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Hilbert’s problems
 At the International Congress of  

Mathematics held in Paris in 1900, 
David Hilbert presented 23 unsolved 
problems which he felt the mathematical 
community should focus on and the 
solutions of  which will lead to greater 
understanding of  our world.

 The problems were definitely influential 
and 20th century can take some pride in 
that some of  these problems are now 
solved and that we do have a better 
understanding of  mathematics.

 A well-posed problem in mathematics 
serves to focus our energies in a 
coherent direction.

David Hilbert (1862-1943)



A look at some of  Hilbert’s problems
 The first few of  his problems dealt with 

logic and foundations of  set theory, a topic 
necessitated by the lack of  mathematical 
rigor in some fields during the 19th century.

 It is not an exaggeration to say that each 
problem led to the development of  a new 
branch of  mathematics or stimulated the 
growth of  existing branches in a 
fundamental way.

 The 7th problem led to the development 
of  transcendental number theory

 The 8th problem is the Riemann 
hypothesis.

 The 9th problem led to the development 
of  reciprocity laws.

The 10th problem led to the 
development of  logic and diophantine
set theory.
The 11th problem led to the arithmetic 
theory of  quadratic forms.
The 12th problem led to class field 
theory. 



The story of  Hardy and Ramanujan
 Perhaps the most “romantic” of  episodes in 20th century 

mathematics was the collaboration of  the British 
mathematician G.H. Hardy and the Indian mathematician 
Srinivasa Ramanujan.

 Hardy was a well-known and distinguished mathematician 
at Trinity College of  Cambridge University.  Ramanujan 
was an unknown postal clerk and a self-taught 
mathematician who wrote to Hardy in his now famous 
1913 letter that he had made some mathematical 
discoveries and would like to know if  these results are 
new.

 When Hardy received the letter, he was flabbergasted and 
couldn’t sleep that night.  He spent all night poring over 
the letter and wondering how Ramanujan could have 
discovered them. 

 The amazing thing about this is that it took place at a 
time when World War I was about to start and when India 
was under British rule.

G.H. Hardy(1877-1947)

Ramanujan (1887-1920)



Ramanujan’s letter of  16 January 1913
 After losing sleep 

that night, Hardy 
invited his 
colleague, 
Littlewood to come 
over and have a 
look at Ramanujan’s 
letter.

 After three hours, 
they concluded this 
was the work of  a 
genius. 



Hardy’s reaction and reply to Ramanujan
 After a careful study of  the 10-page letter 

which contained over a 120 theorems, Hardy 
concluded:   “A single look at them is 
enough to show that they could only be 
written down by a mathematician of  the 
highest class.  They must be true because if  
they were not true, no one would have had 
the imagination to invent them.”

 Bertrand Russell wrote that by the next day 
he “found Hardy and Littlewood in a state 
of  wild excitement because they believe they 
have found a second Newton, a Hindu clerk 
in Madras making 20 pounds a year.”

Hardy then arranged for 
Ramanujan to come over to
England for research and 
collaboration.



The Ramanujan conjectures
 In 1916, Ramanujan made the following 

conjectures:
 τ is multiplicative:  τ(mn)=τ(m)τ(n) 

whenever m and n are coprime.
 τ satisfies a second order recurrence relation 

for prime powers.
 |τ(p)|< 2p11/2 for primes p.
 The first two conjectures were proved in 

1917 by Mordell but he failed to see a 
general theory of  modular forms nascent in 
Ramanujan’s conjectures.  This was 
discovered by Erich Hecke in 1936.

 The last conjecture was proved by Deligne
in 1974.



The Ramanujan zeta function
 Using his τ-function, 

Ramanujan constructed a new 
“zeta-like” function and 
conjectured that his zeta 
function has properties similar 
to the Riemann zeta function.

 Some of  his predictions were 
proved later by Erich Hecke.

 So what is this analogy?



The famous taxicab story
 There is an interesting story about this 

number connected to Ramanujan’s life.  
When he was ill in a sanatorium, Hardy 
came to visit him in a taxi.

 On entering Ramanujan’s room, Hardy 
remarked, “I just came in a taxi 
numbered 1729, which looks like a dull 
number.  I hope it is not a bad omen.” 

 Ramanujan replied, “On the contrary, it 
is very interesting.  It is the smallest 
number that can be written as the sum 
of  two cubes in two different ways.” 



The man who knew infinity



Hilbert’s problems, logic and foundations
 Several of  Hilbert’s problems deal with the foundations of  mathematics, set 

theory and the nature of  a proof.
 It is a remarkable achievement of  the 20th century that these aspects were 

clarified.
 For instance, Cantor spent a good part of  his life trying to prove the 

continuum hypothesis (Hilbert’s first problem) and it was only in 1963 that 
Paul Cohen showed that it is independent of  Zermelo-Frankel set theory, 
building on earlier work of  Kurt Godel.

 Hilbert’s 10th problem was also shown to be impossible in 1970 by 
Matiyasevich, building on earlier work of  Davis and Robinson.  This problem 
asked for a general algorithm for solving any given Diophantine equation.

 Godel’s incompleteness theorem says that given any axiom system, there will 
be propositions that can be formulated in that system, that can neither be 
proved or disproved using that system.



The work of  Emil Artin
 In his doctoral thesis, Emil Artin found an analogy 

between the ring of  ordinary integers Z and the ring 
of  polynomials (mod p), denoted Fp[x] and 
suggested that the study of  this ring may be a way to 
understand the Riemann zeta function and perhaps 
the Riemann hypothesis.

 He was right!  In his thesis, he constructed a new 
zeta function and verified (but could not prove) the 
analogue of  the Riemann hypothesis in many cases.

 We can try to explain in simple terms the essence of  
Artin’s conjecture as follows.  

 Let Np be the number of  solutions of  the 
congruence y2 = x3 + ax + b (mod p) where the 
discriminant of  the cubic is assumed to be non-zero 
mod p.  Then |Np - p|≤2√p.  

 This was later proved in 1936 by Helmut Hasse.



An example

 There are a total of  8 solutions.  Artin predicts that 
|8 – 5|≤2√5 =4.47… which is of  course true.



The Weil conjectures.
 Clearly, this is a special case of  the more general problem of  

counting solutions to f(x,y)=0 (mod p) where f(x,y) is a polynomial 
in two variables.

 In 1948, Weil generalized Hasse’s work to this context thereby 
creating a new branch of  mathematics in algebraic geometry.

 Having done this, he mused about polynomials of  several variables 
and made general conjectures, which he could not prove.  This is 
contained in a famous paper of  Weil written in 1949 and published 
in the Bulletin of  the American Mathematical Society.  Let us quote 
Weil himself  on how he arrived at his conjectures.

 “In 1947, in Chicago, I felt bored and depressed, and, not knowing 
what to do, I started reading Gauss’s two memoirs on biquadratic 
residues, which I have never read before.  The first one deals with 
the number of  solutions of  ax4 – by4 =1 over finite fields and the 
second one with ax3 –by3 =1.  Then I noticed similar principles can 
be applied to all equations of  the form axm+byn +czr +…=0 and 
that this implies the truth of  the so-called Riemann hypothesis for 
diagonal equations.”



The work of  Grothendieck & Deligne
 The Weil conjectures stimulated Grothendieck to re-think 

classical algebraic geometry and develop a new 
perspective.

 From this new perspective, the Weil conjectures would 
(should) be transparent.

 Weil made four conjectures regarding his new zeta 
functions, and Grothendieck could prove three of  the four 
using his new theory.

 The fourth, called the analog of  the Riemann hypothesis, 
which also had an intimate connection with Ramanujan’s
hypothesis about τ(p) was finally proved by Pierre Deligne
in 1974.

 The key ingredients in Deligne’s proof  were a transfer of  
the method of  Hadamard and de la Vallee Poussin in their 
proof  of  the prime number theorem along with a 
technique of  Rankin and Selberg.

A. Grothendieck
(1928-2014)



The Langlands program
 In the 1960’s, Robert Langlands

discovered that the Riemann zeta 
function, Ramanujan’s zeta 
function are really special cases of  
a vast galaxy of  L-functions 
attached to what are called 
automorphic representations.

 Though we have not solved the 
Riemann hypothesis, we see it as a 
special case of  a large spectrum of  
related problems.



The four color theorem
 The four color conjecture was formulated in 

Francis Guthrie in 1852 and it says that any map 
can be properly colored using only four colors.

 A proper coloring of  a map is such that no two 
adjacent regions get the same color.

 This turns out to be a difficult problem in graph 
theory although it looks like a coloring problem 
for kindergarten class!

 In 1890, Heawood showed five colors suffice 
but couldn’t bring it down further.

 Finally, in 1976, Apell and Haken showed four 
colors suffice.

 Their proof  used computers and so is not 
conceptual.  In mathematics, we seek to discover 
concepts and not solve problems, problems 
being the occasion in which we seek to discover 
new concepts.



Taniyama’s conjecture and Fermat’s Last Theorem

 In an earlier lecture, we vaguely alluded 
to a connection between a conjecture of  
Taniyama regarding L-functions of  
elliptic curves and Fermat’s Last 
Theorem.

 We also said that in 1993, Ken Ribet
showed that Taniyama’s conjecture 
implied Fermat’s Last Theorem.

 The final decisive step was taken by 
Andrew Wiles combining his earlier 
work with Taylor, to prove Taniyama’s
conjecture.



Towards the twin prime problem
 One of  Hilbert’s problems 

alludes to the twin prime 
problem.

 This says there are 
infinitely many primes p 
such that p+2 is also 
prime.

 For example, (3,5), (5,7), 
(11,13), (17, 19), are 
examples of  twin primes.

In 2013, Yitang Zhang showed there
are infinitely many primes (p,q)
such that |p-q| is bounded.

The story of  how Yitang came to this
discovery has an element of  Ramanujan
in it.



Counting from infinity

 Born in 1955 in Pinghu, China, Yitang Zhang could not go to school because of  the 
cultural revolution.  So he was largely self-taught.

 After the cultural revolution, he went to Peking University and obtained his BSc degree 
in 1982, at the age of  27.  

 He always dreamed of  doing number theory but his professors discouraged him in this 
direction and urged him to do algebra.

 He then went to Purdue University and completed a PhD in algebra in 1991.
 But he could not get an academic job, and so he did odd jobs, like a delivery boy or a 

waiter in a sandwich shop.
 Finally, in 1999, Kenneth Appel (of  four color fame) hired him as an instructor at the 

University of  New Hampshire.
 After teaching his classes, he would secretly work on the twin prime problem in the 

evenings until one day he made a breakthrough.
 On April 17, 2013, he quietly wrote up his paper and submitted it to the Annals of  

Mathematics, the top journal in mathematics.
 The paper was flawless and published the next month.
 There is a nice documentary called “Counting from infinity” that relates this story.



Chronology of  mathematical developments



1100 BCE – 399 BCE



360 BCE – 121 BCE



60 BCE – 532 CE



560-1170



1260-1485



1489-1609



1620-1666



1678-1750



1750-1815



1815-1850



1850-1900



20th century



Later developments
 1928 Waring’s problem by Hardy and Littlewood. 
 1936 Godel’s incompleteness theorem. 
 1963  Paul Cohen and the continuum hypothesis.
 1970  Solution of  Hilbert’s tenth problem by Matiyasevich.
 1974 Weil conjectures proved by Deligne.
 1976 Four color theorem using computers.
 1996 Fermat’s Last Theorem by Andrew Wiles.
 2013  Yitang Zhang proves bounded gaps between primes.



The importance of  mathematics
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