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ABSTRACT. For m > 2, let m be an irreducible cuspidal automorphic repre-
sentation of GLm (Ag) with unitary central character. Let ar(n) be the nt”
coefficient of the L-function attached to w. Goldfeld and Sengupta have re-
cently obtained a bound for )7 . ar(n) as x — co. For m > 3 and 7 not

a symmetric power of a GL2(Ag)-cuspidal automorphic representation with
not all finite primes unramified for 7, their bound is better than all previous
bounds. In this paper, we further improve the bound of Goldfeld and Sen-
gupta. We also prove a quantitative result for the number of sign changes of
the coefficients of certain automorphic L-functions, provided the coefficients
are real numbers.

1. INTRODUCTION

In an earlier paper [I1], we described a general theorem to study the sign changes

of any sequence of real numbers {a(n)} ~_,. More precisely, we proved the following.

Theorem 1.1. Let {a(n)} .~ be a sequence of real numbers such that
() a(n) = O(n),
(11) Znﬁx a’(n) = O(nﬁ)’
(i) Se a(n)? = ez + O(a"),
with a, B,v,¢ > 0. If a + 8 < 1, then for any r satisfying

max{a + 8,7} < r<1,

the sequence {a(n)},—, has at least one sign change for n € [z,x + 2"]. Conse-
quently, the number of sign changes of a(n) for n < x is > x'=" for sufficiently
large x.

We applied this theorem to study oscillations of Fourier coefficients of modular
forms of half-integral weight. In this paper, we focus our attention on coefficients
of Dirichlet series attached to automorphic forms.

Let F be an algebraic number field with [F' : Q] = d, and ring of integers O and
discriminant Dp. For n > 2, let m be a cuspidal automorphic form on GL,,(Ar)
with unitary central character and where Ay denotes the adele ring of F'. We denote
by 7 the contragradient representation of w. The standard L-function attached to
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m for R(s) > 1 is given by
L(s,m):= HL(S,WU),

where the product is over all the places of F' (finite and infinite) and L(s, m,) is the
local Euler factor described as follows. At an unramified finite place v of ,
L(s,m) = [ [(1 = ctim (0)(N0) )7,
i=1
for suitable complex numbers «; . (v) (called the Satake parameters) and Nv is the
absolute norm of v. At an unramified infinite place v,

L(s,m,) = HFU(S - ,Lti,w(U)),

where the ; »(v)’s are complex numbers and
Ly(s) =7~ %/?(s/2) if v is real
and
Ty(s) = (2m) " °T'(s) if v is complex.
With this notation, the generalized Ramanujan conjecture is the assertion that
| = (v)] =1 if v is finite

and
R(pi,x(v)) = 0 if v is infinite.
In this context, Luo, Rudnick and Sarnak [10] have proved that

la; (V)| < (NU)%_ﬁ if v is finite

and
IR (i1 (0))] < % - nz#“ if v is infinite.
This (at present) is the most general result. Better results are there for n = 2.

Godement and Jacquet [3] indicated how to define L(s, m,) for the finitely many
v at which 7, is ramified and the completed L-function admits an analytic con-
tinuation to the entire complex plane and satisfies a functional equation relating
L(s,m) to L(1 — s,7). We refer the reader to [I] (Chapter 9 in particular) for the
details regarding the analytic properties of these L-series.

Jacquet, Piatetskii-Shapiro and Shalika [6] developed the theory of Rankin-
Selberg for general L-series. More precisely, if 71 is a cuspidal automorphic repre-
sentation on GL,,(Ar) and 75 a cuspidal automorphic representation of G L,,(Ar),
then one can construct L(s,m; X m2) using the local Satake parameters of m; and
mo. It turns out that L(s, 7 X m2) extends to an entire function if m # n. Other-
wise, L(s,m X m2) extends to an analytic function for all s € C except for s = io
and s = 1 +ic with o € R, where 7; = 73 x |det|*. In this article we will have
F = Q. For m > 2, let m be an irreducible cuspidal automorphic representation of
GL,,(Ag) with unitary central character. For R(s) > 1, the L-function attached to
7 is given by

L(s,m) = H L(s,mp),
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where p runs over all finite rational primes and L(s, wp) is the local Euler factor.
For R(s) > 1, let the Dirichlet series representation of L(s, ) be

L(s,m) = Z aﬂ(n).

nS

n=1

Then the completed L-function
i st S+ /\i
A = - r L
(s,m) il;[lw z ( 5 ) (s,m),

where \; € C (for ¢ = 1,2,...,m), admits an analytic continuation to the entire
complex plane and satisfies the functional equation

A(s,7) = exNZ°A(1 — s, 7),

where €, € C has absolute value 1 and is called the root number, and N, is a
positive integer called the conductor of . A prime p is called unramified for 7 if
(p, Nx) = 1.

Theorem 1.2. Form > 2, let w denote an irreducible cuspidal automorphic repre-
sentation of G Ly, (Ag) with unitary central character. Let L(s, ) be its associated
L-function with the n** coefficient a,(n). Then we have

1oz te if m=2,
Zaﬂ(n) <

2
nx if m>3,

m”- —m
T m2+1 +e

for any fixed € > 0.

The method of proof of the above theorem is the same as in [4], but we use a
result of Lii [9] which ultimately follows from the result of Chandrasekharan and
Narasimhan [2]. The difference in our proof is that we estimate differently, which
is similar to Lii [9], and get a better bound in the general case too. We apply the
above theorem to deduce the following result on sign changes of coefficients of L-
series attached to certain automorphic forms. However, the bounds of Goldfeld and
Sengupta [4] for the first moment of the coefficients of the automorphic L-functions
are enough to prove the following result.

Theorem 1.3. Let L(s,m) be the automorphic L-function associated to an auto-
morphic irreducible self-dual cuspidal representation m of GLa(Ag) and let ar(n) be
its n'h coefficient. If the sequence {a(n)}, is a sequence of real numbers, then
for any real number r satisfying % < r < 1, the sequence {a(n)}>2, has at least
one sign change for n € [x,x + x"]. Consequently, the number of sign changes of
ar(n) forn <w is> x'=" for sufficiently large x.

Remark 1.4. Although the above theorem is stated for automorphic forms for G Lo,
we will see that we get a similar sign change result for certain automorphic forms
for GL,,, where m > 2. For example, we will see that a similar result is valid for
symmetric square L-functions attached to Hecke Maass cusp forms. Also we get a
similar result for certain symmetric power L-functions attached to any holomorphic
cusp form.

Next, we prove a sign change result for the eigenvalues of Siegel Hecke cusp
form of genus 2. To state the result we review some basics of spinor zeta function
attached to Siegel modular forms of genus 2.
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566 JABAN MEHER AND M. RAM MURTY

Let F' be a non-zero Siegel cusp form of weight k for the group Sp4(Z) which
is an eigenfunction for all the Hecke operators T(n) with eigenvalues Ap(n). It is
well known that Ap(n) are real and multiplicative. Assume also that F' is not a
Saito-Kurokawa lift. We define the normalized eigenvalue of F' by

Mm) = 220

The spinor zeta function attached to F' is defined by
Z(s, F) =[] Zu(s, F),
P

where
—sy—1
Zy(s, F) = H (1= Bipp™°) "
1<i<4
Here 1, 1= aop, B2p = @0pip, B3p = Qopt2p, Bap 1= Qopai1pas,, and

00.p, 01 ,p, @2 p are the Satake parameters of F'. The Ramanujan conjecture which
has been proved by Weissauer [14], is the assertion that for all primes p one has
(1) |@0,p| = leipl = |agp| = 1.
For R(s) > 1, let the Dirichlet series representation of Z(s, F') be
S~ ar(n)
Z(s,F) =Y ——.

ns
n=1

The completed L function

A(s, F) i= (2m)~°T (s - g) r (s + %) Z(s, F)

can be analytically continued to the whole complex plane and it satisfies the func-
tional equation
A(s, F) = (-1DFA(1 — s, F).

It is well known that

(2) Z Aﬁ;’) =Z(s, F)¢(2s+ 1)1

From (), we easily see that

3) M= 3 W anm),

d?m=n

where g is the Mobius function. Using (), we see that for every integer n > 1, we
have

lap(n)| < da(n),
where d;(n) is the number of ways of writing n as a product of [ positive integers.
Now by using (B)) it can be easily deduced that for every e > 0, we have
(4) IA(n)] < ds(n) < n.

Kohnen [8] has proved that the sequence {A\r(n)},>1 changes signs infinitely of-
ten. We prove the following quantitative result on sign changes of the sequence
{Ar(n)}n>1.
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Theorem 1.5. If F' is a non-zero Siegel cusp form of weight k for the group
Sp4(Z) which is an eigenfunction for all the Hecke operators T'(n) with eigenvalues
Ar(n) and which is not a Saito-Kurokawa lift, then for any real number r satisfying
7 <r <1, the sequence {\p(n)}32, has at least one sign change forn € [z, x+z"].
Consequently, the number of sign changes of {\r(n)} for n < z is > x'=" for
sufficiently large x.

2. PREPARATORY RESULTS

We recall a well-known result of Chandrasekharan and Narasimhan [2]. We need
to define a few things before proceeding to the theorem.

Let
a(n
o) =34,
n>1
and
b(n
w(s) =) f,bs)
n>1
be two Dirichlet series. Let A(s) = Hézl I'(ais + B;) and A = 22:1 a;. Assume
that

where C encloses all the singularities of the integrand. With these definitions, we
now state the result [2, Theorem 4.1].

Theorem 2.1. Suppose that the functional equation

A(s)p(s) = A6 — 8)P(0 — s)

is satisfied with 6 > 0, and that the only singularities of the function ¢ are poles.
Then, we have

B(z) = Q(z) = O(x3 =72 247) 1 O(297 22 " (log z)" ™) + O( Y la(n)]),

z<n<lz’

for everyn > 0, where B(z) =Y, . a(n), 2’ = z4+0(z' 227", q is the mazimum
of the real parts of the singularitieg of ¢, r the maximum order of a pole with real
part q, and u = 3 — g 4A’ where 3 is such that Y~ | |b(n Vn=P is finite. If, in
addition, a, > 0, then we have

B(z) — Q(z) = O(x2~7a t24ms) L O(z7 22 ~(log z)"1).

We recall some basic results about the Rankin-Selberg L-function L(s,m X 7)
associated to m and its contragredient 7. We write L(s7 7 X 7) as a Dirichlet series

(5) (s,mxT) Z aﬂXﬂ

n=1

Then the completed L-function

6)  Als,m x 7) HHﬂ—s—’ (S;/\)F<S_2/\j)L(s,7rxfr)

i=1j5=1
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568 JABAN MEHER AND M. RAM MURTY

has a meromorphic continuation to the entire complex plane and satisfies the func-
tional equation

(7) A(s, 7 X 7) = exxz NI ZA(L — 5,7 X 7).

TXTT

It is also known that a;x7 > 0 and the L-function L(s,m x 7) has a simple pole at
s =1. For (n, N;) =1, it has been shown in [4] that

(8) |ax(n)|* < arxz(n).
Then by equation (3.10) of [9], we have the following result.
Proposition 2.2. We have
m2-1
Z a/TK'X‘ﬁ'(n) = Cr¥ + Oe,‘n’(xm +1 +E)7

n<zx

where ¢, s a positive constant.
We also state the following result.

Theorem 2.3. Let L(s,m) and L(s,ms) be two automorphic L-functions whose
associated Dirichlet series can be written as

> a(n = b(n
SO and SO

n=1

respectively. Suppose that the exponents towards the Ramanujan’s conjecture for mq
and o are strictly less than 1/4. Then the series

= L(s,m X m2)g(s),

> a(n)b(n
Z()()

ns
n=1

where g(s) is a Dirichlet series absolutely convergent for R(s) > 1/2 and
L(s,m X ma) is the Rankin-Selberg L-series attached to w1 and ms.

The above result is proved in [0, Theorem 6] where it is assumed that 7 and
mo satisfy Ramanujan’s conjecture. But the proof goes through with a weaker
hypothesis that the exponents towards the Ramanujan’s conjecture for m; and o
are strictly less than 1/4. Next we prove the non-vanishing of the Dirichlet series
g(s) appearing in the above theorem at the point 1 in our next proposition.

Proposition 2.4. Let my = g = 7 be self-dual in Theorem 23l Then

3 muﬂ = L(s,m x m)g(s).

n=1

oo
et then the series g(1) = Z en) is mon-zero.

Ifgls) =) C(z)

To prove the above proposition, we first prove the following lemma.

Lemma 2.5. The series

Z awxfr(p)

p prime p
is divergent.
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Proof. To prove the lemma, we prove that

(9) D () ~ 1o

p<z

where p varies over all primes less than or equal to z. To prove (@), we first show
that

(10) Z rxr(n)A(n) ~ x,

n<x
where A(n) is the von Mangoldt function. Then by partial summation, we get ().
We apply the Tauberian theorem to the Dirichlet series

_L/(S,TK’ X ) i awxﬂ(n)A(n).

L(s,mx ) B ns

n=1

By a result of Shahidi [I3, Theorem 5.2], L(s, 7 x 7) does not vanish on $(s) = 1.
Also the series

LS7T><7T

L'(s,m x ) Z A ( )

converges absolutely for R(s) > 1 and it is analytically continued for $(s) > 1
except for a simple pole at s = 1 since L(s,7m x 7) is analytically continued to
the whole complex plane except for a simple pole at s = 1. Thus applying the
Tauberian theorem, we get (I0) and hence (@I).

Now, by partial summation, we have

Za‘nxw(p):M_’_/zA( )dt

2
r<u D x t

where A(z) = ZPSI Grxx(p). Now using (@), we get

A (D) 1 1 /“’ 1 1
Z P logx+o<loga: + 9 tlogt+0 tlogt

p<z

By simplifying, we deduce that

Z Anxr(P) = loglog z + o(log log ).

p<z
This proves the result. O
-~ c(n)
Proof of Proposition [Z4. Suppose that Z is zero. Since the series
n
n=1

oo
Z 7r><7r
has a simple pole at s = 1, the series

00 2
Z | 7;58”

n=1
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570 JABAN MEHER AND M. RAM MURTY

does not have any singularity at s = 1. Then by Landau’s theorem on the Dirichlet
series with non-negative coeflicients, there exists a real number ¢ such that the

Dirichlet series
oo 2
Z lax(n)|
n=1 n’

is convergent for R(s) > o and it has a singularity at s = 0. Since g(s) is absolutely
convergent for R(s) > 1/2, we deduce that o < 1/2. But we will prove that the

series
i |ax(n)[?
n=1 n

is divergent. This will lead to a contradiction. We know that for any prime p, we
have

‘aﬂ(p)|2 = Grxr(P)-
Thus

0 2
Z rrx;(p) Szl wgl” 7

p prime n=1

and the proposition follows from Lemma

3. PROOF OF THEOREM
We will apply Theorem 2.1] to prove Theorem From (@) and (), we have

1 1
(5:1,q:0,7‘:0,6:1—{—6714:%,16:5_%_’_6x_$+0( 'fl—%)’
for any 7 > 0. Applying Theorem 1] we obtain
(11) Z a’ﬂ' << 1’2 2m+mn(% 27n+6) + Z |aﬂ_

nsz r<n<z’

Now we estimate the sum > . ., |ax(n)|. Since the coefficients a(n) are multi-
plicative, it is easy to see that

(12) Z lax(n)| < Z lax(n)).
r<n<z’ r<n<az’
(n\Np)=1
If m = 2, we have
ax(n) < noite,
Then for m = 2, ([II]) becomes
Za” <<z4+2n+26+ Z |a7r )| < I%Jr%ﬂJrQe_'_x%*nJre.

n<lx z<n<az’
(n,Ng)=1

Choosing n = we get

96’

> an(n) < zmEte,
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This proves the result for m = 2. For m > 3, using the Cauchy-Schwarz inequality
and (B)), we have

Y7o Jaxm) <2 LN Jag(n)?

z<n<az’ z<n<az’
(n.Np)=1 (W Nm)=1

(13)

< g2 3w Z arxi(n)

r<n<az’
(n Nq)=1
By Proposition 2.2] we have
(14) Y7 trxa(n) <2t TE 4o
r<n<az’
(n N)=1

m3—1

for every n > 0 and € > 0. We will choose 7 in such a way that 1 —n — E < e
This will imply that the second term in the right hand side of the above estimate
will be the dominant term. Now from (I, (I3) and (I4]), we have

Zaﬂ < ppmE G mgite) 4 plon—a 2w +2<m2+11>
n<z
Choosing n = m in the above estimate, we see that the exponent of the first

term of the right hand side equals the exponent of the third term and it is larger
than the exponent of the second term. Thus we obtain

g aﬂ_ << x m2+1 +67

n<z

for any fixed € > 0. This completes the proof.

4. PROOF OF THEOREM [I.J]

We first do the analysis for general m > 2 and then we will specialize to the case
when m = 2. The bounds for the coefficients a,(n) of the automorphic L-function
associated to an automorphic irreducible cuspidal representation 7w of GL,, over Q
are given by

nsite if m= 2,
(15) ar(n) < ntite if m =3,
niTmEE Y i m >4,

for any € > 0.
Thus in the notation of Theorem IE[I, we have
654 +e if m=2,
a= 14 +e if m=3,
% — 2+1 +e if m>4.

From Theorem [I.2, we have

B_{ 179—12—1—6 if m=2,

27 .
’;Lﬂﬂl—ke if m>3.
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572 JABAN MEHER AND M. RAM MURTY

Now we need to find out ~. Since 7 is a self-dual representation, if o« < 1/4, then
by Theorem 23], we have

(16) i ar(n)® _
n=1

where g¢(s) is absolutely convergent for R(s) > 1/2. Let g(s) be given by the

Dirichlet series
oo
_ v cn)
=
n=1

Then from (I6), for each n > 1, we have

(17) ax(n)? = e(d)anxr(n/d).

d|n

A x 1 (n)
nS

(s)

)

NE

Il
-

n

Using Proposition and the above equation, we get

Z arz(n)? = Zc(d) {cﬂg +0 <(§):§+i+e> } .

n<wz d<z
Thus
d m2-1
(18) Zaﬁ —cﬂxz%l)_yo(xmuh )
n<z d<z
The series

is absolutely convergent for f(s) > 1/2, and by partial summation, for any 6 > 1/2,

we have
c(d) < B(t)
Z e < / 11+0 dt,
d>x z

where

B(t) =Y c(n) < 13+

n<t
for any € > 0. By simplifying, we get
c(d) —0+3+e
d>zx

Inserting this estimate in (8], we obtain

3 an(m)? = cag(D)ar + O(@*) + O(@ 77 ),

n<x
Since g(1) # 0 by Proposition 24, we deduce that

S ar(n)? = ey + O@h+) + 0@ ),

n<x
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OSCILLATIONS OF FOURIER COEFFICIENTS OF AUTOMORPHIC FORMS 573
where ¢; is a positive constant. Since m > 2, it again simplifies to

(20) > an(n)? = 1w + O ™)

n<z

for some positive constant c;.

Thus we have found that if o < 1/4, then v = 22;} + € for any € > 0. For
m=2 a="7/64+¢c<1/4, B =5 +eandy= %—l—e. Therefore for m = 2, we

192
have

3
max{a+ 3,7} = £ +e< 1
Thus by Theorem [[LT] Theorem follows.

5. PROOF OoF THEOREM

The idea of this proof is to apply Theorem [[1] to the sequence {A(n)},>1. By
(@) we have o = € for any € > 0 in this case. It has been proved in [I2, Lemma 1]
that

> ap(n) <zt
n<x
Using the above estimate and (B]) we deduce that

S ) < ai e

n<x

Thus g = % + € in this case. Also from [7, Theorem 1.1], we have the following
estimate for the second moment of A(n). For any ¢ > 0, we have

Z An)? = cpz + O, (x%“ + k%x%“) )

n<x

where cp is a positive constant depending on F. Thus v = % + € in this case.
Therefore

41
max{a+ 8,7} = —+e< L
47
Hence by Theorem [[.T] Theorem follows.

6. FURTHER REMARKS

The Ramanujan conjecture is known for certain automorphic forms for GL,,(Ag).
If we assume the Ramanujan conjecture on the coefficients a,(n) attached to an
automorphic form, then we also get a result for the number of sign changes in
the interval [z, 2z]. Here also we note that the bounds obtained by Goldfeld and
Sengupta [4] are sufficient to prove the following theorem.

Theorem 6.1. Let L(s,m) be the automorphic L-function associated to an auto-
morphic irreducible self-dual cuspidal representation m of GLy,(Ag) with unitary
central character satisfying the Ramanugjan conjecture, and let ar(n) be its n'* co-
efficient. If the sequence {ar(n)}S2, is a sequence of real numbers, then for any
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574 JABAN MEHER AND M. RAM MURTY
real number r satisfying Zi: < r <1, the sequence {ar(n)}e>, has at least one
sign change for n € [x,x + 2"]. Consequently, the number of sign changes of a,(n)
forn < xis > x'7" for sufficiently large x.

The Ramanujan conjecture is known to be true for the coeflicients of symmet-
ric power L-functions attached to holomorphic Hecke cusp forms. Also the auto-
morphicity of symmetric power L-functions Sym/?(s, f) attached to a holomorphic
Hecke cusp form f is known for some values of j. Therefore in these cases we
can apply Theorem Also the exponent towards the Ramanujan conjecture at-

tached to the symmetric square L-function attached to any Hecke Maass cusp form

is é—j < %. Therefore in this case also we get a result similar to Theorem [[.3] on

sign changes for the coeflicients.
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