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The large sieve revisited

by
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To Henryk Iwaniec, on the occasion of his 75th birthday

Abstract. We interpret the large sieve inequality as essentally a character-theoretic
inequality on the Prüfer group Ẑ. This perspective allows us to formulate a general “pro-
finite sieve”.

1. Introduction. The general sieve problem can be stated as follows.
If A is a set of objects, P an index set of primes such that for each p ∈P
we have a subset Ap of A , then determine the size of the set

S(A ,P) := A \
⋃
p∈P

Ap.

In other words, S(A ,P) is the set of elements of A that do not belong to
any of the Ap with p ∈ P. Of course, if A is finite, the classical inclusion-
exclusion principle gives an explicit formula for this quantity as follows. For
each subset I of P, we define

AI :=
⋂
p∈I

Ap

with the understanding that AØ = A when I is the empty set Ø. Then

|S(A ,P)| =
∑
I⊆P

(−1)|I||AI |.

In the context of number theory, one often has for A a finite set of integers
which can be viewed as a subset of elements of the additive cyclic group of
integers Z. Many sieve inequalities such as Brun’s sieve and Selberg’s sieve
thus exploit divisibility properties of the integers to derive upper and lower
bounds for S(A ,P). By contrast, the large sieve is really an inequality
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involving characters of finite order of the group Z and thus, at first glance,
does not look like a sieve inequality. Indeed, the large sieve inequality [7] is
often stated as follows. For any set of complex numbers an with 1 ≤ n ≤ N ,
we have

(1)
∑
q≤Q

∑
(a,q)=1

∣∣∣∣ N∑
n=1

ane

(
an

q

)∣∣∣∣2 ≤ (N +Q2)
N∑
n=1

|an|2, e(t) := e2πit.

One then derives some combinatorial inequalities to deduce a traditional
sieve inequality from the above via the following inequality. Let A be a set
of numbers ≤ N and suppose for each prime p ≤ Q that the size of the set
A (mod p) is bounded by νp. Letting an = 1 if n ∈ A and zero otherwise,
one first shows that for each squarefree q,∣∣∣ N∑

n=1

an

∣∣∣2∏
p|q

p− νp
νp

≤
∑

(a,q)=1

∣∣∣∣ N∑
n=1

ane

(
an

q

)∣∣∣∣2.
Summing this over q ≤ Q and using (1) gives

|A| ≤ N +Q2

L(Q)
, L(Q) =

∑
q≤Q

µ2(q)
∏
p|q

p− νp
νp

.

This form of the large sieve is due to Montgomery [6].
One way to view this inequality is to view it as a quantitative version of

the Hasse principle. More precisely, we have a finite set of integers A whose
size we want to estimate and we do this by piecing together information
about the size of its image (mod p) for various primes p.

We now revisit the large sieve inequality and place it in “larger” con-
text (no pun intended). We interpret this as essentally a character-theoretic
inequality on the Prüfer group Ẑ. This perspective allows us to formulate
a general “profinite sieve”. It is hoped that this wider perspective will have
applications especially to “non-abelian” generalizations of the large sieve. Fi-
nally, we point out that Ramaré has developed similar material in his lecture
notes [12] (see also [13–15]).

2. Preliminaries on profinite groups. We recall in this section basic
facts about profinite groups and refer the reader to [11] for further details.
A partially ordered set (I,≤) is said to be a directed set if for any two i, j ∈ I
there exists a k such that i ≤ k and j ≤ k. A profinite system of groups over
I is a family of groups Gi together with morphisms fij : Gj → Gi, for i ≤ j,

{Gi, fij : i, j ∈ I, i ≤ j},

such that the following diagram commutes for all i ≤ j ≤ k:
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Gk Gj Gi
fjk

fik

fij

The projective limit (also called inverse limit), denoted by

G = lim←−
i∈I

Gi,

is the subset of

(2)
∏
i∈I

Gi

consisting of tuples (xi)i∈I satisfying fij(xj) = xi for i ≤ j. In other words,
G consists of “compatible” tuples of (2).

An important example to consider is the directed set of natural numbers
partially ordered by divisibility. If d |n, we have a natural projection

Z/nZ→ Z/dZ,

which is the usual reduction map. The projective limit is denoted Ẑ and
often called the Prüfer group in the literature.

Another important example is provided by taking powers of a fixed
prime p and considering the natural map Z/pn+1Z → Z/pnZ. Thus, we
have

Zp = lim←−Z/pnZ,

which is the familiar ring of p-adic integers.
An immediate application of the Chinese remainder theorem gives the

isomorphism

Ẑ '
∏
p

Zp,

where the product is over all primes p.
If the Gi are topological groups, then G is also a topological group with

the profinite topology : a set U is open in G if and only if U contains a coset
of a subgroup of finite index. This makes G into a compact Hausdorff space.

In 1955, a nice proof of the infinitude of primes was given by Fursten-
berg [3] using the profinite topology of Ẑ. It runs as follows. Suppose there
are only finitely many primes p. Each pZ is closed because its complement
is

(1 + pZ) ∪ · · · ∪ ((p− 1) + pZ)

and is open. If there are only finitely many primes p, then
⋃
p pZ is closed,

and its complement, which is {±1}, is open, a contradiction.
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3. Characters of Z. Since the additive group Z is a cyclic group gen-
erated by 1, any character of Z is completely determined by its value at 1.
Thus, all unitary characters are of the form n 7→ e(αn) where α ∈ R/Z.
When α is rational, this character has finite order. Otherwise, it has infinite
order. The character n 7→ e(an/q) with (a, q) = 1 has order exactly q. Thus,
one can view the outer sum in (1) as a sum over characters of Z with order
less than or equal to Q.

Another viewpoint valid for our discussion is to consider the profinite
completion of Z, which we denoted Ẑ above. This is the inverse limit of
the groups Z/qZ partially ordered by divisibility. Any subgroup of finite
index of Ẑ is of the form qẐ, and the quotient is isomorphic to the group of
residue classes modulo q. The profinite topology is such that any continuous
character factors through a finite quotient and hence is necessarily of finite
order.

4. A general group-theoretic lemma. Suppose A is a finite set of
objects and G is an arbitrary finite group with conjugacy classes denoted by
the letter C. We suppose there is a map f : A → G given by n 7→ n. We
consider the sum ∑

n∈A

an =
∑
C

∑
n∈C

an,

where an ∈ C and the outer sum on the right hand side is over all the
conjugacy classes C of G. Denoting the inner sum by Z(G,C), let ν(G) be
the number of C for which Z(G,C) 6= 0 weighted by |C|. Writing∑

C

∑
n∈C

an =
∑
C

|C|1/2
∑
n∈C
|C|−1/2an,

we see by the Cauchy–Schwarz inequality that

(3)
∣∣∣∑
n∈A

an

∣∣∣2 ≤ ν(G)∑
C

1

|C|
|Z(G,C)|2.

Let us recall the orthogonality relation: for any finite group G, and any
gC ∈ C,

|C|
|G|

∑
χ∈Ĝ

χ(gC)χ(a) =

{
1 if a ∈ C,
0 otherwise.

Using this relation, we have

Z(G,C) =
|C|
|G|

∑
χ

χ(gC)S(χ), where S(χ) =
∑
n

anχ(n),
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and the first sum is over irreducible characters χ of G. Thus,∑
C

1

|C|
|Z(G,C)|2 = 1

|G|
∑
χ

|S(χ)|2.

Since for the trivial character we have

S(1) =
∑
n∈A

an,

it follows from (3) that

|S(1)|2 ≤ ν(G)

|G|

(∑
χ 6=1

|S(χ)|2 + |S(1)|2
)
.

Therefore, for ν(G) < |G|,

(4) |S(1)|2 ≤ ν(G)

|G| − ν(G)
∑
χ 6=1

|S(χ)|2.

Suppose we have a set P of primes, and for each p ∈ P a group Gp is
given. Suppose further that we have a finite set A and a map a 7→ a ∈ Gp.
The general philosophy of the sieve as outlined in the introduction now takes
the form of the question: given the size νp of the image of A in Gp for each
p ∈P, estimate the size of A .

Let q be squarefree and set Gq =
∏
p|q Gp. We will say a character χ of Gq

is primitive if χ restricted to each component Gp (with p | q) is non-trivial.
We will use these observations to prove:

Theorem 4.1. Let q be squarefree. For each prime p | q, let νp = ν(Gp)
and suppose that νp < |Gp|. Then

|S(1)|2 ≤
(∏
p|q

νp
|Gp| − νp

) ∑∗

χ∈Ĝq

|S(χ)|2,

where the star indicates summation over primitive characters of Gq.

Proof. We induct on the number ω(q) of prime factors of q. If ω(q) = 1,
we are done by the discussion used to derive (4) preceding the statement of
the theorem. In the general case, we observe that Ĝq '

∏
p|q Ĝp, and so fixing

a prime divisor p′ | q, we have Gq ' Gp′ × Gq/p′ . Thus, Ĝq ' Ĝp′ × Ĝq/p′ .
Now,∑∗

χ∈Ĝq

|S(χ)|2 =
∑∗

ψ∈Ĝp′

∑∗

λ∈Ĝq/p′

|S(ψλ)|2 =
∑∗

ψ∈Ĝp′

∑∗

λ∈Ĝq/p′

∣∣∣∑
n

anψ(n)λ(n)
∣∣∣2.
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By the induction hypothesis, for the inner sum on the right hand side we
have ∑∗

λ∈Ĝq/p′

∣∣∣∑
n

anψ(n)λ(n)
∣∣∣2 ≥ ( ∏

p|(q/p′)

|Gp| − νp
νp

)∣∣∣∑
n

anψ(n)
∣∣∣2.

We sum this over primitive characters ψ of Gp′ and use the case ω(q) = 1 to
deduce∑∗

ψ∈Ĝp′

∑∗

λ∈Ĝq/p′

|S(ψλ)|2 ≥
( ∏
p|(q/p′)

|Gp| − νp
νp

) ∑∗

ψ∈Ĝp′

∣∣∣∑
n

anψ(n)
∣∣∣2

≥
(∏
p|q

|Gp| − νp
νp

)∣∣∣∑
n

an

∣∣∣2,
as desired.

The above theorem can be seen as a non-abelian generalization of a result
of Serre for abelian groups (see [17, p. 164]).

If we now let an = 1 for n ∈ A and zero otherwise, we deduce from the
above discussion:

Theorem 4.2. Suppose that

(5)
∑
q≤Q

p|q⇒p∈P

∑∗

χ∈Ĝq

|S(χ)|2 ≤ ∆
∑
n

|an|2.

Then
|A | ≤ ∆

( ∑
q≤Q

p|q⇒p∈P

µ2(q)
∏
p|q

|Gp| − νp
νp

)−1
.

5. A general setting. As before, A is a finite set of objects and P
is a finite set of primes. But now, let G be a group such that there is a
map f : A → G given by a 7→ a. For each p ∈ P, let Hp be a normal
maximal subgroup of G of finite index such that a ∈ Ap if and only if
a (mod Hp) ∈ Cp ⊆ Gp, where Gp = G/Hp and Cp is a union of conjugacy
classes of Gp. Let us write for clarity

Cp =
⋃
i

C(i)
p ,

where the C(i)
p are conjugacy classes of Gp.

For each squarefree q composed of primes in P, we let Gq be the direct
product of groups

∏
p|q Gp. For each character χ of Gq, and each conjugacy

class C of Gq, we select gC ∈ C and let

(6) S(χ) :=
∑
a∈A

χ(a) =
∑
C

Z(q, C)χ(gC),
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where Z(q, C) is the number of elements a of A with a ∈ C and the sum is
over all conjugacy classes of Gq.

For a conjugacy class D of G, recall also that |D| = [G : C(gD)] where
C(gD) is the centralizer of gD in G.

Now if D denotes any conjugacy class of Gq, then multiplying both sides
of (6) by χ(gD) and summing over all irreducible characters χ of Gq, by
orthogonality of characters we get

(7) Z(q,D)|C(gD)| =
∑
χ∈Ĝq

χ(gD)S(χ),

where C(gD) is the centralizer of gD in Gq. Since |C(gD)| = |Gq|/|D|, we
have

|Gq|
|D|

Z(q,D) =
∑
χ∈Ĝq

χ(gD)S(χ).

Accordingly, we set
T (q,D) :=

∑∗

χ∈Ĝq

χ(gD)S(χ),

where again we sum over primitive characters of Gq. We can therefore rewrite
(7) as

|Gq|
|D|

Z(q,D) =
∑
r|q

T (q/r,D)

and by Möbius inversion,

|D|T (q,D) =
∑
r|q

µ(r)|Gq/r|Z(q/r,D).

On the other hand,∑
D

|D| |T (q,D)|2 =
∑∗

χ,χ′

S(χ)S(χ′)
∑
D

χ(gD)χ
′(gD)|D|

and the innermost sum is simply the inner product (χ, χ′) times |Gq|. Thus,∑
D

|D| |T (q,D)|2 = |Gq|
∑∗

χ

|S(χ)|2.

In other words,∑
D

1

|D|

∣∣∣∑
r|q

µ(r)|Gq/r|Z(q/r,D)
∣∣∣2 = |Gq|∑∗

χ

|S(χ)|2.

Thus, the expression (5) can also be interpreted as a “generalized variance”
since the above shows∑

q≤Q

1

|Gq|
∑
D

1

|D|

∣∣∣∑
r|q

µ(r)|Gq/r|Z(q/r,D)
∣∣∣2 = ∑

q≤Q

∑∗

χ

|S(χ)|2.
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Indeed, if one were to restrict the summation to primes p ≤ Q, then the left
hand side is ∑

p≤Q
|Gp|

∑
D

(
Z(p,D)− Z

|Gp|

)2

,

where we have assumed that G1 = 1 and Z = Z(1, 1).

6. The classical large sieve. We can specialize the previous section to
the case Gq = Z/qZ. The last equation of the previous section simplifies to

(8)
1

q

q∑
a=1

∣∣∣∑
r|q

µ(r)(q/r)Z(q/r, a)
∣∣∣2 = ∑

(a,q)=1

|S(a/q)|2.

This identity for q prime first appears in the work of Linnik [5] who initiated
the theory of the large sieve. Summing (8) over q ≤ Q and using the large
sieve inequality (1) gives∑
q≤Q

1

q

q∑
a=1

∣∣∣∑
r|q

µ(r)(q/r)Z(q/r, a)
∣∣∣2 = ∑

q≤Q

∑
(a,q)=1

|S(a/q)|2 ≤ (N +Q2)N.

Linnik applied this to study Vinogradov’s conjecture [18] that the least
quadratic non-residue modulo p, denoted n(p) with p prime, is O(pε) for
any ε > 0. He showed that the number of primes p ≤ x for which n(p) > pε

is �ε log log x. This is remarkable since he also showed that Vinogradov’s
conjecture is true on the generalized Riemann hypothesis. Thus, the large
sieve implies an unconditional theorem indicating that there are very few
exceptions to the conjecture (if any).

7. A duality principle. There is a duality principle that can be used
to prove the large sieve inequality.

Theorem 7.1. Let cij be mn complex numbers for 1 ≤ i ≤ m, 1 ≤ j ≤ n.
Let λ be a non-negative real number. Then∑

1≤i≤m

∣∣∣ ∑
1≤j≤n

cijaj

∣∣∣2 ≤ λ ∑
1≤j≤n

|aj |2

for any complex numbers a1, . . . , an if and only if∑
1≤j≤n

∣∣∣ ∑
1≤i≤m

cijbi

∣∣∣2 ≤ λ ∑
1≤i≤m

|bi|2

for any complex numbers b1, . . . , bm.

The proof of this is easy and can be reduced to the Cauchy–Schwarz
inequality (see for example [1, p. 202]). Thus, by duality, the large sieve is
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equivalent to estimating∑
n≤N

∣∣∣∑
q≤Q

∑
(a,q)=1

c(q, a)e(an/q)
∣∣∣2.

Expanding the square, we obtain∑
q,q′≤Q

∑
(a,q)=1, (a′,q′)=1

c(q, a)c(q′, a′)
∑
n≤N

e(n(a/q − a′/q′))

and the above sum is bounded by

N
∑
q≤Q

∑
(a,q)=1

|c(q, a)|2 +
∑
q,q′≤Q

∑
(a,q)=(a′,q′)=1,

a/q 6=a′/q′

|c(q, a)| |c(q′, a′)| |a/q − a′/q′|−1

By symmetry, the second term on the right hand side is

≤
∑
q≤Q

∑
(a,q)=1

|c(q, a)|2 � Q2 logQ.

This is off by a factor of logQ. However, with some care, the log factor can
be removed. Elliott [2] has discussed the spectral nature of this bound.

8. The profinite sieve. We can thus formulate the problem of the
profinite sieve as the problem of estimating∑

q≤Q

∑∗

χ∈Ĝq

|S(χ)|2.

By the duality principle, one reduces this to the study of∑
n≤N

χ(n)χ′(n),

for two characters χ, χ′ of the profinite group G. This is the Rankin–Selberg
type sum [16] and thus, if the associated Dirichlet series has suitable prop-
erties, one can estimate this sum in a general way and deduce an inequality
applicable in a wider context. At the moment, only if the Gq’s are abelian
does it seem possible to derive a general inequality, though Iwaniec has
considered analogous sums and large sieve type estimates in the context of
modular forms [4, Chapter 8].

One particular setting is worthy of further consideration and can be de-
scribed as follows. Let K be an algebraic number field and F be a countable
family of fields normal and of finite degree over K indexed by primes. The
lattice L spanned by F gives rise to a directed system of fields Lq/K in-
dexed by squarefree numbers q and partially ordered by inclusion. If Gq =
Gal(Lq/K), we get an inverse system of finite groups and G = lim←−Gq is
a profinite group. The classical Bombieri–Vinogradov theorem can then be
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viewed as a theorem about the distribution of Artin symbols corresponding
to the family of cyclotomic extensions Q(ζq)/Q where ζq is a primitive qth
root of unity. The case of Lq = Q(ζq, a

1/q) when a is a natural number which
is not a perfect square is particularly interesting since it would have some
implications towards the Artin primitive root conjecture.

A modest research program in this direction was initiated in several of
the author’s joint papers where “non-abelian” variants of the Bombieri–
Vinogradov theorem were derived (see for example [9,10]). These variants
were targeted towards the study of Euclidean rings.
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