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The proof of Corollary 8 as given on page 13 of our paper [5] is not complete. Corol-
lary 6 as stated is not correct. We thank Igor Shparlinski for pointing this out.

The first sentence of Corollary 6 in [5] should be “Let χ be a non-trivial character 
defined over Fqn which is of the form χ(n) = χ ◦ N as given in (4.17), which is not 
quadratic.” With this change, the proof of Corollary 6 is valid.
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Let d|(q − 1). Then, there are precisely d characters χ of F∗
q satisfying χd = 1. Any 

character χ of F∗
qn of order d is necessarily of the form χ ◦N where N is the norm map 

from Fqn to Fq. This is because the norm map is surjective (the norm of a generator 
of F∗

qn is a generator of F∗
q ). With this observation, the proof of Corollary 8 is valid. 

However, the condition d|(q − 1) may not be always met. To rectify this, we proceed as 
follows.

Let a(x) be a polynomial of degree K as alluded to in Corollary 8. Let χ be a character 
of Fq. The L-function attached to χ is

L(s, χ) := exp
( ∞∑

n=1
Nn(χ)tn/n

)
, t = q−s,

where

Nn(χ) :=
∑

θ∈Fqn

χ(a(θ)).

This is the “geometric” form of the L-function that appears on page 103 of [2]. The 
reader can find a more modern presentation in [1]. This is the same L-function that 
appears in our paper and as noted there, is a polynomial in t of degree at most K − 1
provided (d, q−1) �= 1. It is well-known how this L-function changes via base change (see 
Theorem 8.15 on page 109 of [6] for instance). More precisely, the L-function over Fqr is 
simply the L-function over Fq twisted by r-th roots of unity. Importantly, the absolute 
value of the zeros is unchanged by base change. Thus, our estimate for the zeros given 
in Theorem 4 can be applied in deriving the estimate (4.27) in the case (d, q − 1) �= 1.

The difficulty arises when (d, q − 1) = 1. If a(x) is linear, there is no difficulty since 
the character sums corresponding to non-trivial characters are simply zero. If a(x) is 
quadratic, the elementary method in Jensen-Murty [4] paper deals with this case. Hence-
forth, we assume K := deg a ≥ 3 and that it is a squarefree polynomial. To prove 
Corollary 8, we apply a rudimentary sieve. For each d, we define f(d) to be the order 
of q (mod d). For d squarefree, f(d) is simply the least common multiple of f(�) for all 
primes � dividing d. To avoid the difficulty described above, we should work over Fqf(d)

as our base field. With this understanding, we then have by applying Theorem 4:

Lemma 0.1. The number of irreducible polynomials in Fq[x] of degree n for which a(x)
is a d-th power is

qn

ndf(d) + O(qne−n/f(d)(K−1)).

Some remarks are in order. In the lemma we are counting polynomials not weighted 
by degree and so this explains n in the denominator in the main term. Also, as we are 
counting polynomials instead of elements of Fqn , this explains df(d) in the denominator 
of the main term.



JID:YFFTA AID:101963 /ERR [m1L; v1.311] P.3 (1-4)
S. Kim, M.R. Murty / Finite Fields and Their Applications ••• (••••) •••••• 3
We now write qn − 1 as AB where A is composed of primes � < y and B is composed 
of primes ≥ y, with y a parameter to be chosen. For each character χ of order d with d
squarefree and dividing A, we have f(d) < eCy for an absolute constant C, by a simple 
application of Chebycheff’s theorem. By Theorem 4, each character sum corresponding 
to a non-trivial character is

O(qne−n/f(d)(K−1)).

Thus, choosing y = c log logn with c sufficiently small, ensures that the error term is

O(qne−n/(logn)v )

with v < 1. The number of squarefree divisors of A is at most 2π(y). Now the number 
of irreducible polynomials P (x) for which a(x) is not a d-th power for all d|A is by the 
inclusion-exclusion principle and Lemma 0.1,

∑
d|A

μ(d)
df(d)

qn

n
+ O(qne−n/(logn)v)

If we let

N� := #{P (x) ∈ Fq[x] : P (x) is irreducible and a(x) is an �-th power mod P (x)},

then the number of polynomials P (x) for which a(x) is a primitive root is at least

∑
d|A

μ(d)
df(d)

qn

n
+ O(qne−n/(logn)v) −

∑
y<�<z

N� −
∑
�>z

N�. (1)

We apply the �-th power reciprocity law to estimate N� (see Proposition 3.6 of [6]):

Lemma 0.2.

N� ≤ qn/�K .

Proof. We first treat the case deg a is even. Let d be the degree of θ over Fq and P (x)
its irreducible polynomial. To say a(θ) is an �-th power is tantamount to saying a(x) is 
an �-th power (mod P (x)). By Proposition 3.6 of [6] a(x) is an �-th power if and only 
if P ≡ ai(mod a) where ai are the classes mod a which are �-th powers. Thus P − ai is 
divisible by a and the number of such polynomials is at most qd−K . As the number of 
ai is Φ(a)/�K and Φ(a) ≤ qK we get qd/�K and as d ≤ n, the result is now clear. The 
case of deg a being odd is similar. �



JID:YFFTA AID:101963 /ERR [m1L; v1.311] P.4 (1-4)
4 S. Kim, M.R. Murty / Finite Fields and Their Applications ••• (••••) ••••••
An immediate consequence of the lemma is that the last sum in (1) is O(qn/
(zK−1 log z)), because the tail is over primes � > z. As K ≥ 3, choosing z = n1−ε

ensures the error is under control.
Finally, the middle sum in (1) is bounded by (applying Lemma 0.1):

∑
y<�<z

qn

n�f(�) + O(qne−n/f(�)(K−1)).

As f(�) < � < z = n1−ε and the number of summands is at most z, the error is under 
control. Finally, the sum is the tail of a convergent series by a well-known theorem of 
Romanoff (see Theorem 108 on page 157 of [6] for example), and so this error is too 
under control.

Finally, to show the first term of (1) dominates, we apply Lemma 10.16 of [6] (due to 
Heilbronn [3]) which we state for the convenience of the reader: let x1, x2, ..., xn be real 
numbers with 0 ≤ xi ≤ 1 for each i. Let a1, ..., an be a finite set of natural numbers. 
Then,

1 −
n∑

i=1

xi

ai
+

∑
1≤i<j≤n

xixj

[ai, aj ]
− · · · + (−1)n x1x2 · · ·xn

[a1, a2, ..., an] ≥
n∏

i=1

(
1 − xi

ai

)
.

Here, [a1, ..., ar] denotes the least common multiple of a1, ..., ar. We apply this with 
xi = 1/�i and ai = f(�i) with the �i ranging over the prime divisors of A. We then have

∑
d|A

μ(d)
df(d) ≥

∏
�|A

(
1 − 1

�f(�)

)
≥

∏
�|A

(
1 − 1

�

)
≥

∏
�|qn−1

(
1 − 1

�

)

= ϕ(qn − 1)
qn − 1 � 1

log n + log log q

by an elementary estimate for the Euler ϕ-function. Thus, the first term in (1) dominates 
the other two terms. This completes the proof Corollary 4 in [5].
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