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Abstract

We give an elementary exposition of the little known work of Harold Davenport related to
Hasse’s inequality. We formulate a new conjecture suggested by this proof that has implications
for the classical Riemann hypothesis.
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1. Introduction

In his 1924 doctoral thesis, Emil Artin [1] introduced the congruence zeta function of
an elliptic curve

E : y2=x3+ax—|—b (1)

over the finite field of p elements. Indeed, if FF,(x) is the rational function field over
F,, then K = F,(x, y) with y given by (1) can be viewed as a quadratic extension of
F,(x). The integral closure A of the polynomial ring F,[x] is a Dedekind domain so that
for each non-zero ideal a of A, the index [A : a] is finite and Artin’s congruence zeta
function is

Z(K,s) = Z [A:a]™".
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Setting + = p~*, Artin showed that his zeta function has the form
f@)
1 — pt
with f(¢) a quadratic polynomial over Z. If N, denotes the number of points on this curve

with co-ordinates in IF),, the analog of the Riemann hypothesis for Z(K, s) turns out to
be equivalent to the inequality (see for example, Corollary 1.4 on page 132 of [13]):

INy = pl =2/p. 2

In 1936, Hasse [7] proved this conjecture using new tools that mark the beginning of
modern algebraic geometry. One can consider (1) over any finite field of g elements and
Hasse showed (2) holds with p replaced by ¢g. Since then, in 1956, Manin [8] gave an
elementary proof using the addition formulas for points on the elliptic curve when g is not
a power of 2. The case when ¢ is a power of 2, an elementary proof modifying Manin’s
approach was given by Chahal, Soomro and Top [3]. In 1969, Stepanov [14] gave another
proof inspired by Thue’s method of auxiliary polynomials used in transcendental number
theory. Stepanov’s proof was streamlined by Bombieri [2] in 1973 and independently by
Schmidt (see page 2 of [11] as well as [12]).

The purpose of this note is to highlight a little known 1932 work of Davenport [5]
that seems to have been buried in the sands of time. Davenport shows using essentially
the Cauchy—Schwarz inequality that N, — p = O(p**) where the implied constant is
absolute. Because he derives explicit formulas at every stage of his proof, the simplicity
and elegance of the idea is obscured. In this note, we will show that this deduction is
practically instantaneous once a few elementary observations are made. We will then
outline Hasse’s proof. Finally, we discuss the implications of Davenport’s method to the
classical Riemann hypothesis that leads to an interesting link to a conjecture of Chowla.

2. Character sums over finite fields

Let g be a prime power and F, the finite field of g elements. We consider (1) over
F, and let N, denote the number of points of E over IF,. If x is the quadratic character
of IE‘;, then

Nyg=> (14 x(&+ax+b)=q+ Y x(’+ax+b).

xeFy xeFyq

Our goal is to estimate the character sum on the right hand side. We will indicate in
Section 5 that there is (essentially) no loss of generality in supposing that our cubic
factors completely over IF, with roots 0, o, 8 (say). Thus, our character sum is of the
form

D XX+ a)x(x + B).
xeFy

Since we are interested in the absolute value of this sum, changing x to ax reduces the
problem to estimating the character sum

Bla):= Y x()x(x+ Dx(x +a),

xeF,



M.R. Murty / Expo. Math. 41 (2023) 451-460 453
with a # 0, 1. Since x(0) = 0, we see that the above sum is really over x € IE‘Z.

Lemma 1. For any non-trivial character x of Fy,

{q—l fx=y
1

+a)x(y +a) =
Y xx+ @)Xy +a) 2y,

aclFy

Proof. If x =y, the result is clear. If x # y, we write the sum as
X +a
a;y ! (y - a)
and observe that setting
_x+a
 y+4a
transforms the sum into
Z x(b)=—1. O
b#1
The following theorem shows that Hasse’s inequality holds “on average”.

Theorem 2.

> 18 < 4q

a#0,1

Proof. We have
Do IB@P =) x)x(x + DXMXG+ 1D Y xx+ X +a).
a#0,1 X,y a#0,1

The innermost sum is

D+ +a) = x@WX) = xx + DX+ 1)

which by Lemma 1 is,
qg-—3 ifx=y,x#0,-1
:{ q—2 ifx=y=0 orx=y=-1
1= xx(») —x&x+Dx(y+D ifx #y.
The sum in question is therefore equal to
(g—2(q—-3)— Z x () x (x+Dx(Mx(y+ DI+ x ()X (») + x(x + Dx(y+ D]
xy

As the summand is bounded by 3, and there are at most ¢> summands, the result is now
immediate. [

Davenport [5] derives a sharper estimate with 4¢? replaced by g2. This shows that
Hasse’s inequality is not always sharp.
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We will now use the above theorem to derive a bound for ®(a) itself by studying a
related sum:

U(a,b) =Y  x(@)x(x + Dx(x +a)x(x +b),
xeFy

with x a quadratic character. The relation between the two character sums is given by
the following.

Lemma 3. For ab(a — 1)(b—1) #0,
alb—1)

V(@ o)+ 1 =12, with c= 3 —.

Proof. Changing x to 1/x in the summation gives
Wa,b) =Y x(I+x)x(1+ax)x(1+bx) = =1+ Y x(1+x)x(1+ax)x(1+bx)
xeF} xeF,
because y is quadratic. As ab # 0,
W(a,b)+1=x(ab) Y x(1+x)x@ " +x)x(b~" +x).
xelF,

Changing x 4+ 1 = u, the sum becomes

x(@b) Y x@)x(u+d)x(u+b)

u#l
where ¢’ = —1 4+ a' and ¥ = —1 4 b~'. Again changing u to a’u shows that
| ¥(a, b)| = | P(c)| with ¢ = b'/a’. Thus, a simple calculation shows that for a, b # 0, 1,
. ab—1)
W ,b 1 = @ N th = .
%@ )41 = 19, with e= o

We will use Theorem 2 to derive an estimate for &(a) itself as follows.

) x x+1> (x—}—a)
| (@) = Zx(y)x<y+l (53a )

x,yeF;

We put y = x/z so that the sum becomes

) x4+ 1) 2(x +a)
| 6(a)l —;x@x( e )X(HM )

+1 +
|Q5(a)|2§Z ZX (i#—z)x (j—i-:z)

Since y is quadratic, the innermost sum is a sum of the form ¥(a, b) with suitable a, b.
Indeed, putting x + 1 = u, we get

DX <x+1)x (x+a ) =Y X@x@+z—Dx+a—Dxw+az—1),

X +z X +az

Thus

X
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suggesting another change of variables # = (z — 1)v which implies
Z <.x + l) ( X +a )
- X xX+z X X +az
a—1 az
Zx(v)x(v—i-l)x v+ —— | x(v+ .
- z—1 z—1

An application of Lemma 3 shows that

x+1 x+a
‘;x (x+Z)X (Haz) <1+]9()l,
where
(a—1D((a—-1z+1)
c=m(z7) = .
az(a — 2)
so that

D@ <qg+)

D x@x @+ Dx(u + m(2))

The sum inside the absolute values is @(m(z)). Applying the Cauchy—Schwarz inequality
to the sum, we obtain

1/2
|P(@) < q+q'"? (Z |¢<m(z>)|2> :

z

For any given b, the equation m(z) = b has at most two solutions for z so that by
Theorem 2,

12
|D(@)* <q+q'"? (22 | sb(b)lz) < q+2v2¢% < 4¢%”,
b

This proves:

Theorem 4. |®(a)| < 2¢%/*.

The key steps to note in this ingenious proof are Theorem 2 which is “Hasse’s
inequality on average”, combined with a clever use of the Cauchy—Schwarz inequality
to get an estimate for an individual character sum. The analogous construction of these
two steps in the case of the classical Riemann hypothesis will be discussed in Section 4.

3. Outline of Hasse’s proof

Before we give an outline of Hasse’s proof, we begin with a general fact.
Let A be an abelian group and d : A — R. We say d is a quadratic form if
d(na) = n*d(a) for all @ € A, n € Z and the map

AxA— R,



456 M.R. Murty / Expo. Math. 41 (2023) 451-460

given by
(, B) = [o, Bl :=d(a + B) — d() — d(B)

is bilinear. In particular, d(«) = %[a, a]. We say that it is positive definite if d(«) > 0
for all @ € A with equality if and only if o = 0.

Lemma 5. Let A be an abelian group and d : A — 7 a positive definite quadratic
form. Then for all o, B € A, we have

ld(a + B) —d(a) — d(B)| = 2\/d(a)d(B).

Proof. Since d is positive definite,

0 <d(ma+np) = %[ma +nB, ma 4+ nB] = d(@)ym* + [, Blmn + d(B)n?,
using the bilinear property. Therefore, the discriminant satisfies

[or, BT? — 4d(e)d(B) < 0
and the result is now immediate. [J

A very quick intuitive outline of Hasse’s proof can be given as follows. For the precise
technical background, we refer the reader to [13]. The extension Fq /T4 is procyclic and
generated by the Frobenius map ¢ : Fq — Fq given by ¢(x) = x?. In particular, this
means that for each n, the extension Fn /IF, is a cyclic Galois extension with generator
¢. If E is our elliptic curve, and we consider the group of points E (Fq), then E(F,) is
simply the set of fixed points of ¢ acting on E (Fq). In other words, viewing 1 — ¢ as an
element of the endomorphism ring End(E) (with 1 being the identity map), we have

E[F,) = ker(1 — ¢).

The degree of a map can be defined formally, but for our purposes, we can take it to
be the generic number of pre-images (counted with multiplicity) of any given element.
Thus, the Frobenius map ¢ has degree g and the identity map has degree 1. Also,
| ker(1 — ¢)| = deg(l — ¢) since this is the number of pre-images of zero of the map
1 — ¢. Hasse showed that the degree function is a positive definite quadratic form on the
abelian group End(E). By Lemma 5,

| deg(l — @) — deg(1) — deg(¢)| < 2+/deg(1) deg(¢).
In other words,
#E(F,) — 1 —¢q| <2/,

which is Hasse’s inequality. The presence of —1 on the left hand side of this inequality
is the contribution from the point at “infinity” since in the geometric setting, one works
over the projective space instead of the affine space.

4. The Chowla conjecture and the Riemann hypothesis

For an integer n, we denote by (2(n) the total number of prime factors of n counted
with multiplicity, then the Liouville function defined as A(n) = (—1)?® is a completely
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multiplicative arithmetical function. The classical Riemann hypothesis is then equivalent
to the assertion: for any € > 0,

3 ) = 0G24,

n<x
where the implied constant depends on €. More generally, it is an easy exercise to show
that the estimate

> am) = 0k’ 3)
implies that ¢(s) # O for Re(s) > 6.
Chowla (see page 96, Problem 57 of [4]) conjectured that if f(x) € Z[x] is not of the
form cgz(x) with ¢ an integer and g(x) € Z[x], then as x — oo,

D M m) = o(x).

n=x
The case that f is linear is equivalent to the prime number theorem in arithmetic
progressions. This is the only known case of the conjecture. A special case of the
conjecture is that if & # 0, then

Z AAM + h) = o(x).
Ng [10] has conjectured that even a stronger estimate of the form O(xf) with 1/2 <
B < 1 holds uniformly for 2 < x. (Though the formulation in [10] is for the Mobius
function, it is expected that an analogous hypothesis for the Liouville function holds.)
Inspired by Theorem 2, we propose an average version of this hypothesis: there exists
B with 1/2 < B < 1 such that for any € > 0,
2
Z — 0(x1+2/3+€). (4)
1<h<x
We expect this to hold for any g > 1/2. The trivial bound is O(x?) and any 8 < 1

will imply a “quasi” Riemann hypothesis. The work of [9] implies that the right hand
side of (4) is o(x?). The strategy of Davenport’s derivation now leads to:

Z AMnr)A(n + h)

n<x—h

Theorem 6. Assume (4). Then ¢ (s) # 0 for Re(s) > # In particular, if any B > 1/2
is permissible in (4), then ¢(s) # 0 for Re(s) > 3/4.

Proof. We have

2
Z Aln)

=[x]+2 Z Am)r(n).

m<n<x

The last sum can be estimated using (4) by the Cauchy—Schwarz inequality. Indeed,
writing n = m + h, we have

Z Z AMm)A(m + h)

1<h<x m<x—h

N 172

<x? Z

1<h<x

Z AMm)A(m + h)

m<x—h
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Inserting (4), the final estimate is

1+
PR

n<x

which by the remark (3) implies the result. [J
5. Concluding remarks

The Hilbert—Pdlya dream of interpreting the zeros of the Riemann zeta function as
the eigenvalues of a Hermitian operator acting on a suitable Hilbert space is yet to be
realized. In the case of function fields, this is (in a sense) a reality. This viewpoint does
not come from Hasse’s proof but rather from the realization that Artin’s congruence zeta
function is the characteristic polynomial of the Frobenius map acting on a rank 2 module
(called the Tate module) over the ¢-adic integers where £ is a prime unequal to p. Here
is a quick description of this viewpoint.

For any natural number m, we will denote by E[m] the group of m-division points of
E (Fq). If £ is a prime, the Tate module of E, denoted T,(E), is the inverse limit

lim E[¢"]

with the limit being taken over the natural maps E [£”+']—£>E [£"]. Any endomorphism
of E acts on T;(E) and so we have a natural map

End(E) — End(T¢(E)), v — .

If ¢ # p, Ty(E) is a free Z,-module of rank 2, and we can therefore choose a basis of
T,(E) so that ¥ is represented as an element ¥, € GL,(Z,). Using the Weil pairing,
one can show that deg(y) = det(yy) and tr(vyy) = 1 + deg(yr) — deg(1 — ) so that
det(y,) and tr(y,) are in Z and independent of €. In particular, this applies to the action
of Frobenius map ¢ on T;(E) which gives rise to an £-adic representation of Gal(Fq /Fy).
The characteristic polynomial of ¢, is then det(t] — ¢;) = t> — tr(¢)t + det(¢p;) which is
the numerator of Artin’s congruence zeta function. Thus, as det(¢,) = deg(¢) = g, we
have

#E(F,) = deg(1 — ¢) = det(I — ¢) = 1 — tr(ehy) + q.
Then
#E(F ) = deg(l — ¢") = det(1 — ¢})

The success of the proof of the analog of the Riemann hypothesis for the zeta function
of an elliptic curve over finite field is rooted in this interpretation of the zeta function
as a characteristic polynomial of ¢,. Moreover, the base change of the zeta function to
IF,» is simply the characteristic polynomial of ¢;. Thus proving the Riemann hypothesis
for the congruence zeta function over F » for some »n is tantamount to proving it over
IF,. This explains our remark of there being no loss of generality in assuming our cubic
factors completely over I, .

This reduction can also be seen without the use of the Tate module as was done
by Davenport [6] in a later paper written in 1939. In this paper, he derives non-trivial
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estimates for character sums using very basic finite field theory. He also observes how
the zeta function changes when the base field is extended to a larger field. But this paper
again seems to have been buried in the sands of time when Weil’s definitive work proving
the Riemann hypothesis for curves was announced [15] in 1940. The complete proof was
published only much later in 1948 by Weil [16]

There have been some developments worth reporting that indicate that our conjecture
(4) is plausible. Recent work of Matomiki, Radziwill and Tao [9] shows that

3D S MmAm + )| = o(HX)

|h|<H In<X

for H tending to infinity first and X tending to infinity. These works indicate that looking
towards alternate ways of arriving at the Riemann hypothesis, especially through the
study of shifted convolutions of arithmetical functions, is promising.
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