

The second sum on the right hand side is

Y v@/g) =) u(g/d)(—dlogd — yd).

(a,q)=1 diq

This is equal to

> Y@/ =—¢@y — Y _ ng/d)dlogd.

(a,9)=1 diq

Hence,

qL(1,g) = Z,u(q/d)dlogd.
diq

Thus, we have

L(1.g)= Zu(q/d)dlogd
dlq

We can rewrite this as
q ¢m) pn(d)logd
- d)| - log — _
oY@ (G0 ) = togg - -
dlq diq

It is not difficult to see that this is non-zero. This can be done in several ways. The easiest way is to
observe that directly from the conditionally convergent series for L(1, g), we have
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L(l,g):Z( Z %—‘Z&;—?):Zsj say.
j=1

j=1 " (j—Dg<a<jq
(a.q)=1

It is now clear that S; > 0 for every j and §; < 1/j2. Now set

F(a)=—-g0)f(@) + f(0)g(@,

so that F is of Dirichlet type. Then,

L1, F)=—gO)L, )+ f(O)L(1, &).

If L(1, f) =0, then, L(1,F) = f(0)L(1, g). On the other hand, L(1,F) =L(1, F,) + L(1, F,) where
L(1, Fe) is a linear form in logarithms of units and L(1, F,) is an algebraic multiple of 7r. Since L(1, g)
is a linear form in logarithms of natural numbers, we have a contradiction unless f(0) = 0. This
reduces to the earlier case.
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