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1. Introduction

In order to study arithmetic problems via L-functions, the key is the location
of the zeros and poles, originated from Riemann’s remarkable insight of the
connection between the distribution of primes and his zeta function. Such
aspects also play a central role in studying the primes in number fields.
Indeed, it has been shown that the holomorphy of Artin L-functions enables
one to derive an effective version of the Chebotarev density theorem with a
sharper error term by the first two authors and Saradha [15], which refines
the previous works of Lagarias-Odlyzko [10] and Serre [23]. Moreover, in
their unpublished paper written more than 20 years ago, the first two authors
improved their result by assuming a certain pair correlation conjecture,
which will be discussed in Section 3, and the Artin (holomorphy) conjecture.

Research of the first two authors is partially supported by NSERC Discovery
grants.
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Their saving in powers of the main variable has a dramatic effect on several
famous problems of number theory.

For general L-functions belonging to the Selberg class, the pair correlation
conjectures have been studied by M. R. Murty with Perelli [16] and
Zaharescu [17]. Nevertheless, the first two authors departed from these works
by tracing the dependence of error terms on various constants associated to
the involved L-functions. As one will see, such uniform estimates are crucial
for applications.

The primary purpose of this note is giving a refinement with a self-contained
proof for the unpublished result of the first two authors. As shall be seen, our
result allows one to derive a further “small” saving in powers of the main
variable. Also, we shall demonstrate what this saving will yield.

1.1 The Chebotarev density theorem

Throughout this note, we will make use of some standard notation as follows.
We shall always let K /k be a Galois extension of number fields with Galois
group G. Let C be a union of conjugacy classes in G. For every unramified
prime p of k, o, denotes the Artin symbol at p. Let us define zc(x) =
#{p | p is unramified with Np < x and o, C C}. The celebrated Chebotarev
density theorem states that
IC|
me(x) lGlﬂk(x),
as x — oo, where 7(x) = #{p | pisaprime of k with Np < x}. If the
generalised Riemann hypothesis (denoted GRH) for the Dedekind zeta
function ¢k (s) of K is assumed, an effective version of this theorem with
explicit error terms was established by Lagarias and Odlyzko in their
fundamental paper [10], and then refined by Serre [23]. In particular, under
GRH, one has
|C

C
we(x) = %nk(x) + 0 (ﬁx%(logdK +ng logx)) s (1.1

where ng = [K : Q], dg is the absolute discriminant of K, and the big-O
symbol is absolute. We also remark that there are unconditional versions, and
refer the reader to [10] and [23].

In [15], the authors derive a stronger version under the assumption of
the Artin conjecture on the holomorphy of all Artin L-functions attached to
non-trivial irreducible characters of G. More precisely, if the Artin conjecture
(denoted AC) holds and ¢k (s) satisfies GRH, then for any union of conjugacy
classes in G,

re(x) = %nk(x) + O(ICI2xny log M(K /k)x), (1.2)



The Chebotarev density theorem and the pair correlation conjecture 401

where n; = [k : Q],

MK/ =nd,™ ] »p.
peP(K/K)

n = [K : k], and P(K/k) denotes the set of rational primes p for which there
is p of k with p|p such that p is ramified in K.
If one writes the error term in (1.1) as

log d
0 (|C|x%nk (M +logx)),
ng

one can see that (1.2) is a better estimate as the factor |C| in (1.1) is now
replaced by |C|%. These estimates are more versatile for many applications
such as Artin’s primitive root conjecture, the Lang-Trotter conjecture on
Fourier coefficients of modular forms (see [15]), and the problem of primitive
points on elliptic curves (cf. [7]).

1.2 The implication of pair correlation conjectures

A pair correlation conjecture (denoted PCC) of Artin L-functions was
formulated by the first two authors in their unpublished work. A general
formulation of PCC will be stated formally in Section 3. Also, it will be
noticed that our conjectures are not as strong as the usual formulations as we
only require a weak upper bound rather than a uniform asymptotic formula.
Furthermore, under GRH, AC, and PCC, the first two authors proved the
following (unpublished) result.

Theorem 1.1. Under the assumption that GRH, AC, and PCC are valid for
all Artin L-functions attached to irreducible characters of G. One has

1
IC| Lo (1IGPE
7I'C(X)= @ﬂk()&')"‘o nk|C|2 W x210gM(K/k)x . (13)

where G* is the set of all conjugacy classes in G and M(K /k) is defined as
before.

This is a significant improvement in two aspects. First and foremost,
the factor (|G¥|/ |G|)1/ 4 appears in the error term. Second, the ny in (1.2)
is replaced by n,i/ 2. From this, it is natural to expect significant gains in
applications to “highly non-abelian” contexts (i.e., Galois extensions whose
Galois groups have few and large conjugacy classes). Indeed, it has been
shown that this improvement leads to dramatic results on several arithmetical
problems.
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Before we demonstrate how this saving plays a role in helping one derive
better estimates for some problems of number theory, we shall state here our
main theorem so that the reader may immediately compare the refinement to
(1.1), (1.2), and (1.3) in this note.

Theorem 1.2. Under the assumption that GRH, AC, and PCC hold for all
Artin L-functions of G, we have

1
IC| L (1IGM1Y
77.'C(X)= @ﬂk()&')"‘o l’l]?|C|2 W x2logM(K/k)x .

where C is a conjugacy class in G and G* is defined as above.

Remark. Clearly, the improvement over Theorem 1.2 lies in the factor
(1G*1/1GHY 2. We shall, however, point out that PCC used in Theorem 1.2 is
slightly stronger than Theorem 1.1. Indeed, the PCC in Theorem 1.2 requires
a better spacing of zeros of associated Artin L-functions (cf. Theorem 5.1 and
Corollary 5.2).

Also, as can be seen, our PCC does depend on the Galois extension K/ k.
Hence, for most arithmetic applications (see the next section), one, in fact,
usually assumes a sequence of the pair correlation conjectures for associated
Galois extensions.

1.3 Some applications
1.3.1 Artin’s primitive root conjecture

Let us first consider Artin’s primitive root conjecture. This conjecture asserts
that for any non-zero integer a, which is not 1 nor a perfect square, there are
infinitely many primes p such that a is a primitive root modulo p. If we set

Ny (x) :=#{p < x| a is a primitive root (mod p)},
then, assuming GRH for all K,,, = Q(¢, al/™m, Hooley [9] showed that
Ny (x) = c(a) Lix + 0(x(loglog x)/(log x)?),

where c(a) is a positive constant. We remark that there is an unconditional
result due to Gupta and M. R. Murty, and we refer the interested reader to [6].

We also note that the first two authors applied Theorem 1.1 instead of just
GRH to derive

Ny(x) = c(a)Lix + O(x'¥1 (logx)z(log a)).
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We shall improve this result later as the following. (We note that in Section 3,
fixing a Galois extension K /k, for each irreducible character y of Gal(K/k),
we formulate a pair correlation hypothesis PCC(y;m,,c,,r) where
my, €1, x()],c, €(0,1]and r € [1, 2].)

Corollary 1.3. Under the assumption that GRH and PCC(y; x(1),
x ()7L, 1) hold for all Artin L-functions of Gal(K,, /Q), we have

Nu(x) = c(a) Lix + 0(x*>(log ax)).
1.3.2 Elliptic analogues of Artin’s primitive root conjecture

There are several related problems in the theory of elliptic curves to which our
result can be applied. For instance, an elliptic analogue of Artin’s primitive
root conjecture, formulated by Lang and Trotter, can be treated along a similar
line (see, for example, [1] and [4]). The following cyclicity problem was first
considered by Serre [20]. Given an elliptic curve E over QQ and of conductor
N, one may ask about the number f(x, E) of primes p < x such that E(IF,) is
cyclic, where E(IF,) denotes the group of I ,-rational points of E/IF,. Under
GRH Serre [20] (see also [14]) adapted Hooley’s method to prove that

X x loglog x
5E = 0 - 5 ]
To By =crp 2t ( (logx)? )

where cg is a constant depending on E. Also, Serre showed that cg > O if E
has an irrational 2-division point. (We remark that by the work of Gupta and
M. R. Murty [7], one has an unconditional result concerning this problem.)
This has been improved by Cojocaru and M. R. Murty [4, Theorem 1.1] that
(under GRH)

f(x,E)=cgLix + O(x5/6(10g Nx)2/3).

Furthermore, applying (1.3) in this context and assuming GRH, AC, and PCC
for all Artin L-functions of division fields of E, they derived

f(x, E) = cpLix + 0(x""(log Nx)** A(E)),

where A(E) is Serre’s constant associated to E.
In this note, we shall apply Theorem 1.2 to derive the following estimate.

Corollary 1.4. If GRH, AC, and PCC(y; x(1), x(1)~', 1) hold for all
Artin L-functions of all division fields of E, then

f(x, E) = c(E)Lix + O(x"?(log Nx)(log x) A(E)?).
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1.3.3 The Lang-Trotter conjectures

In the later part of this note, we will consider the Lang-Trotter conjecture on
Fourier coefficients of (non-CM) modular forms f of integral weight k£ > 2
and level N. Assume f is a normalised Hecke eigenform, and write its Fourier
expansion as

f(z) = Zaf(n) exp(2rinz).

n>1

Lang and Trotter conjectured that given an integer a, the number of primes
p < xsuchthatas(p) =ais oY 2). Several results are already established
for this conjecture. Under PCC, the first two authors obtained an estimate of
the form O (x3/#). Moreover, if a = 0, they derived a bound of type O (x%/3).
From Theorem 1.2, one can improve their estimates as follows.

Corollary 1.5. Assume GRH, AC, and PCC(x; x(1), x(1)"1, 1) are
valid for all y arising from all Galois extensions given by residual
representations associated to f (see Section 8 for the precise description of
such representations and Galois extensions). Then

x2Bogx)\ 3 ifa #0,

Tra(x) <K
L {xl/zlogx ifa=0.

We remark that for the case that a = 0, the estimate is as predicted by
Lang-Trotter (up to some log-saving). From this consistency, our effective
version of Chebotarev density theorem seems to be the best possible.

Now let us consider E/Q, a non-CM elliptic curve over Q and of
conductor N. For any prime p 1 N, we write

|E(F,)|l =p+1—a,(E).
As Hasse’s bound gives |a,(E)| < 2,/p, the characteristic polynomial
T2 —a,(E)T + p

has two complex conjugate roots 7, (E) and 7, (E) with |z, (E)| = ,/p. Let
K be an imaginary quadratic field, and set

Hp(K,x):=#p<x|ptN,Qx,(E) =K},

where Q(7 ,(E)) is the field generated by 7 ,(E) over Q. In 1976, Lang and
Trotter conjectured that there exists a positive constant c¢(E, K), depending
on E and K, such that

12

Me(K, x) ~ c(E, K)=
(0)

log x
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as x — oo. This was first investigated by Serre, who stated (without proof)
that if GRH is assumed, one may apply the Selberg sieve to derive

Mg(K,x) K x?

for some (unspecified) % < 6 < 1. Also, Serre remarked that one could use a
mixed Galois representation (associated to E and K)

pe : Gal(Q/Q) — GLa(Z¢) x GLa(Ze)

and an effective Chebotarev density theorem to “obtain” § = 9/10
(again, no proof was given). The first proof, appearing in the literature, is due
to Cojocaru, Fouvry, and M. R. Murty [3], who used the square sieve to show
that under GRH, one has

Mg (K, x) <y x'7®logx,

where the estimate only depends on the conductor N of E and is uniform
in K. Furthermore, the authors in [3] include new remarks made by Serre
that under GRH, the mixed Galois representation method combining with a
PG Ly-reduction would lead to

Me(K,x) <gx x5,
with an unspecified implicit constant.
In light of the above-mentioned works, Cojocaru and David [2] improved
upon Serre’s mixed Galois representation method, under GRH, that

Me(K,x) <g.x x*°/(logx)"/.

Moreover, if AC and PCC are assumed, they gave

HE(K, x) <LE,K x3/4.
Also, in [2], the authors presented a new method of estimating a character sum
associated to E, which together with the square sieve gives (under GRH, AC,
and PCC)

Mg(K,x) <y x/Clogx.

(Although the power of x is 3/4 in [2, Corollary 4], we, however, note that
owing to a small arithmetic mistake, which will be seen in the last section, it
should be 5/6 as stated above.) As mentioned in [2], although such an estimate
is not as good as the result obtained by using Serre’s method, this, however, is
independent of the number field K, which is essential for some applications.
Last but not least, we remark that the authors of [2] did consider specific
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fields associated to E and then used a sequence of GRH, AC, and PCC for the
Artin L-functions of these fields. We shall call such fields “Frobenius fields”
of E (see Section 9 for more details). At the end of this note, we shall apply
Theorem 1.2 to derive the following improvement.

Corollary 1.6. Assume GRH, AC, and PCC(x; y(1)V/?,1, 1) hold for all
Artin L-functions of all Frobenius fields of E, one has

MNe(K, x) Ly x5/610gx.
If PCC(x; x (1), x ()7L, 1) is further assumed, then

Me(K, x) LN x4 log x,
and

HE(K,)C) <N, K x2/3(logx)1/2.

2. Lemmata

In this section, we shall collect two lemmata developed in [15], which will
play the main role in “saving power” later.

Lemma 2.1. Let ©# be a complex-valued linear function defined on the
vector space of class functions of G. Then

2
=G > 1m0,

x#lg

1 |C|
; el ‘ﬂ(5c) - @”(16)

where the sum on the left runs over conjugacy classes C of G, and the sum on
the right is over non-trivial irreducible characters of G.

To count primes, one also needs the estimate below.
Lemma 2.2 ([15]). Let y be an irreducible character of G. Then
log Nf(x) <2x(Wni | D logp+logn |,
peP(K/k)

where §() denotes the (global) Artin conductor of irreducible character y.
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3. Pair correlation functions

Let f(x) denote the Artin conductor of an irreducible character y of
G = Gal(K/k),and let A, = dl)g(l)Nf(X) denote the conductor of y. Let us
further set

4

U)(I/t) = m

Consider the Artin L-function L(s, y, K/k) and assume the Artin
conjecture and GRH for L(s, y, K/k). We define the pair correlation function
for L(s, y, K/k) as

PrX,x) = > wi—7y)e(n —r2)X),

—T=<y1,72<T

where y1, 7> range over the imaginary parts of zeros of L(s, y, K/k) on the
critical line (counted according to multiplicity), and e(t) := exp(2zit). Let
us also define A, (T') by

log A, (T) :=1log A, + y(1)nilogT.
By standard analytic number theory, we have the following estimate.
Proposition 3.1.
Pr(X, x) < T(log Ay (T))*.
Proof. First observe that

2T
PrX.0)=>, D,  w@i-yen—7r)X),

j=0 —T<y1,y2=<T
J=lyi—r2l<j+1

which is
< 1+ 1
> Z Tl 2 2
[y1I=T j=0 lyi+il<y2<lj+1+y1l ly1+il==y2>1j+1+71]

According to [15, 3.5.5], the number of zeros (of L(s, y, K/k)) with
imaginary part in the interval [¢,7 4+ 1) is < log A, + x(1)ny log |t|. Thus,
the above estimate becomes

< > Z 7 (log Ay + x (Dnelog T).

[y1l=T /—0
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This is easily seen to be

< (log Ay + x(DnilogT) D 1 < T(log Ay + x (g log T)?,
[y11=T

as desired. a

Now, we shall make the following pair correlation conjecture (for the
Artin L-function L(s, x, K/k)) with respect to 1 < m,,0 < ¢, < 1, and
1 <r <2,denoted PCC(y;my,,cy,,r).

Conjecture 3.2. Let A > 0. There exist m,, € [1, x(1)], ¢, € (0, 1], and
r € [1, 2] so that if

0<Y < AmynilogT,
one has
Pr¥, x) <a C)(T(log A)( (1))".

Remark. By Proposition 3.1, this pair correlation conjecture holds (under
GRH) whenever ¢, = 1 and r = 2, and it is easy to see that the content of this
conjecture is in reducing the power of log A, (T) and the leading coefficient.
Also, the contribution of terms with y; = y, shows that one cannot expect
r <1

On the other hand, as the usual formulations of the pair correlation
conjecture require an asymptotic formula, the above conjecture is much
weaker. Furthermore, the first two authors have conjectured that for
0<Y <Ay(l)nilogT, one has

Pr(Y, x) <a T(og A, (T)).

In our language, this is PCC(y; y(1),1,1). We shall, however, show
that one can use a weaker hypothesis PCC(y; x(1)!/2, 1, 1) to obtain the
effective Chebotarev density theorem with the same error as in (1.1). Indeed,
we will state our effective version of the Cheboatrev density theorem, i.e.,
Theorem 5.1, with respect to the parameters m ,, c,, and r.

4. The sum S(7', v, x, X)

Now let us borrow some results of Heath-Brown [8]. Let y run over an
arbitrary countable set and consider

Z e(y (v + X)).

O<y<T
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In the case that y ranges over the imaginary parts of the zeros of L(s, y, K/k),
we will write S(T', v, x, X) to indicate this. Following Heath-Brown, we set

k(v) = 2x exp(—4x|v]).
By the identity that

/OO k()e(vx)dv = w(x),

—00

a direct calculation gives

/ k(0)|S(T:DaX:X)|2=PT(XaX)

—00
In light of [8, Lemma 4], the first two authors derived an estimate for
S(T,0, y, X) for all irreducible characters of G. However, since their work
is unpublished and we now use a slightly different PCC, we shall give a proof
below.

Proposition 4.1. Forany T > 1, one has
1

S(T.0, 7, X) < T? (ma;_c Pi(X, x))
1<

Proof. In the following discussion, we shall write S(T', v) = S(T, v, y, X) as
x and X will be fixed. By Montgomery [13, Lemma 1.1], if f is a C'-function
on[—1, 1],

1 1
£0) < /_ 17O+ /_ 1f@ldo.

Hence, we have

1 1
|S(T,0)|2<</ |S(T,v>||SD(T,v)|dv+/ IS(T, )2dv,
1 1

where S, (T, v) denotes the partial derivative of S(7T', v) with respect to v.
Clearly,

1 00
[ is@ora < [ kwisa.oba.
~1

—00

Also, the Cauchy-Schwarz inequality yields
1
| 1s@ois .ol
-1

2 2

< (/OO k(u)|S(T,D)|2dv)7 /oo k()| D ye(y @+ X)| dv

o > O<y<T
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Applying the Abel summation formula, one has

T
S relr o+ X)) =TS0~ [ S0
O<y<T 0

which implies that

2

| k)| Z et +x0| o

—00 ”

00 T 00
< T2/ k()|S(T, v)|*dv + T/ / k(0)|S(z, v)|>dvdt.
00 0 —00

Finally, putting everything together gives

T 2
IS(T, 0, 7, X)|* < Pr(X, x)? (szr(x, 0O +T / Pi(X, X)dt)
0

+PT(X: X)

L T max [P (X, x)I,
t<T
as required. O

Proposition 4.2. Conjecture 3.2 implies that for any X < %Am yhilogT,
one has

S(T,0,7,X) <4 T7 log A, (T) + /o, T (log A, (T))2.

Proof. Observe that by Proposition 4.1,

1 1
2

2 b
S(T,0, x,X) K T%(max P[(X,X)) —{—T%( max PI(X,X)) .
t=<JT VT<t<T

In the range JT <t < T,itis clear that %log T <logt <logT. Thus, if

1
X < EAank logT,

then clearly X < Amynilogr. In this range, we may apply the pair
correlation conjecture to deduce the estimate

J;niaéTPt(X, x) <4 N/%nfaéTcxt(log A, (1) <c, T(log A, (T))"
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for the second term. Also, Proposition 3.1 tells us that

max P (X, y) <€ T%(log .AX(T))Z,

1<JT

which completes the proof. O

5. An effective version of the Chebotarev density theorem

Asbefore, K / k denotes a Galois extension of number fields with Galois group
G. Also, for any conjugate set C of G, let us define

we(x) = D logNp,
Np™<x
O'pm cc
where the sum runs over all powers of unramified primes p of k, and oy
denotes the Artin symbol at p. The main result of this section is the following
estimate.

Theorem 5.1.  Assume GRH, AC, and PCC(y;my,c,,r) for all Artin
L-functions attached to irreducible characters y of G. Then, one has the
estimate

1 Icl \?
Z m (V/C(x) - EX)
C
e

« x(logx)*(log M(K /k)x)* G

D (e +mx (1))

x €lr(G)

where, as later, the sum is over all conjugacy classes of G, G* is the set of all
classes of G, and M (K / k) is defined as before.

From this, one can immediately derive an estimate for any conjugacy
class C.

Corollary 5.2. Under the same assumption as in the above theorem, we
have

C| : L |C|2
we(x) — ——x < x2(logx)(log M(K /k)x)n] ——
G |G|2

D=

< | D () +m 2y

x €lir(G)
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In particular, PCC (x; x (1)'/%, 1, 1) implies that

1
IC| Lo (IGFN\Y
we(x) = @nk(x) + 0 |n;IC|2 (W x2logM(K/k)x

Furthermore, if PCC (x; x (1), x (1)™1, 1) is assumed, we have

1
IC| 1o (1IGF\? )
77.'C(X)= @ﬁk(X)"‘O l’l]?|C|2 (W x2logM(K/k)x

To prove our main result, we shall prove the following estimate by adapting
the method developed by the first two authors. Now let us set

p(x, /)= D floy)log Np,
Np™<x
Opmcc

for any class function f on G. In particular, for the indicator function d¢,
y(x,dc) = yc(x).

Theorem 5.3. Under the same assumption as in the previous theorem. For

A > ;ank we have the estimate

1 ;
W, 1) = 000x <a x 2 logx ((Amni) ™ og Ay (x) + /& (log A, (x)?),
where d(y) denotes the multiplicity of the trivial character in y.

Proof. We shall begin by developing an explicit formula as in [19], which has
been established for general L-functions (under the holomorphy assumption)
by V. K. Murty [18] applying a method based on [10]. Forany 2 < T < «x,
one has

P
w(x,x) = 000X+ =

[y I=T

x log x

logd
log A, (T)+ x(1)logx ( |gG|K —|—nkx%) ,

where, as later, the sum is over the imaginary parts y of the non-trivial zeros
p of L(s, y, K/k).Recall the associated pair correlation function is

S(T,o, 0, X)= D, e(y@®+X)),
O<y<T

where the sum runs over the imaginary parts (in absolute value) of non-trivial
zeros of L(s, y, K/k).
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Now applying Abel’s summation gives

xiv T°ds(t,0, y, (logx)/2m)
> / ,

1 . 1 -
|y|§T§+lV 5-{-12‘
which by integration by parts, is
T
S t’ 05 b 10 -x 27[
< T_IS(T, 0, y, (logx)/2m) + N(x,2) +/ ( X t(z gx)/ )dt,
2

where N (y, 2) denotes the number of zeros of L(s, y, K /k) with imaginary
part less than 2. Applying this then makes w (x, y) — J(;y)x become

T 5,0, 4,0 2
<<x%(T—1S(T,0,X,(1ogx)/2n)+1ogAX(z)+/ @, ’X’t(;’gx)/ ™) e )+ E,
2

where

x logx

logd
E K log A, (T)+ x(1)logx ( O|gG|K +nkx%) .

Now we write X = (log x)/2x . From Propositions 3.1 and 4.1, it follows that

xl/n’Am;{nk xl/nAank

/ 172|8(t, v, x, X)|dt <</ 1~ (log A, (1))dt
2 2
log x
1 .
< Am og A, (x)

For the remaining range, Proposition 4.2 allows us to derive

T
/ (21,0, 7. X)ldi
X

1/mAmyng

T 3 2
<</ 172 (13 10g A, (1) + /g1 (log A, (1)? ) di

1/mAmyny

< (x_1/47z'Am;{nk + T_1/4)(10gAX(T))

+ (log 7)./, (log A, (7))
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Finally, choosing T = x, we deduce that v (x, y) — d(y)x is

< x? (log Ay (x) +log A, (2))

1 -
+x2( 0gx log A, (x) + (x 1/47rAank+le)
Am, ny

x (log Ay (x)) + (logx)/c; (log A, (x))%)

logdk
+logx log A, (x) + x(1)logx (0|gT| + kx%)

Now we are in a position to prove Theorem 5.1.

Proof of Theorem 5.1. By the estimate log A, < y(1)nglog M(K/k), we

have

> cpllog Ay () < D ey (1) nillog M(K /K)x)’,

x €lr(G) x €lir(G)
> ((Amyni) ' log A, @) < A2 > m2x(1)*(log M(K /k)x)*.
x €lir(G) x €lir(G)

Hence, applying Theorem 5.3 with A = 1 (note that r < 2),

> vl x) —oGoxl

x €lr(G)

< x(logx)ng D (cyx (1) +my*x(1)*)(log M(K /k)x)*.
x €lir(G)

This estimate and the Cauchy-Schwarz inequality yield that

Icl |?
w(x,dc) — =x
; IC] ‘ G|

2

_Z|C| ‘W( ’ C)_ﬁ‘//(xa G)

Ic| icl |?
+Z|C| oVl g
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_ 2 2, 2 2
lTel %‘, (e, 01" + |G|(y/(x,1(;) X)

1
« x(log x)*(log M(K/k)x)znzﬁ Z (cyx ()" + m;zx(l)z)
x €lr(G)

as desired. O

6. Artin’s primitive root conjecture
Let a # 0, £1 be a square-free integer, and consider
Ny (x) =#{p < x | a is a primitive root (mod p)}.

Artin’s primitive root conjecture says that N, (x) ~ c(a) Lix, as x — oo, for
some constant c(a) only depending on a.

Following Artin, let us consider the Kummer extension K,, = Q(¢, al/my.
As mentioned earlier, assuming GRH for all K,,,, Hooley [9] showed that

Ng(x) = c(a)Lix + O(x(loglog x)/(log x)?).

We again note that the first two authors proved that if GRH and
PCC(y; x(1),1, 1) are valid for all Artin L-functions attached to irreducible
characters of Gal(L,,/Q), then one has

Nu(x) = c¢(a) Lix + 0(x'"" (log x)*(log a)).
In light of their strategy, we shall prove Corollary 1.3.

Proof of Corollary 1.3. We first note that the Artin (holomorphy) conjecture
holds in our consideration since Gal(K,/Q) is metabelian. Denote by
7 (x) the number of primes p < x that split completely in K,,. Applying
Corollary 5.2, we deduce that

Tm(x) = ni Lix + O ((%)1/2 (log me)) R

where n,,;, = [Ky, : Q) and M,,, = M (K, /Q).
In addition, since the absolute discriminant of Q(a'/™) is a™~!'m™ and the
discriminant of Q(¢;,) divides m?™_ a moment’s reflection shows that

log My, x < log(amx).
On the other hand, by the inclusion-exclusion principle,

Na(x) = D p(m)mn (x),

m=1
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as a is a primitive root (mod p) if and only if p does not split completely in
any K,,. Now the above estimate tells us that for y < x,

Z w(m) (nm(x) — ni Lix) &« x12y1210g(ayx).

m<y n

Thus, we have

Do« > L

y=m=x p=x y=m=x
m|(p—1)
plaP=D/m_1

where the summations on the right are bounded by

> D 1<k (x/y)(oga).

v=x/y pla®—1

Finally, choosing y = x3/3 gives the desired result. O

We remark that the key estimates in the above proof are due to Hooley [9]
and Gupta-M. R. Murty [6] (see also [14]).

7. Elliptic analogues of Artin’s primitive root conjecture

As before, let E be an elliptic curve defined over Q and of conductor N, and
set f(x, E) to be the number of primes p < x for which p t N and E(F))
is cyclic. Under GRH, Serre [20] (see also [14]) adapted Hooley’s method to

prove that
X x loglog x
o\——=)-
logx © ( (log x)? )
where cg is a constant depending on E. Also, Serre showed that cg > 0 if E
has an irrational 2-division point.
As mentioned earlier, one has an unconditional result due to
Gupta-M. R. Murty [7]. Moreover, applying their method and (1.3) and
assuming GRH, AC, and the PCC for all Artin L-functions attached to

irreducible characters of Gal(Q(E[k])/Q)’s, Cojocaru and M. R. Murty [4]
derived

f(x, E)=cg

f(x, E) = cpLix + 0(x"1(log Nx)*° A(E)),

where A(E) is Serre’s constant associated to E.
Before we prove our result, we shall borrow the following key ingredients
from [4]. As discussed in [4, Section 2],

e, E)= D u(m(x, QEIK]D/Q),
k<2./x
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where 71 (x, Q(E[k])/Q) denotes the number of primes p < x that split
completely in Q(E[k])/Q. Following Cojocaru and M. R. Murty [4], we shall
consider the splitting

flx, B) = plymi(x, QE[K])/Q)

k<y

+ Y akme QEK)/Q = >+

y<k52\/} main error

for some parameter y = y(x) to be chosen later. For any positive integer k,
let us set n(k) = [Q(E[k]) : Q], and write k = kiky with k1 composed of
primes that are divisors of A(F) and k» composed of primes that are coprime
to A(E). Then [4, Proposition 3.6] asserts

n(k) = ¢ (kpn(ka) > p (k3.
Moreover, by Hasse’s inequality, they showed that

3/2
X X X
> < — +x1/210g;+;

€rror

unconditionally (see [4, Section 4]). Now we shall prove Corollary 1.4.

Proof of Corollary 1.4. In light of Cojocaru and M. R. Murty’s method, we
handle D .. by our effective Chebotarev density theorem, Corollary 5.2.
We first have

k
E = E % Lix + E(x),
main k<y

where the error E(x) is

#
> (IGal(Q(E[k])/@)I

n(k) ) %7 (log M(Q(E[K])/Q)x).

k<y
k square-free
k=kiky

Since the ramified primes of Q(E[k])/Q are divisors of kN (see, for example,
[4, Proposition 3.5]) and from [4, p. 615], one has

| Gal(QEIK)/Q)¥| &}
n(k) k3’
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for y < x, the error E(x) is

< x2 Z (k )(logkNx) < x2(long)Zk1 Z k_

kSy ki k2 < Y
k square-free ki
k=ky k>

As zkgf% ky ! < log y, we then have

E(x) <« x% (log Nx)(log y)A(E)Z"(A(E)) < x% (log Nx)(log y)A(E)z,

where v(n) denotes the number of prime divisors of n and the last estimate is
due to the inequality v(n) < log" . Thus, by recalling that

Z<< —|—x1/210g +—

€rror y

and choosing y = x!/2, we then deduce

fe B => ”(k) Lix + O (x'/*(log Nx)(log x) A(E)?).
k<y

Finally, we further borrow an estimate for the “tail” from [4, Equation (18)]

1 log log y
< A(E
2 n(k) y? >

k>y
k square-free
k=kiky

to deduce

£, E) = c(E) Lix + 0(x'/2(log Nx)(log x) A(E)?) + O ( log log x A(E)3> ,
x1/21og x

as required. O

8. Fourier coefficients of modular forms

In this section, we consider non-CM holomorphic modular forms f of integral
weight k > 2 and character € for the congruence subgroup I'o(N). Suppose
that f is a normalised Hecke eigenform, and let us write

f@) =D asmq"

n>1
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for the Fourier expansion at infinity, where ¢ = exp(2ziz). Let O denote
the ring generated by ar(n)’s over Z. As in Serre [23], we first note that
this ring is contained in the ring of integers of a number field K rassociated to
f . Moreover, associated to f is a family of A-adic representations (a la
Deligne [5])

pri: Gal(Q/Q) — GLy(0))

where A is a prime of Ky and O, denotes the completion of O at A. Let
t = ((4) be the rational prime underlying A. Then py; is unramified
outside { N, and admits the property that for any prime p coprime to {N, the
characteristic polynomial of the Frobenius at p is

T? —ar(p)T +e(p)p*".

By the work of Momose [12] and Ribet [21], for ¢ sufficiently large (as a
function of f and N), there exists a subgroup H of finite index in Gal(§/Q)
such that the image of pf ; on H is equal to

{g € GLy(O;) | detg € O Dy,

In particular, if we reduce the representation modulo a prime A of degree
one, and such that (£(1),k — 1) = 1, then the image of such a residual
representation is

G =GLy(Z/t7).
In this case, the number of conjugacy classes is
IGH| < £2.
Also, the conjugacy set C, consisting of elements in G of trace a has order
|Cal < £3.

Thus, we deduce that

1
rc, (x) = E@ + O(€2x? (log £x)).

Now choosing ¢ =< x!'/3/(log x)*/3, we then derive

2 1
T fa(x) € x3(logx)3,

where 7 7, (x) denotes the number of primes p < x with ar(p) = a. In the
case that a = 0, we can get a better estimate by passing to PGLy(Z /(7).
Indeed, this allows us to deduce

1 x 1
ey (x) = E@ 4+ O(x2(logtx)).



420 M. Ram Murty, et al.

. 1
Choosing ¢ =< x2, we then have

Tro(x) K x? log x.

These prove Corollary 1.5.

9. The Lang-Trotter conjecture

Let E/Q be a non-CM elliptic curve over Q and of conductor N. For any
prime p { N, we let E(F,) denote the group of I ,-rational points of E/F,
and write

|E(F,)l =p+1—a,(E).

By Hasse’s bound that |a,(E)| < 2,/p, one can see that the characteristic
polynomial

T? —a,(E)T + p

has two complex conjugate roots 7 ,(E) and 7 ,(E) with |z ,(E)| = /p. Let
K be an imaginary quadratic field of class number / with w units, and set

HE(K:X) = #{P =x | p+N7Q(nP(E)) = K}:

where Q(z,(E)) is the field generated by 7z ,(E) over Q. The object of
this section is to improve a result of Cojocaru and David [2] regarding
the Lang-Trotter Conjecture on the behaviour of Ilg(K,x) as stated in
Corollary 1.6.

Following [2], we consider the mod ¢ representation associated to E:

pe.e - Gal(Q/Q) — GLa(Z/CZ).

Thanks to Serre’s theorem on the image of the absolute group acting on the
subgroup of torsion of E(Q), we may further assume that  is sufficiently large
so that p¢ g is surjective and Q(E[¢]) N K = Q. Thus, we can now consider
the projection of py g in PGL2(Z/{Z) and obtain a bijective representation

pe.E : Gal(Fr p/Q) — PGL(Z/UZ),

where F; g denotes the extension of (Q that makes the representation injective.
As with pg g, one can consider the projection of pg g into PGL2(Z/(Z).
By [2, Lemma 6], we know that the image of p, x (in PGL2(Z/tZ))is P Ng,

where
1 0 0 1
PNy := be(Z/t7)" ¢ .
4 {(0 bhw):(bhw O)l G( / ) }
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In other words, we have an isomorphism
pe.k  Gal(Fr x/Q) — PNg
for some extension Fy g /(Q. We then consider the product representation
pe: Gal(Fp pFr x/Q) — PGL2(Z/tZ) x PNy

sending g to (pe.£(8), pe.x (g)). As discussed in [2], if £ is a sufficiently large
rational prime splitting in K such that Fy g N Fy x = Q, then

G[ ~ PGLz(Z/{)Z) X PN[,

where Gy := Im p, = Gal(Fy,g Fr,x /Q). We remark that in [2, Proposition
8], the authors gave a sufficient condition so that £ splits in K and Fy g N
Fr.x = Q. Now let us fix a prime ¢ that satisfies this property, and is sufficient
large so that pg, g is surjective and that Q(E[¢]) N K = Q.

We also recall that for any independent variables a and b, and any natural
number n, there is a polynomial P,(X) € Z[X] such that

(@ +b")?* » (a+b)?
(abyr " ab

(see, for example, [2, Lemma 14]). Now let us consider the conjugate set
(in Gy)

10 2 _4d
Ce= {(gl,gz) 11(82) = Pau1(81)), 82 = (0 bhw)(w) - 1} ,

where for any g € GLo(Z/t7Z), we set

2

We note that 7(g) and the Legendre symbol condition in the definition above
are well-defined on PG Ly(Z/(Z). From this, Cojocaru and David showed
that for ¢ splitting completely in K, one has

HE(Kax) = ”C[(x: Ff/@)

Now applying a reduction method introduced in [15], Cojocaru and David
(see [2, Equations (14) and (15)]) derived that under GRH,

hx
e, (x, Fr/Q) K @ + €32x1210g(¢Nx) + € log({Nx).
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Moreover, as discussed in [2, p. 1553], if one assumes PCC, which introduces
an extra factor 1/ /€ in the error term, and leads to

e, (x, Fr/Q) < L + ¢x'21og(¢Nx) + € log({Nx).
{log x
As we discussed in the very beginning, our result improves M. R. Murty-
V. K. Murty’s effective Chebotarev density theorem by replacing the power
1/4 of the factor |G¥*|/|G| by 1/2, where G* denotes the set of conjugacy
classes in G. Now PCC introduces an extra factor 1/£ (instead of 1/+/€) which
allows us to derive

hx

Clogx + €' log(¢Nx) + L1og(CN).

n‘-C[('xﬂ F[/Q) <

nl/2,1/3
log x

Choosing £ = , we then have

log(hN.
me (5, Fe/Q) < b2 (1 + (logx)l/ZM)
og x

so that
Me(K, x) <yn x> logx)?,

as desired.

To end this section, we shall derive a further estimate for I1z (K, x) that is
uniform in K. As before, let E/Q be a non-CM elliptic curve of conductor N.
Let £1 # ¢> be rational primes such that the mod ¢1{, Galois representation
associated to E is surjective. Let us consider the character sum

4p — 2
St (E,x) = > (%;Z(E))

p=x
16N
An upper estimate was obtained in [3] as an application of effective
versions of Chebotarev density theorem of Lagarias-Odlyzko (under GRH),
M. R. Murty-V. K. Murty-Saradha (under GRH and AC), and M. R. Murty-
V. K. Murty (under GRH, AC, and PCC). This has been improved by Cojocaru
and David [2] as follows.
First, we decompose the character sum as

Se1,0,(E, x) = Z 1— Z 1

pP=x pP=x
p‘fflng p’fZIZZN

dp—ap(E)2 [ 4p—ap(E)? _1 dp—ap(E)2\ [ 4p—ap(E)? 1
0 0 - 0 0 -

= 7cuc, (X, Fei05,E/Q) — mesuc, (x, Feie,,£/Q),
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where

(g1, 82) |

o (222
o ).

4detg1—(trg1)2 (4detg2—(trg2)2) 1]

(4det82 - (trgz)z) _1}
4det gy — (trgo)? _
) ’
_ 2 _ 2
Com {(gl,gz) | (4detg1€1 (trg1) )= _(4detg2€2 (trgo) ): _1}

are (conjugate) subsets of PGL2(Z/€1(>Z) and Fy¢, g is the extension
Fy¢, EFe,, E introduced as above. In [2], the authors showed that if {1 = {>
(mod 4), then

4detg1 - (trg1)2

(g1, 82) |

G- OG=6) 6 -0

ICitU Gl = > > > + {162,
H-G-6) aG=6) L@ -0,
|C3U Cyq| = - -
2 2 2 ’

otherwise, one has

cug 2 U-DG-6) 606G -6 bE -6

2 2 2
03— 023 =02 (63— 03 -
cucy = 1)2(2 2 _ 1(22 I U

Since we are choosing €1 and ¢ such that the mod ¢1£, Galois representation
associated to E is surjective, the size of the image of this representation is

|PGLy(Z/61627)| = (€65 — €1)(£; — 62).
Also, the number of conjugacy classes of PG L,(Z/{1(27) is
(PGLA(Z/61 D) = £16a.
We further note that

(l(PGLz(Z/hsz))#l)1 €—1/2£—1/2
|PGLy(Z/6\627))| = 2
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Thus, M. R. Murty-V. K. Murty’s effective Chebotarev density theorem then
allows one to deduce that (under GRH, AC, and PCC(y; x(1), 1, 1))

Se0,(E, x) = mcue, (X, Friey £/Q) — meyuc, (X, Friey, £/Q)

= ke,0,m (X) + O (4/2{,3/2{,1_1/252_1/2)61/2 log(flszx))

=k, 0,m(x) + O (€1€2x1/2 log({’lt’sz)) ,

where

o |IC1U G| —|C3U Cy|
08 T PG L2/ 6D

Furthermore, if one would like to apply Corollary 5.2, then the power 1/4 can
be replaced by 1/2, and hence

Se,.6,(E,x) = kg, 0, (x) + O (5}/24/%1/2 log(flngx)) .

Now as in [2, p. 1554] (see also [3]), for K = Q(+/—D) and z = z(x), the
square sieve and the above estimates yield
log z

X
Me(K,x) < —=—= + z%x"?1og(zNx)
zlogx

xlogz xlogz

log D +
zlogx

x(log z)2
z2logx

x log x(log z)?

(log D) + > )
z

x(log z)?

where 6 = 1 (obtained by Cojocaru and David via M. R. Murty-V. K. Murty’s
result) or § = 1/2 (via our refinement). For § = 1, taking z = x1/6, one then
has

Mg (K, x) <N x5/6logx;
for @ = 1/2, taking z = x4 one obtains

Me(K, x) <y x4 logx.

10. Concluding remarks

As shown in the previous sections, our effective Chebotarev density theorem
yields sharp error terms for several arithmetical problems. We expect that



The Chebotarev density theorem and the pair correlation conjecture 425

there will be more applications of our result. On the other hand, it seems to
be a natural desire for one to impose a stronger pair correlation conjecture
to obtain an even shaper error term for the Chebotarev density theorem.
We, however, note that as discussed in Section 8, our result already gives
the error term predicted by Lang and Trotter (up to some log-saving) via
a projection method. Thus, we believe that instead of expecting or seeking
further improvement of the effective Chebotarev density theorem presented
in this note, one shall search new ideas to move forward.

Acknowledgment

We would like to thank the referee for the careful reading and for making
many helpful remarks on a previous version of this note.

References

[1] A. C. Cojocaru, Cyclicity of elliptic curves modulo p, Ph.D. Thesis, Queen’s
University (2002).

[2] A.C. Cojocaru and C. David, Frobenius fields for elliptic curves, American Journal
of Math., 130 (2008) no. 6, 1535-1560.

[3] A.C. Cojocaru, E. Fouvry and M. R. Murty, The square sieve and the Lang-Trotter
conjecture, Canadian Journal of Math., 57, (2005) no. 6, 1155-1177.

[4] A. C. Cojocaru and M. R. Murty, Cyclicity of elliptic curves modulo p and elliptic
curve analogues of Linnik’s problem, Math. Annalen, 330 (2004) no. 3, 601-625.

[5] P. Deligne, Formes modulaires et représentations ¢-adiques, Sem. Bourbaki 355,
Lecture Notes in Mathematics, Springer Verlag, Heidelberg, 179 (1971) 139-172.

[6] R. Gupta and M. R. Murty, A remark on Artin’s conjecture, Inventiones Math.,
78 (1984) 127-130.

[7]1 R. Gupta and M. R. Murty, Cyclicity and generation of points mod p on elliptic
curves, Inventiones Math., 101 (1990) 225-235.

[8] D. R. Heath-Brown, Gaps between primes, and the pair correlation of zeros of the
zeta-function, Acta Arith., 41 (1982) 85-99.

[9] C.Hooley, On Artin’s conjecture, J. Reine Angew. Math., 225 (1967) 209-220.

[10] J. C. Lagarias and A. M. Odlyzko, Effective versions of the Chebotarev density
theorem, Algebraic number fields: ¢-functions and Galois properties (Proc. Sympos.,
Univ. Durham, Durham, 1975), Academic Press, London (1977) 409-464.

[11] S.Lang and H. Trotter, Frobenius distributions in G L,-extensions, Lecture Notes in
Mathematics, Springer-Verlag, 504 (1976).

[12] F. Momose, On the £-adic representations attached to modular forms, J. Fac. Sci.
Univ. Tokyo Sect. IA Math., 28, (1981) no. 1, 89—-109.

[13] H. L. Montgomery, Topics in Multiplicative Number Theory, Lecture Notes in
Mathematics, Springer-Verlag, Berlin-New York, 227 (1971).

[14] M. R. Murty, On Artin’s conjecture, Journal of Number Theory, 16 (1983) 147-168.

[15] M.R.Murty, V. K. Murty, and N. Saradha, Modular forms and the Chebotarev density
theorem, American Journal of Math., 110 (1988) 253-281.

[16] M. R. Murty and A. Perelli, The pair correlation of zeros of functions in the Selberg
class, International Math. Res. Notices, 10 (1999) 531-545.

[17] M. R. Murty and A. Zaharescu, Explicit formulas for the pair correlation of zeros of
functions in the Selberg class, Forum Math., 14 (2002) no. 1, 65-83.



426

(18]
[19]
(20]
[21]
[22]

(23]

M. Ram Murty, et al.

V. K. Murty, Explicit formulae and the Lang-Trotter conjecture, Rocky Mountain J.
Math., 15(2) (1985) 535-551.

V. K. Murty, Modular forms and the Chebotarev density theorem II, Analytic Number
Theory, Ed. Y. Motohashi, Cambridge University Press (1997) 287-308.

J.-P. Serre, Résumé des cours de 1977-1978, Annuaire du College de France 1978,
67-70. (See also Collected Papers, Volume III, Springer-Verlag (1985)).

K. Ribet, Galois representations attached to eigenforms with Nebentypus, Lecture
Notes in Mathematics, Springer-Verlag, Heidelberg, 601 (1976) 17-52,

K. Ribet, On ¢-adic representations attached to modular forms II, Glasgow J. Math.,
27 (1985) 185-194.

J.-P. Serre, Quelques applications du théoreme de densité de Chebotarev, Publ. Math.
IHES, 54 (1981) 123-201.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /&_NearSighted-Normal
    /AbadiMT-CondensedLight
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /Aldine401BT-BoldA
    /Aldine401BT-BoldItalicA
    /Aldine401BT-ItalicA
    /Aldine401BT-RomanA
    /AmerTypewriterITCbyBT-Bold
    /AmerTypewriterITCbyBT-Medium
    /AMUDHAM
    /Anna
    /AntiqueOlive-Bold
    /AntiqueOlive-Compact
    /AntiqueOlive-Italic
    /AntiqueOlive-Roman
    /ArchitecturePlain
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-MediumOblique
    /BaaBookHmk
    /BaaBookHmkBold
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /Benguiat-Bold
    /Benguiat-Light
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardFashionHmk
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BernhardMordern
    /BethsCuteHmkBold
    /BoogieWoogieHmk
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /Broadway-Normal
    /CaflischScript-Bold
    /CaflischScript-Regular
    /CalistoMT
    /CarmineTango
    /CaslonNo540SwaD-Ital
    /CaslonOpenfaceBT-Regular
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook-Thin
    /Chancery-Bold-Bold
    /Chancery-MediumItalic-Medium-Italic
    /Chancery-Medium-Medium
    /CheltenhamBT-Bold
    /CheltenhamBT-BoldItalic
    /CheltenhamBT-Italic
    /CheltenhamBT-Roman
    /ChrisHmk
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ComicSansMS
    /ComicSansMS-Bold
    /CopperplateGothic-Bold
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-BoldCond
    /CopperplateGothicBT-Heavy
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /CopperplateGothic-Light
    /Cottonwood
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /Critter
    /CS-CharterBT-Bold
    /DesertDogHmk
    /Dingbats
    /EnglischeSchT-Bold
    /EnglischeSchT-Regu
    /EstrangeloEdessa
    /EUEX10
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /ExPonto-Regular
    /FirstGrader
    /FrancineHmk
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FultoonHmk
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldCondensedItalic
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Heavy
    /FuturaBT-HeavyItalic
    /FuturaBT-Light
    /FuturaBT-LightCondensed
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /Futura-CondensedExtraBold-Thin
    /Futura-CondensedLight-Thin
    /Futura-Condensed-Thin
    /FUTURAK
    /FuturaLtCnBT-Italic
    /FuturaMdCnBT-Italic
    /FUTURAS
    /Futura-Thin
    /Gallery
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /GaramondITCbyBT-Bold
    /GaramondITCbyBT-BoldItalic
    /GaramondITCbyBT-Book
    /GaramondITCbyBT-BookItalic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Garamond-Medium-Italic
    /Garamond-Normal
    /Gautami
    /GenoaRoman
    /Geometric231BT-BoldC
    /Geometric231BT-RomanC
    /Geometric415BT-BlackA
    /Geometric415BT-BlackItalicA
    /Geometric415BT-LiteA
    /Geometric415BT-LiteItalicA
    /Geometric415BT-MediumA
    /Geometric415BT-MediumItalicA
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Giddyup
    /Giddyup-Thangs
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /Goudy
    /Goudy-Bold
    /Goudy-BoldItalic
    /Goudy-ExtraBold
    /Goudy-Italic
    /GraphicLight
    /GREEKC__
    /GRMK10
    /GRMK12
    /GRMK8
    /GRMK9
    /GweetHmkBold
    /HavixHmk
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Hobo-Thin
    /Humanist521BT-ExtraBold
    /Humanist521BT-Light
    /Humanist521BT-Roman
    /Humanist521BT-RomanCondensed
    /Humanist521BT-UltraBold
    /Humanist521BT-XtraBoldCondensed
    /ICMEX10
    /ICMMI8
    /ICMSY8
    /ICMTT8
    /ILASY8
    /ILCMSS8
    /ILCMSSB8
    /ILCMSSI8
    /Impact
    /JPBR8R
    /KuenstlerScript-Black
    /LASY10
    /LASY5
    /LASY6
    /LASY7
    /LASY8
    /LASY9
    /LASYB10
    /Latha
    /LCIRCLE10
    /LCIRCLEW10
    /LCMSS8
    /LCMSSB8
    /LCMSSI8
    /LINE10
    /LINEW10
    /Lithos-Black
    /Lithos-Regular
    /LOGO10
    /LOGO8
    /LOGO9
    /LOGOBF10
    /LOGOSL10
    /LSANSUNI
    /LucidaConsole
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Bold
    /LucidaSans-BoldItalic
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MatisseITC-Regular
    /MezzMM
    /MicrosoftSansSerif
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM10A
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MTSYN
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Regular
    /Myriad-Roman
    /Myriad-Tilt
    /NeedALilly
    /NewBaskerville-Light
    /NewsGothic
    /News-Gothic-Bold
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /News-Gothic-Normal
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nueva-BoldExtended
    /Nueva-Roman
    /NuptialScript
    /OCRAbyBT-Regular
    /OCRAExtended
    /OCRB10PitchBT-Regular
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OkrienHmk
    /Optima
    /Optima-Bold
    /Optima-BoldItalic
    /Optima-Italic
    /OriginalGaramondBT-BoldItalic
    /OUP1
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /ParisNormal
    /Poetica-ChanceryI
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /Raavi
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /rsfs10
    /rsfs5
    /rsfs7
    /Sanvito-Light
    /Sanvito-Roman
    /Shruti
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /Souvenir-Light
    /SplintHmk
    /StandardSymL
    /StarbabeHmk
    /SuccotashHmk
    /SurferItalic
    /SurferNormal
    /Sylfaen
    /SYLFAEN
    /Symbol
    /SymbolMT
    /SymbolProportionalBT-Regular
    /Tahoma
    /Tahoma-Bold
    /Technical
    /TechnicalItalic
    /TechnicalPlain
    /TektonMM
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Italic
    /TimesNewRomanPS
    /TimesNewRomanPS-Bold
    /TimesNewRomanPS-BoldItalic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-Italic
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-RomanSmallCaps
    /Times-Sc
    /Times-SCB
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /TrotsLight-HMK
    /TT0140M
    /TT0141M
    /Tunga-Regular
    /TwizotHmk
    /Univers
    /Univers-Bold
    /Univers-BoldItalic
    /Univers-Italic
    /Upsilon
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /Utopia-Italic
    /Utopia-Regular
    /Utopia-Semibold
    /Utopia-SemiboldItalic
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Viva-BoldExtraExtended
    /Viva-Regular
    /WallowHmk
    /Webdings
    /Westminster
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /YearbookSolid
    /zapfchancery-Thin-Italic
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




