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ABSTRACT. We will prove that if the unit rank of a number field with cyclic
class group is large enough and if the Galois group of its Hilbert class field
over Q is abelian, then every generator of its class group is a Euclidean ideal
class. We use this to prove the existence of a non-principal Euclidean ideal
class that is not norm-Euclidean by showing that @(\/5, V21, \/ﬁ) has such
an ideal class.

1. INTRODUCTION

Euclidean ideals, introduced by Lenstra, generalize Euclidean algorithms in that
the existence of a Euclidean algorithm for a domain R implies that R has trivial
class group, while the existence of a Euclidean ideal in a domain R implies that R
has cyclic class group. If an ideal is Euclidean, then so is every other ideal in its
ideal class, and therefore we say the ideal class is Euclidean. If a domain R has a
Euclidean ideal class [C], then [C] generates the class group of R.

Lenstra showed ([9]), assuming the generalized Riemann hypothesis (henceforth
abbreviated GRH), that if K is a number field with ring of integers Ok and class
group Clg, and if |05 | = oo, then

Clg = ([C]) if and only if [C] is a Euclidean ideal class.

Using techniques used by Harper and Murty ([7], []]), we will prove the following
weaker result without assuming the GRH.

Theorem 1. Let K be a number field, Galois over Q, with ring of integers O
and cyclic class group Cly. If its Hilbert class field, H(K), has an abelian Galois
group over Q and if rank(O%) > 4, then

Clg = ([C)) if and only if [C] is a Euclidean ideal class.

2. EUCLIDEAN IDEAL CLASSES

The following is equivalent to Lenstra’s definition [9] but is stated differently [4].

Definition 1. Suppose R is a Dedekind domain and that I is the set of its non-zero
integral ideals. If C' is an ideal of R, then it is called Euclidean if there exists a
function ¥ : I — W, W a well-ordered set, such that for all integral ideals I and
all z € I71C'\ O, there exists some y € C such that

U((x = y)ICTH) < (D).
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2980 HESTER GRAVES AND M. RAM MURTY

We say ¢ is a Fuclidean algorithm for C' and C' is a Fuclidean ideal.

Generalizing the work of Malcolm Harper ([7]), the first author showed the fol-
lowing growth result ([3]).

Theorem 2. Let K be a number field with ring of integers Oy and cyclic class
group Clg. Fiz an ideal class [C] in Clg. If |0| = oo and if

‘ { prime ideals

p C Ok 22

:Nm(p) <, [p] = [C], 0 — (OK/p)XH > log” x

then [C] is a Euclidean ideal class.

3. PRIMES AND HILBERT CLASS FIELDS

Suppose that K is a number field Galois over Q and that its Hilbert class field
H(K) has abelian Galois group over Q. Let f(K) be the conductor of K, which is
also the conductor of H(K), so that both fields are contained in Q((f(x)), where
Cf(k) is a primitive f(K)-th root of unity. Note that H(K) lies in Q((f(x)) because
Gal(H(K)/Q) is abelian. We define d to be the smallest even number such that
every root of unity in K is a d-th root of unity.

Given a prime p in QQ, we choose a prime p in K that lies above p, a prime 9 in
H(K) that lies above p, and a prime P in Q(Cy(k)) that lies above :

Q) P
H(|K) ‘I|3
U
@(|Cd) {
o

If [C] generates the class group of K, then the Artin map maps all primes g
such that [q] = [C] to a particular element o of Gal(H(K)/K) because Clg =
Gal(H(K)/K). The Galois group Gal(H(K)/K) is isomorphic to

Gal(Q(Crx))/ K)/Gal(Q(Cr(xy) / H(K)).

We can therefore identify Gal(H (K)/K) (and thus Clg) with a set of elements in
Gal(Q(Cr(x))/Q), as Gal(Q(Cr(ky)/K) is a subgroup of Gal(Q(Cy(k))/Q). By the
isomorphism
7 Gal(Q(Crx))/Q) — (Z/f(K)Z) ™,

we can see that there exists some 0 < a < f(K), (a, f(K)) =1, such that if p=a
(mod f(K)), then p is of first degree and [p] = [C].

This, along with Theorem 2] implies that in order to prove Theorem[I] it suffices
to show that

(1) |{primesp§x:p5a (mod f(K)),O}((—»(OK/p)X}}»

x
log? 2’

where the implied constant depends only on K. Using the linear sieve, we will show
this when rank(0y) > 4.
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4. THE LINEAR SIEVE

The following notation is taken from Halberstam and Richert [6]. Suppose that
2 is a finite set of integers, that P is a collection of primes, and let z € R,z > 2.
We define S(2(; P, z) to be the number of elements of 2 that are not divisible by
any prime p in P such that p < z. It is a generalization of 7(y; ¢, a), the number of
primes less than or equal to y which are congruent to a (mod ¢). In order to bound
S(2; P, z), we need to have a decent estimate for the size of 2, which we denote by
X.

For ¢ square-free, we define 2, := {a € 2 : a = 0 (mod ¢)} and we choose a
wo(p)
of wy is extended to all square-frge q by defining wo(1) = 1 and wo(q) = [[,,, wo(p)-
In sieve theory we begin with this data, where we use approximations of the sizes
of sets 2, and keep track of the error terms that emanate from this calculation.
We now relate these definitions to the set of primes P. For ease of notation, we
define the set of all primes not in P to be P, so that PN P = () and P U P is the

set of all primes. For p a prime, we define

0 ifpe P.

function wy; we will be using X to estimate |2,| for p prime. The definition

w(p) =
For g square-free, we define w(1) =1, w(q) =[], w(p), and

w(q) -, .
Ryi= 2] - 20X it u(q) 0
where p is the Mdbius function. The linear sieve can only be applied if the sets A

and P satisfy certain conditions, enumerated below.

Condition 1. There exists a constant A; > 1 such that

Condition 2. There exist constants L and As, both at least one, independent of
z and w, such that if 2 < w < z, then

“L< Z M—log(%) < A,

w<p<z P

In order to state Condition 3, we define (¢, P) = 1 if every prime dividing ¢ is
in P.

Condition 3. There exists an «,0 < o < 1, such that

X
S B3R, < As—5 (X >2)
s log” X
4 (o x) A1
(¢, P)=1

for some constants A4, A5 > 1.
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2982 HESTER GRAVES AND M. RAM MURTY

Theorem 3 (The linear sieve lower bound). If 2 and P satisfy Conditions 1,2,
and 3, and if z < X, then

w22 1) (458) -k}

p<z

where B is an absolute constant and f is a classical function defined in [6]. When
2<u<d4, f(u):= %, where 7 is the Euler-Mascheroni constant.

5. APPLYING THE LINEAR SIEVE

In order to prove that () holds in any number field K satisfying the conditions in
Theorem [, we will show that for any given x € R>?, 2, P, and z satisfy Conditions
1,2, and 3, where

-1 -1
a= {5t <er=a mod fx), (Pt 20 ) ~ 1
and P is the set of primes < z. The a in the definition of 2 is chosen so that if p = a
(mod f(K)), then [p] = [C] and p is of degree one. Note that p =1 (mod d). Since
li(z)
o(f(K))’

2| ~ ¢%}1((;))) by the Eratosthenes sieve for some constant 0 < C' < 1 that depends

only on f(K).

Hl%l .p<zp=a (mod f(K))H -

If p’ is a prime, p’ < z, and p’ 1 2f(K), then |A,/| ~ #%a SO
wo(p') _ 1
Y o(p')

If p is a prime, p’ < z, and p'|2f(K), then |, | =0, so %,p/) = 0. From this, we
see that for all square-free ¢,

g = | Fo H@P)=1(a2f(K) =1,
0 otherwise.
Lemma 1. The sets 2 and P satisfy Condition 1.

Proof. Note that for p > 2, 22 = _L_ o 0 and

p (p)
0< L <1—1 1
~olp) T 2 2
w(2) 1
As2\2f(K),wecanseethatO§%f0<1—5. O

Lemma 2. The set A, the set P, and the quantity z satisfy Condition 2.

Proof. Suppose that 2 < w < z. Then

> w(p)logp _ > oo logp 5 21 logp

w<p<z P w<p<z P w<p<zpl2f(K) P
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and as P P
5—1 108p 5—1108p
S LBy %P )
wep<zpl2f(K) l2r) P
we know that
w(p)logp Z\ log p log p z
w<p<z w<p<z w<p<z

The sequence pé;g_pl) = O(1). By Chebyshev’s Theorem (see [I], p. 6),

1
3P~ g+ 0(1),

p<z

so (@) becomes
log z — logw — log (3) +0(1) =0(1).

To prove that Condition 3 holds, we must first prove the following lemma.

Lemma 3. If c € N, then
v (@)

>

(a,P)=1
q=<z
q square-free

< log© z,

where v(q) is the number of distinct prime factors of q.

Proof. Note that
(@

> () <1 (1+1)
(¢ P)=1 q p<z p<z
q< =z
q square-free

()< (%) -m0-5)

p<z p<z \j=0 p<z
Mertens’ Theorem (see [10], p. 128) states that

(-2) -2 (o)
)

where 7 is the Euler constant. Thus

-1
H<1—1> —6710gz(1+(9<
P log 2z

p<z

Noting that

<1+o<10;z>>1 <logz

11 (1 - 1>1 — ¢Tlogz + O(1).

p<z p

we see

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2984 HESTER GRAVES AND M. RAM MURTY

Thus

11 (1 + %) = O(log"(2)). 0

p<z

Lemma 4. The sets A and P satisfy Condition 3.

Proof. According to the Bombieri-Vinogradov inequality (see [1], p. 39), there exists
some B > 1 such that

1i(y)‘
max max [(m(y;q,a) — ——| <K
Zl D i, [T ) = )
x2

B—1,

X

log13 T

q<

log

By applying Cauchy-Schwarz (see [I], p. 27), we see that

Yo @3RI < YT 3R

z z
qg_long QS_long
(¢, P)=1 (¢, P)=1
v
< > 9 (@D|R,| > | Ry
3 3
€T €T
qS_ngBI qS_lOgBI
(¢,P)=1 (¢,P) =1

Let us examine the first term in the product. We can see that for ¢ square-free,

mw(%wiﬁﬁ)ﬂ@m—@wmwl

o(qf(K))
and
|R,| = 0 otherwise,
S0
Rl < 31+ | | <
Therefore
Z 9"@|R,| < 2 Z 9Vq(q) <2z Z o < 2xlog’ x
qsiozéw qéioz;w qgflozéw
by Lemma Bl
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We shall now examine the second term in the product. By definition, if (¢, 2f(K))
# 1, then |R,y| = 0. If (¢,2f(K)) =1 = (¢, P), then

1
R, = \%—Mw]

= ¢(q) =
p = a mod(f(K)) p = a mod(f(K))
p = 1 mod(q) p—;1,2f(K)):1

(2 2p(:)) =1

-3 S o-— % R0

- ¢(q)
<z p—1 <z p—1
p = a mod((K) U7 21()) b= a mod(F(K)) U(B7H 2/ (K)
p =1 mod(q)

1
= Y ) > 1—@ ;:z 1

H2f(K) p<x <
p = a mod(f(K)) p = a mod(f(K))
p = 1 mod(q) p = 1 mod(dl)

p = 1 mod(dl)

)

1 *
< Z W(l‘,q[f(K),dl],a/)—mﬂ'(l', [f(K)adl]aa )
127 (K) 1
where o’ is the smallest positive solution to a’ = a (mod f(K)),a’ =1 (mod q),
=1 (mod dl); where a* is the smallest positive solution to a* = a (mod f(K)),a*

a/

1 (mod dl); and where [¢1, - ,¢;] =lem(cq, -+, ¢k ). This means that
li(x)
R < m(z,q K,dl,a’——}
qSlozéz qSlozf—;I
(¢, P)=1 (¢, P)=1
li(z) 1
+ — w(x, [f(K),dl],a")|.
S~ Jsamtea - s v dle)
TS ebe
(a,P)=1
Note that
S [l - ot
L ’ s o(qlf (K), dl])
as< lozl23 x
(¢, P)=1
li(z) li(z)
< m(x,q,d < max |m(z,q,7) — i
2 \ ( ) o(q) 2 L (ra)=1 ( ) o(q)
g< MU g< B a2
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By definition, as (¢, [f(K),dl]) =1,

-1

* —Lq m(z a
@w(x,[f(K),dl},a )_¢(q)§) (z,q[f(K),dl], a;),

where a; is the smallest positive solution to

t=a" (mod [f(K),dl]),t=7r (mod q).
The sum 3, .y m(z, [f(K),dl], a;) counts all the primes less than or equal to z
that are equivalent to a* (mod [f(K),dl]) and r (mod q), where r is not relatively
prime to ¢. If p = r (mod ¢q) and (r,q) # 1, then p must divide g. Our sum,

therefore, is bounded above by 3° 1 =v(q) < iggg, S0

—

Ly RS . -
@gw(x,q[f(ff),dl],ar)— 50" 55 (w)=1w( Lqlf (K),dl], ar)

<

1 1
= @ (nq):lﬂ—(xv Q[f(K)a dl],T’) + ¢_V(Q)'

This is used to rewrite

li(z) 1 .
2 s ~ g )
@Bt
Mo, 15~ - i@
2 (o) o) 2,0 sy an |
o o
which is bounded above by
v(g) r(a,qlf(K),dl),r) i)
D R — Sa)olalf () dl]
e,
log g B li(z)
: Z% foga T (X, |7l (). il ) = Gy |
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Putting the pieces together, we see that

li(z logq
ORRTTEED I B DRI TGRS L] i
) : ; (r,a)=1 o(q) 0g
< _=z2 l\2j(K) z2 [f(K),dl] < 2
1= 1oyB o B e IS B
(¢, P) =1
1
xz li(z)
L —5—— + max |m(x,q,r)— ——
log” 'z IZ (r.q)=1 (. q7) o(q)
q< Z2LEU0 4y
logB =
1
X3 li(z)
< — + max |m(x,q,1)—
ogB Lg Zl (r,q)=1 ( ) ?(q)
qSlogEzla‘
< z? x x
long1 z  logPx log!? «
In conclusion,
x
Z 13(q)3" 9|R,| < \/Qxlogg x\/ RE <1 - O
[ og”x

We may now apply the linear sieve to 2.

Lemma 5. For any small € > 0, there exists a positive constant k such that if x is
large enough, then

1—e x

S, Pz ) >k

log2 z
Proof. By Lemmas [l 2l and ] we may apply the linear sieve to 2, implying that

1—e

SR, Px™T)
Cz
< Cli(z) H <1 1 ) 11og <¢(f(K))1ogx’> BL
~ o(f(K)) . o(p) 2 logz T (log x) 11
x 4
(p?Q?(K» =1
Cx 1
> 1- —
o(f(K))logx HH ( ¢>(p)>
p<z 4
(p,2f(K)) =1
Czx
y 11og (7¢(f(K))1ogx) BL
2 logx% (log x)ﬁ
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For 0 < ¢ < e and for z large enough,

c
1 [ logz —loglogz + log (W) 1 log z
9 1—e¢ <5 1—e = <4 and
2 (15¢) logz 2\ (45) logz 1—e¢

c
1 IOgI—IOgIOgI+IOg<¢(f(K))> - 1 flogz(1—¢€)) 2(1-¢) 59
2 (454) logz 2\ (59)logz ] 1-—e ’

1 Cax
so that f <%MKR)?“) is bounded below by a positive constant.

logxz ™4

Thus there exist constants C7, Co > 0 such that for large enough =z,

1—ec T x 1
S, Pz x)>(C - C = 1— =
( ) ( llong 2(10gx)ﬁ) H ( P)

1—e
p<z 4

—
Z<Cl ° _02 ° 15) 61—F 1+0 %
log z (logz)1i /) log(z™=) log(z77")

by Mertens’ Theorem (see [I0], p. 128), and so there exists some k& > 0 such that
for large enough =,

x O

S, P T) > k—.
log” x

6. PROOF oF THEOREM [I]

In order to prove Theorem [T we first need to state the following definition and
the Gupta-Murty bound [5].

Definition 2. If 9 is a monoid in Ok such that its elements are relatively prime
to an ideal I, then we define fon(I) to be the size of the image of 2t in (Ox/p)*.
We define f(I) to be foIX((I)-

Proposition 1 (The Gupta-Murty bound [5]). If 90 is a monoid in O containing
t multiplicatively independent elements, then
t4+1

{p: fom(p) <2} <z r .

We can now prove Theorem [I1

Proof of Theorem [l Recall that, by Lemma [5]

p=a (mod f(K)) -
p<x: (2, 2f(K)) =1 > k—5— for some k > 0.

=t S i=1orl>a'T log”

For the following, suppose that p is one of the primes in the above set and that
p lies above it in K. Since p = a (mod f(K)), Nm(p) = p and f(p)|(p — 1). Note
that O — (O};/p)x if and only if f(p) =p — L.

As d 1 f(p) if and only if p|Nm(1 — ;™) for some r such that (r,d) =1, d{ f(p)
implies that p|d. This is a contraction as p = a = 1 (mod d), so d|f(p), and we

1—e

can see that ifl\?(;pl), then I =1 or >z 5 . Thus either ﬁf.(;pl) =1lor % >
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If ?(;pl) # 1, we can see that 25 > f(p). The Gupta-Murty bound implies that

3+e€ 5€

[{p: () < 2™} < o™ F =2
This implies that

since we assumed that rank(Oy) > 4.

p=a (mod f(K))
p<ux: (p—_l 2f(K)) =1 > —5—
)

d >’ )
fp)=p—1 log”
0
[p] = [C] H z
<ux: > ,
Hp_x Ox — (Ok/p)* log®
and thus [C] is a Euclidean ideal class by Theorem O

7. APPLICATION

When Lenstra defined Euclidean ideals, he was initially inspired by rings for
which the algebraic norm of its elements is a Euclidean algorithm, leading him to
define norm-Euclidean ideals [9].

Definition 3. If K is a number field and C' is a fractional ideal of O, then C is
norm-Euclidean if for all x € K, there exists some y € C such that

Nm(z —y) < Nm(C).

One can check that this is equivalent to ¢y = Nm in Definition [l If C is norm-
Euclidean, then we say that [C] is a norm-Euclidean ideal class. A ring can have
at most one norm-Euclidean ideal class [9].

In the same paper, Lenstra showed that K has a non-principal Euclidean ideal
if K = Q(v/d), for d = —20,—15,40,60 and 85 [9]. In each of these situations, the
class number is two and the generating ideal is norm-Euclidean. These examples
were found without assuming GRH [9], [2]. The only other example in the literature
that does not assume GRH is Q(v/2,+/35), which has class number two [E]. It is
unknown whether the generating ideal is norm-Euclidean.

Proposition 2. The field Q(\/g, V21,4/22) has a non-principal Euclidean ideal
class that is not norm-FEuclidean.

Proof. If one enters the commands

1 sage: z=sqrt(5) + sqrt(22) + sqrt(21);

2 sage: f=z.minpoly();

3 sage: L.<a>=NumberField(f,’x’);

4 sage: C=L.class_group();C

into SAGE [I1], then the output is

1 Class group of order 4 with structure C4 of

2 Number Field in a with defining polynomial

3 x78 - 192%x76 + 8408*x"4 - 70272xx"2 + 163216

Thus the class group of @(\/5, \/ﬁ, \/ﬁ) is cyclic and of size four. The field
Q(ﬁ, V3,V5,V7, \/ﬁ) is an unramified, degree four extension of Q(\/g, V21, \/ﬁ)

and is therefore its Hilbert class field.
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2990 HESTER GRAVES AND M. RAM MURTY

As
Gal(Q(v2,V3,V5,V7,V11)/Q) = (Z/2Z)°

and rank(OQ(\/g’\/ﬁvm)) =7 > 4, both generators of the class group of Q(\/g, V21,

V/22) are Euclidean ideal classes by Theorem[Il At most one generator can be norm-
Euclidean, so Q(\/g, Vv/21,4/22) has a non-principal Euclidean ideal class that is not
norm-FEuclidean. O
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