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1 Introduction

The Bombieri—Vinogradov theorem establishes that the primes have a level of distri-
bution 6 for any € < 1/2. More precisely, letting 7w(x) denote the number of primes
upto x, we put for (a,q) = 1,

Ep(r.q.a)= Y. xﬂm(n)—;:g;, (L.1)
nzan(i)(()dq)

where xp is the characteristic function of the primes. Then, the primes are said to
have a level of distribution 6 if for any A > 0, we have
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Z max | Ep(x, q,a) |K (1.2)
a,q)=

g=x’ (logx)%
The chief innovation of Zhang [20] is the extension of the level of distribution of
the primes to beyond 6 = 1/2, albeit in a weaker sense by restricting the moduli
to be smooth or free of large prime factors. It is this breakthrough, combined with
the classical GPY approach using the Selberg sieve that enabled him to obtain his
spectacular result on bounded gaps between primes in May 2013. We encourage
the reader to refer to [6, 16, 17], in addition to [20]. Collaborative efforts of a
number of mathematicians [11] succeeded in improving the level of distribution in
Zhang’s equidistribution result from 6 = % + 5& to 0 = % + % More precisely,
the following was proved. Let P*(g) denote the largest prime factor of ¢. Then, for

any w, £ > 0 satisfying 600w + 180§ < 7, and any A > 0, we have
> omax | Epxx.q.0) |< (1.3)
C] (@q)=1

q=<x°
Pt(q)<xt

X
(logx)A”

where ® = % + 2w. Applying this improved result to Zhang’s work, along with
sophisticated numerical techniques, the bound for gaps between primes was reduced
from 70 million in [20] to 14950 in [11].

In October 2013, Maynard [9] and Tao [12] independently applied the higher-
rank Selberg sieve to the problem of bounded gaps, thereby obtaining bounded
gaps between primes for any positive level of distribution. They also obtained better
numerical values. The natural next step in this sequence of ideas is to combine the
new equidistribution estimate (1.3) with the higher-rank Selberg sieve. This has been
done in [12], employing efficient numerical methods and extensive computations to
reduce the bound still further to 246.

Recently, the authors ([14, 19] gave an axiomatic formulation of the higher-rank
sieve as a general method, along with applications. This work allows one to see
clearly the underlying structure of the sieve and motivates a more general way to
incorporate smoothing into the higher-rank Selberg sieve. In [12], the moduli are
constrained to be free of large prime factors by truncating the support of the function
F appearing in (3.2). Our method imposes smoothing as an explicit condition and
leads to expressions involving the Dickman and Buchstab functions (cf. Sect.4) as
would be expected. The general theory of the same forms the crux of this paper. In
forthcoming work, we will discuss applications of this theory.

2 Notation

We will continue with the notation used in [19]. We include the same briefly here
for the sake of completeness. We denote the k-tuple of integers (d|, ..., dy) by d.
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A tuple is said to be square-free if the product of its components is square-free. For
R € R, the inequality d < R means that [ [, d; < R. The notions of divisibility and
congruence among tuples are defined component-wise. Divisibility relations between
atuple and a scalar are defined in terms of the product of the components of the tuple.
For example,

9ld < q|[ [ -

We define the multiplicative vector function f(d) as the product of its component
(multiplicative) functions acting on the corresponding components of the tuple, that
is,

k
@ =]1r@.
i=1

We use [+, -] and (-, -) to denote LCM and GCD, respectively. In the case of tuples,
this means the product of the LCMs (or GCDs) of the corresponding components. We
employ the following multi-index notation to denote mixed derivatives of a function
on k-tuples, F(¢).

O“F(ty, ..., 1)

F = ,
O = G G

2.1)

for any k-tuple o with o := Zl;:1 aj.

Let P*(g) denote the largest prime factor of g. Then ¢ is said to be m-smooth
if P*(g) < m. For a tuple d, P*(d) denotes the largest prime factor dividing any
of the components of d. We use the convention n ~ N to mean N <n < 2N. In
practice we have N — oco. We fix Dy = logloglog N and let W = 1_[17<D0 p. Then
W ~ loglog N+ by an application of the prime number theorem. Let w(n)
denote the number of distinct prime factors of n. The greatest integer less than or
equal to x is denoted as |x|. Throughout this paper, J denotes a positive quantity
which can be made as small as needed.

3 The Higher-Rank Selberg Sieve

In this section, we recall the salient features of the higher-rank Selberg sieve discussed
in [19]. The exposition given here is concise for the sake of brevity, and the reader
is encouraged to peruse Sect. 3.2 of the above-mentioned paper.

Given a set S of k-tuples (not necessarily finite),

S:{Q:(nl,...,nk)},

in [19], we undertook a systematic study of sums of the form
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2
an<2)\d> , (3.1)
nes din
satisfying certain hypotheses. Here w), is a ‘weight’ attached to the tuples n and A\;’s

are sieve parameters chosen in terms of a fixed positive real number R and a smooth
real valued test function JF supported on the simplex

Ar(D) :={(t1,.... 1) €[0,00)* 1ty 4+ -+ 1, < 1}.

More precisely, we chose :

(3.2)

logd logd
Ad=u(4>f(°g1 o8 ").

logR’ """ logR
The sum (3.1) was assumed to satisfy the following hypotheses.

H1. If a prime p divides a tuple n such that p divides n; and n;, with i # j, then p
must lie in some fixed finite set of primes Py.

This allows us to perform the ‘W trick,” that is restrict n in the above sum to be
congruent to a residue class b (mod W) such that (b;, W) = 1 for all i.

H2. The function w, satisfies

Z wnzi—{—rd,
S f@ -

din
n=b (mod W)

for some multiplicative function f and some quantity X depending on the set

S.
H3. The components of f satisfy

filp) = LA o(p"), witht < 1
aj
for some fixed o; € N.
We denote the tuple («y, ..., o) as a and the sum of the components ZI;Z L Oy as

Q.

H4. There exists # > 0 and Y <« X such that

Y
Mgel € ———
[dJ?;Y” - (log Y)A

forany A > 0.
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With all this in place, we state below the main results of the higher-rank sieve obtained
in [19].

Lemma 3.1 Ser R to be some fixed power of X. Let f be a multiplicative function
satisfying H3 and
G, H:[0,00)f >R

be smooth functions with compact support. We denote
G logd\ G log d; logd;
logR) "~ ~ \logR’ """ logR

and similarly for H. Let the dash over the sum mean that we sum over k-tuples d
and e with [d, e] square-free and co-prime to W. Then,

rpd)ple) , (logd loge\ @ ¢W)
2 f([g,gng(logR)H(logR) = (1 oCE@ T G0 Ry

where

taj—l

[o¢] o0 k
(@ _ J (@) (@)
cor=[ [ [ =y | s mo a

with G(1)@ and H(¢)© as in the notation of (2.1). Furthermore,

p(){
d(p)’

c(W) =
pIw

Theorem 3.2 Let \;’s be as chosen above. Suppose hypotheses HI to H3 hold and
H4 holds withY = X. Set R = Xe/z"sfor small § > 0. Then,

2
> wn(ZAd> = (14 0(1)C(F, F)Pc(W)

n=b (mod W) din (log R)*

with
WO(

pW)

c(W) =

and

aj—1

C(F, j:')(g) =/ .. / Htj— (‘7:_@)(5))2 dt.
0 0 il i —1)!

(aj
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4 A Refined Smoothing Procedure

In the axiomatization of the higher-rank Selberg sieve discussed in Sect.3, it may
be that the hypothesis H4 holds for 6 in a range that is too restrictive to yield good
asymptotic formulas. Motivated by estimates of the type (1.3), we would like to
consider the following more relaxed condition on the error term instead of hypothesis
H4:

H4* There exists ® > 0,0 < £ < 1 and Y « X such that

Y
[Fa.al € ———
[de]Zd@ ¢ (log Y)4

P(ld,e])<Y$O/?

forany A > 0.

Accordingly, we now consider the sum (3.1) with additional smoothing conditions
imposed. Let R} = X©/?79, We will replace R in (3.2) by R;. The above setting
motivates the analysis of smooth sums of the kind

)‘1)‘2
2 fld, el

d.,e<Ry

and hence a smooth version of the sum considered in Lemma 3.1 must be studied.
We do so by emulating the Fourier analytic method adopted in [19], incorporating
the smoothing conditions that arise by use of the partial zeta function as well as the
Dickman and Buchstab functions.

The Dickman function p is defined recursively by the initial condition p(u) =
1, (0 <u < 1) and the equation

p(u)=p(v)—/ p(t—l)i—t, (v=u<v+1).

The Buchstab function w is defined similarly, by the initial condition uw(u) :=
1, (1 < u < 2) and the relation

u—1
uw(u) =1 +/ w)dv, > 2).
1

These functions have a long and venerable history. Though Dickman’s paper [5]
where he introduced the function was published in 1930, it seems that Ramanujan
(unpublished) had studied it more than a decade earlier (see p. 337 of [15]). Indeed,
Ramanujan writes down the following explicit formula for the Dickman function
p(u). Put Iy = 1 and define (for k > 1) recursively
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dty...dr
i = ... 2Tk
k) / / ... Ik

etk <1
h+...+t<u

Then,

00 _1k
p(u)zz( " ew.

!
— K

The study of p(u) became dormant for almost two decades until 1947, when Chowla
and Vijayaraghavan studied it unaware of any earlier work (see [3]). Two years later,
Buchstab [2] studied the same function (again unaware of any earlier work). It was
de Bruijn [4], in 1951, who began exhaustive research into the nature of this function
and obtained an asymptotic expansion for it. In 1980, Hildebrand and Tenenbaum
[7, 18] extended considerably the range of applicability of de Bruijn’s formulas. We
refer the reader to the excellent survey of Moree [10] for further details.

We state some results which will be useful in our analysis. These are from [18],
after minor changes in notation.

Proposition 4.1 (p. 379 of [18]) For the partial zeta function, defined as

1 —1
G =] (1 - F) :

p<y
we have,
Cy(9) = C(s)e 7Vl (14 0(L.(»)7h) .
where
oo efsftd
J(s) = t
(s) /O S
and

L(y) = exp{(log y)**~}.

Proposition 4.2 (Theorem 7, p. 372 of [18]) Let p be the Dickman function and p
be the Laplace transform of p defined as

pls) = fo e p(t)dt.

Then,

sp(s) = e 7,

We use the notation wt := & + w, where § is the Dirac delta function. Then
wt(s) = 1 4+ @(s), in the distributional sense.
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Proposition 4.3 (Theorem 5, p. 404 of [18]) Let w denote the Buchstab function
and @ be its Laplace transform given by

w(s) =/ e “wu)du.
0

Then,
SL:):(S) = —.
p(s)

Henceforth, £ is a fixed number, 0 < £ < 1. We also recall the following notation
which will be widely used. If g is a vector function, thatis, g(¢) is defined as | | i 9 (),
we use the notation g ()2 to denote the product [ | ;9 ()% . It is clear that

wh@) = [Jet @) =) +8@).
J J

We prove some results toward obtaining a smooth version of Lemma 3.1. These will
play an important role in subsequent discussion.

Lemma 4.4 Let f be a multiplicative function satisfying H3 with respect to the
tuple « = (1, ..., ag). Let G, H be smooth functions with compact support as in
Lemma 3.1. We retain all the notation used in Lemma 3.1. Then the Rf— smooth sum

Z, u(c_l)u(g)g ( logd ) H( loge )
de f([dv g]) IOg Rl log Rl :
P*({d.e]) <R}

is asymptotic (as Ry — 00) to

c(W)
1+ o(1 “Co (),
(14 0(1) o o€ (O
where 6g.+ (€)Y is the integral
/ / 16 @ @)1+ iw*(1 + i)Y (, v) @ dudy, 4.1
Rk JRE

with
T, )@Y = GF (1 + i) @t (1 +in)&)2 P2 + iu+ iv)E)?,

no ) = / G () exp(0) explise - Dt () = f G (t) exp(t) expliu - 1),
Rk Rk

where exp(t) = ]—[];-:] e'i and the dot denotes the usual dot product of tuples.
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Proof Let y = Rf. As the required sum is the same as the one considered in
Lemma 3.1 with an additional smoothing condition imposed, we will follow the
proof of the aforesaid lemma given in [19], with details to highlight any modifica-
tions. All references to [19] in this proof are understood to refer to the relevant steps
in the proof of Lemma 3.1 in that paper.

Using Fourier inversion as in [19], this sum is given by the integral

/ / ng Wnr W) Z, (u, v)dudv, (4.2)
Rk JRE

where Z, (u, v) is now Z(u, v) of [19] along with a smoothing condition, that is,

_ T pdpde) 1 1
Zy(u,v) = ; 7(ld. el) d0F7 08 R: G(+iv)/log K]

PH(Id.e)<y

Again, we can write an Euler product for Z,(u, v), as in [19], but it will run only
over primes Dy < p <y, as opposed to the Euler product that we had in [19] over
primes greater than Dy. This is because, the dash over the sum constrains [d, e] to
be co-prime to W and the smoothing condition means that its prime factors must be
below y. Hence, the Euler product for Z, (u, v) is given by

k
1 1 1 1
l_[ 1 - Z fj (p) i + v, g | Iy

PAW.p<y j=1 pER pER pleR TRy

After applying H3 to retrieve the behavior of f;(p) for each component 1 < j <k,
some algebraic manipulation along the lines in [19] gives us the following convenient
approximation

(1) (1m0
Zyw,v) =0 +o( ][] T] (4.3)

2 v
-+Hlj+ll/]

j=1 Dy<p<y 1 — ajp Tog Ry

This leads us to examine for each j, Euler products of the form

[ (1 - p?is,,) : 4.4)

Dy<p<y

with Re(s;) > 0. We write the above Euler product as
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l a] 1 1 —Qj l 1 aj
IT (1~ A e

Dy<p<y
1 @
Dy<p<y P
where
. 1\~
D= [] (1 - ﬁ) (1 . —X>
Do<p<y p p

is an Euler product supported on primes Dy < p < y and analytic for Re(s) > 0.
For Re(s) > 1, we have

Dis)=1+0( Y p7?),

Dy<p<y

showing that D;(s) =1+ o(1) as R; (and hence y as well as D) goes to co. Pro-
ceeding as in [19], we obtain

1 —Q —a
I1 <1 p(ir‘)—(l—l—o(l))l_[( _p1+s,> G (145,)7"

Do<p<y pIW

Fix some small € > 0. As done in [19], it is possible to show that the main contribution
to (4.2) comes from the region ||, |v| < (log R). Hence, we would like to analyze
¢y(1+s;) as s; — 0. Combining Propositions 4.1 and 4.2, we obtain as s; — 07
and y — oo,

G +s)) = (s;log )1 +5)p (s logy) (1 4+ O(L (™)
= (14 o(1))(s;log y)¢(1 +5/)p (s, log y)
= (1+ o(1))(log y)p (s, log y) .

where we have used the asymptotic ((1 4+ s) = (1 + o(1))s ' as s — 0 for the last
equality. Thus we obtain as s; — 07,

Ot

Q; W a Qj
I1 (1 — pljsj> = (14 o) 7 (logy)” P (sjlogy)”

Dy<p<y

Applying this to each term appearing in (4.3), recalling that ¢ is defined as
logy/log Ry and o := Zl;zl aj, we have in the region |u], [v| < (log R)¢,

Zy(u,v) = (1+0(1))

)

(log y)~ al—[ P +iu©) = pld +iv)EH~

¢(W)“ P2 +uj+v)HEH~

Jj=1
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as R — oo. To get rid of the denominator in the above expression, we use Proposi-
tion 4.3. This gives

« 52(1

p(W)e (log y)*

k
Zy(u,v) = (1+o0(1)) 1_[(1 +iu)® (1 +iv;)®
j=1

k
[T (@ +iup©)™ T (1 +iv)O)™ B2 + iuj + iv;)E)™

j=1

As ¢ = (logy)/(log R;), we obtain

«
(it DT e, (45)

with notation as in the statement of this lemma. Plugging this into the integral expres-
sion (4.2) for the required sum yields the result. (I

In order to simplify the integral 65 1((£)@ appearing in Lemma 4.4, we first
consider the special case « = 1 = (1, ..., 1). We have the following result.

Lemma 4.5 The integral
Cgn©P = /Rk /Rk g @Wm)(1 +iw)(1 +iv) Y, v)"Pdudy
is given by
[0 [ [ o6 nwte- 6P Em® esardsar
Rk R¢ JRF

which can be further simplified by writing each w™ (x) as the product

|B(CEDEXIEN)

J

and expanding the resulting expression. (Here, we use the multi-index notation (2.1)

for GO ) and H® (w).)

Proof We have
Y, I = GF((1 +iw)é) oF (1 +iv)€) (2 + iu + iv)E).

Then, the interpretation of the vector notation and the definition of the Laplace
transform give us
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k k
w1+ iwe) = [ o +iupe) =] / W (rpe I+ gy
j=1"%

j=1

B / wh ey,
Rk

where the dot denotes dot product of the tuples £(1 +iu) and r and wt(r) :=
]_[];:1 w™ (r;). Similarly, we obtain

GF (1 +iv)€) = f wh(s)e tIHY g,
Rk

P2+ iu+iv)é) = / p(p)e gy,
Rk
Thus, Y (u, v)E1D equals

///p(;)w*(g)w*(g)e‘f““@'@ﬂ)e‘“”"ﬂ)‘@ﬂ)dgdgdz.
Rk JRF JRK

Plugging this into the required integral gives

Con(©Y = / f / pOwt (9w (r)IgIndrdsdt,
RF JRE JRE
with
Ig(@t+1) = f ng ) (1 + iw)e *HW-EH gy
R
It +s) = / N )(1 + iv)e IHY ) gy
]Rk

By Fourier inversion, we have the identities

G(x) = [png@) exp (—(1 +iu) - x)du (4.6)
H@®) = [ @) exp (—(1 +iv) - x) dv.

It is clear from this that /g (£(z 4 r)) is nothing but

6kg(x)
k =

X1 ... 6xk x=E(t+r),

that is, (—1)*GW (£(z + r)) in our notation. Repeating this argument for 7, we have
I (£t +5)) = (=D*HD(E(t + 5)). Thus, the required integral 65 1(£)V is given
by
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/ / f PO (S0t GV EE + NHOE +9)drdsdt (@47
Rk JRK JRE
- f p(0) f / Ot OGVEW + PYHOEG + 8))drdsdt
Rk Rk JRRK
= f p(t) f / wh(s — Hwt(r — HGLY EHY (€s)drdsat,
Rt RE JRE

after suitable change of the variables r and s. O

Let a, B, a, b and ¢ be k-tuples. We now consider the general integral
Co.n (€ )(@B.ab.0 defined as

//T]Q(u)’nﬁ(v)(l-i-lu) (1 4 iv)2Y (u, ) @29 dudv, (4.8)
with
Y (u, )29 = GF (1 + i 0 (1 +iv)EL HQ + iu + iv)E).

Note that when all the tuples involved are the same, say «, then we will use the
notation g (€)@ for convenience. We now emulate the proof of the above lemma
for this general case.

Lemma 4.6 The integral €g 1 (&)'® @f.ab.0) js aiven by
0 [ [ i 0w @ - 06 em? €drdsar,
R REJRE T -

where p., wl and w; are defined as follows. Let x denote the convolution operator.
Then, - N

k
pe(®) = p*e(0) = [ [ o)™

j=1
k
=[] *...xpt).
. N —— e’
=! cj times
Similarly,
k

k
w;'(ﬁ) = HW+(V_1)*(1/ = Hw+(rj) ook w+(r_j)

j=1 J=1

aj times

>~

= l_[(5~|—w(t ) s ek (8 + w(t))) .

a; times
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The definition of w,‘f is exactly the same. As before, we use the multi-index notation

2.1) for G (u) and HP (w).
Proof We have

k
GHA + i) = [Tor (1 +iuye)™.

j=1

Then for each j, JF’( (1 +iu;)&)% is the Laplace transform evaluated at (1 + iu )&,
of the convolution product

whr)™ ™ =wh ()« xwt(r)),
where w™ is convolved a; times. Thus,
oF (1 +iup&)s = / wt () eI g
R
Reverting to the vector notation gives us

(1 +iwé)* = / wi (e g,
R T

where w is as defined in the lemma. Proceeding similarly, we obtain

SH( + ek = / wif (s)e=EHVs gy
R

P2+ iu+iv)) = / pe(t)e Ty,
Rk

We now proceed exactly as in the proof of the previous lemma withw™ (), w™ (s), p(t)
replaced by w (r), w; (), pc(1), respectively, to obtain that Y (u, v) @b.9) ig given
by B N

///pg(z)w;(g)w:(L)e_f(l+@'(5+De_£(1+i3)'(£+9d£d£d£- 4.9)
Rk JRK JRK - -

Thus, we obtain that the required integral is

fw /1; /R pe®wf 9w OIS 1,7 drdsdr,

with
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Ig" = / g1+ iwyem D dy
R
179 _ /A W) (1 + iv)feEHD-EH) gy,
RE

As before, we use the identities (4.6) and change of variable to obtain the desired
result. O

4.1 A Smooth Higher-Rank Sieve

We work with the setting of the sieve established in Sect.3. Recall the hypotheses
HI to H3 in this section. Instead of H4 we will assume hypothesis H4* on the error
terms. Our main result is then the following smooth version of Theorem 3.2 of [19],
which can be thought of as the £-smooth higher-rank sieve.

Theorem 4.7 With \;’s chosen as in (3.2), hypotheses H1, H2, H3, H4* and R, =
X©/279 we have

2
> wn< > Ad) = (14 0()c(W)E* Cr 7 (£ (

< m log Ry)“

ne
n=b (mod W) P*@)<Rf

with
W(l

W) =
“W) =gy

and €r. 7 (€)Y obtained from the expression in Lemma4.6 by plugging in B.a,b,c=
Q.

Proof Expanding out the square, interchanging the order of summation gives us

2
Y ou( X )= X oo T ow)
n=>b (mod W) din d,e<Ry [d.elln
PH()<R; P*(d,e) <Ry n=b (mod W)

Now one can argue exactly as in Theorem 3.2 of [19], using H1 and the W-trick to
impose the same restrictions on the tuples d, e. Moreover, H2 along with the choice
of A\y’s gives that the main term for the desired sum is

r pdple) < logd ) ( loge )
X ) F F ,
= TUd.eDh \logR log R,
P*((d,e) <R
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As H3 holds, one can apply Lemma 4.4 to this sum, to obtain the asymptotic

X

(1 + o())c(W)E Cr 7(§) 0 ———,
(log R)*

as X (and hence R)) goes to infinity. As the choice of \;’s (see (3.2)) in terms of the
smooth compactly supported function F means that they are bounded absolutely, the

error term is given by
0( > |> (4.10)
d

d.e<R,
PH(ld.e) <R

and can be neglected due to the choice of R, after applying H4*. (]

5 Application to Bounded Gaps Between Primes

In this section, we apply the sieve with the smoothing procedure discussed above to
the well-known prime k-tuples problem. A set .77 of distinct nonnegative integers is
said to be admissible if for every prime p, there is a residue class b, (mod p) such
thatb, ¢ 5 (mod p). Thatis |7’ (mod p)| < p, for every prime p. We will work
with a fixed admissible k-tuple

A= {hy, ..., h).

We use the ‘W trick’ to remove the effect of small primes, thatis we restrictn tobe ina
fixed residue class b modulo W, where W = [ p<Dy P and b is chosen so that b + h;
is co-prime to W for each &;. This choice of b is possible because of admissibility
of the set .7#. One can choose Dy = logloglog N, so that W ~ (loglog N)'+°(!) by
an application of the prime number theorem, as noted earlier.

Recall that xp denotes the characteristic function of the primes. Consider the

expressions
Sl = E a
n~N
n=b (mod W)
and

k
= (ZxP(n+hm))an,
m=1

n~N
n=b (mod W)

where a,, are nonnegative parameters.
For p positive, we denote by S(N, p) the quantity
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k
Si=pSi= Y | Doxe@+hp)—p|an. (5.1

n~N j=1
n=b (mod W)

The key idea then used is as follows. We state it as a proposition for convenient
future reference.

Proposition 5.1 Given a positive number p, if
S(N,p) >0

for all large N, then there are infinitely many integers n such that at least | p| + 1
ofn+hy,...,n+ hy are primes.

Proof The definition of S(N, p) gives that the sum

k
Z ZXP(”-I—/’I]')—,O a, > 0.

n~N j=1
n=b (mod W)

As a, are nonnegative parameters, we must have

k
Y o xe(n+h)—p>0,
j=1

for some n ~ N. As this happens for all large N,

k
> xe(+hj)>p

Jj=1

holds for infinitely many integers n. As each xp(n + &) is an integer, this completes
the proof. (]

Fix some 0 < ¢ < 1. Writing n for the tuple (n + hy, ..., n + h;), we make the
following choice of sieve parameters a,,:

2
an:< ) /\d>,
din
PH(d)<RS

with the sequence ()\4) chosen in terms of F as in (3.2). We will refer to the corre-
sponding sums with this choice of sieve parameters as S; (&) and S, (&), respectively.
We proceed to derive asymptotic formulas for S (£) and S, (£) by applying our smooth
higher-rank sieve.
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5.1 Asymptotic Formula for S1(§)

Recall that S;(£) denotes the £-smooth sum

$i©:= Y ( > Ad)2

n~N d/-\n-&-h/-\'/j
n=b (mod W) P+(4)<R|£

Theorem 5.2 Choose © < 1. With \;’s chosen as in (3.2) and R, = NO/2=0 e

have
wet N

S(W)E (log R Tog ki Crr @

$1(©) =U+o(1)——=

with € 7€)V given by

2
f p(0) ( f w*(z—g)f%z)dz) dr,
(RH)* Ar(1/8)

where Ay (1/€) is the simplex {t € [0, ool : Zl;zl t; < 1/€).

Proof We wish to prove this as an application of Theorem 4.7. Note that the setting
of the sieve and verification of conditions HI-H3 are the same as in the proof of
Lemma 4.2 in [19]. As ry = O(1) in this case, |\4|’s are bounded, and ©® < 1, H4*
follows from the bound

Yook Y1 (logN)A

[d.e]<N® [d.e]<N®
PH((d.eh) <N

for any A > 0. The tuple « is in this case just the tuple 1 = (1,...,1) and a =
>_j o = k. We have
Wk
cW) = ———,
p(W)E

and X = N/ W exactly as before. It is clear that the result now follows directly from
Theorem 4.7. The integral €7 #(£)V is as in Lemma 4.5. It can be simplified to

/ o(0) / / W (s = Dt (0 = FD ) FO (€r)drdsdt
(RH)* A (178 J A(1/6)

2
- / p(0) ( / w*(z—;)f%c)dz) dr.
(R+)* A (1/6)
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where the limits of integration arise since the support of F(x) is the simplex A (1)
and the support of the Dickman function p(u) is R™. O

Remark We remark that when £ = I, the above theorem gives back precisely
Lemma 4.2 of [19] as a special case. Indeed, S;(1) is nothing but S, as the smooth-
ing condition, is redundant when & = 1. Consider the final expression for €’z # (&)W
obtained from Lemma 4.5. If £ = 1, then the support of the function F and hence
the range of integration is the usual simplex

Ar(l) == {(tr, ..., i) €[0, 00 1ty +-- - +1 < 1}.

In particular while integrating over this simplex, for each ¢; we have the bounds
0 < t; < 1. Recall that in this range, the Dickman function p is simply 1, while the
Buchstab function w is 0. Thus in the final expression of Lemma 4.5, putting £ = 1
and G, H = F, only the term involving the product § (s — ¢)d(r — t) survives, giving
us

%AME/ (FP ) dL.

Ag(1)

This is nothing but the functional n(F) of Lemma 4.2 in [19].

5.2 Asymptotic Formula for S>(§)

Let us recall the sum S, (£). We may write

k
$©) =Y 8" ©),
m=1

where

2
U= Y XP(”+h;n)< > >\d>

n~N d/-\n+h/Vj
n=b (mod W) P*(@<Rf

We proceed to derive an asymptotic formula for Sém) ).

Theorem 5.3 Choose ©® = 1/2 + 2w — 4, with some small § > 0 and w a positive
number such that (1.3) holds (namely, wo satisﬁe_s 600w + 180n < 7, wheren = OE).
With \y’s chosen as in (3.2) and Ry = NO279 we have

W=l 1(2N) — 7(N)

k=1 W
A(W)k  (log R)*! & Cr, 7 (O,

S (€)= (14 o(1))
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where the function F,, acting on (k — 1)-tuples is defined in terms of F by
fm(xl» ooy Xm—1> Xm+1,5 -« - - ,)Ck) == f(xlv ooy Xm—1, vam-ﬁ-lv .. 'axk)

and €z, 7, (€)W is given by

2
/ p(t) ( / wh(r —nHFD (éz)dz) dt.
(RF)k=1 A1 (176

(Here, Ar(1/&) is as defined in Theorem 5.2.)
Proof Hypotheses H1, H2 and H3 hold as in the proof of Lemma 4.3 in [19] to give

. w(2N) — w(N)
W) [Tz 2(d))

and ry = Ep(N, g, a), where a is some residue class co-prime to g = W ]_[#m d;
and Ep(x, g, a) is as defined by (1.1).
To check H4* with Y = N, it suffices to check that

N
E Na ) . AN A°
M]ZN@ Er(N.q. )| € o

PH((d,e) <N

forany A > 0. As W < loglog N, we see that there exists € > 0 small enough so
that

> IEx(N.g.a)l< Y. |Ex(N.q.a)|
ld,e]<N® q<NO+¢
P (Id,e])<N®* P+(q)<N®

< Y |E(N,q,a)

q<N%+2w
Pt (q)<N"

which is of the order of N (log N)~*, for any A > 0 by (1.3).

Keeping in mind the additional constraint d,, = 1 on tuples d as described in
Lemma 4.3 of [19], which forces the mth component of the function F to be zero,
the result follows as an application of Theorem 4.7. (]

It can be observed as before that putting £ = 1 yields Lemma 4.3 of [19]. Further-
more, in the expression obtained for Sém) (&) above, it is clear that the specific value
of m has no role to play. Due to the symmetry of the integrals, we can write
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k
$© =) 5"© (5.2)
m=1

W51 m(2N) — m(N)

= (o Z  Gog RFT

&kC R 7 (OL,

with notation as in Theorem 5.3, setting m = k.

We remark that the densities depending on £ in the expressions for S;(§) and
S, (&) are strictly positive, as can be seen from the positive integrands and limits of
integration. Thus, - smoothing gives for the sums S} and S, the expected asymptotic
formulas multiplied by some strictly positive density factor depending on &. This
is indeed what one would expect, in the spirit of the classical Buchstab iteration
procedure.

6 Some Material Toward Numerical Bounds

Choosing some ® which is admissible in the derivation of the asymptotic formula for
0, as well as Q», one obtains the following after using the prime number theorem.

Theorem 6.1 Choose ® = 1/2 + 2w, with w > 0 and 600w + 180 < 7. Then,
with \g’s chosen as in (3.2) in terms of F, and R = N©®/270 \we have as N — oo,

S(N,v) =S, — vS;

Wk—l N o
~ _(b(W)k (log R)k fk*I <<E — 5) kcgﬂﬁ (f)(D _ Vgcg]__’]__(g)(l)) ]

Combining Proposition 5.1 with the above result, we need

(® ) kcgfk,]:k(f)(l)
v<|l=-0)-—r 2

2 & CrrOW 6.1

This suggests that we should maximize the functional appearing above, prompting
us to define

WA

M) = Slylfpk Crr©W

where the supremum is taken over all symmetric smooth functions supported on
A (1). This can be viewed as the ‘¢-smooth’ analogue of the classical functional M
encountered in [9, 12, 19]. We will express M (§) in a more amenable form, which
also makes it easier to check that M, (1) is indeed the functional M} defined in (33)
of [12].

We write 7L (x) as G(x). Then G is a symmetric smooth function supported on
the simplex A (1). Expressing G as
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0 o1 F
a@=——<&l ® )

Oxm OXp 10Xy . .. Oxy

we see from the fundamental theorem of calculus that the function .7-',5}) that appears
in Theorem 5.3 is simply the anti-derivative of G with respect to the mth component,
evaluated at x,, = 0. It is also clear that the anti-derivative of G with respect to the
mth component has the same support as F. Hence, we can write

% O F(x)
/0' G(i)d'xm - <8X1 ,,,8xm_16xm...3xk>

In particular, ,7-",9) evaluated at &r, namely ]—",ED (&r) equals

=-F .

X =0

oo
—f G(&riy ..., Ere—t, Xp)dxg.
0
This allows us to recast M in terms of G(x) as

kJ (G,
My () = sup HE-E)

A A 6.2
¢ 1(G. 9 ©2

where the supremum is taken over all symmetric smooth functions supported on
Ay (1) and the functionals Ji (G, &) and I (G, &) are defined as follows.

2
o
Jk(G, ©) :=/ p@) (/ whr—1 </ G(frl,...,érkq,X)dX) dr) dt,
(RF)k=1 Ap—1(1/8) 0

(6.3)
and

2
1(G,§) = / p(t) ( / wh(r — L)G(Ez)dz) dt. (6.4)
(R AK(1/6)

We would like estimates for the new integrals J(G, &) and I (G, &) in terms of
the functionals J(G, 1) and I (G, 1) that appear for the higher-rank sieve without
smoothing. Recall from [19] that

o0 2
J(G, 1)=/ (/ G(L)dtk> dty...dt_, (6.5)
A1 (1) 0

1(G, 1) = / G(t)%dt. (6.6)
A (1)

and
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Let us define the functional

2
I(F, &) = / p(0) ( / w*(L—L)F(ﬁz)dz) d
(R+)* (R+)*

The problem thus reduces finding upper and lower bounds for this functional in terms
of

L(F) = / F(t)*dt.
(RH)k

Lower bound. Using the bound w™ (1) = w(u) + §(u) > §(u) for any u € R, we
can write

Ii(F,€) > / p(OF(E)’dt = &7* / p(t1/€) ... p(tx /) F(1)*dt
(R+) (R+)

Upper bound. By the Cauchy—Schwarz inequality, we have

2
( / w*(z—z)F(&z)dz) < / wh(r —)*dr / F(&r)’dr

(R (R (R

= ¢I(F) / wh(r —’dr

R

This gives

L(F, &) <&MI(F) (f p(0) wh(r - £)2d£d£> :
(

R+)k (R+)k

Bounding the integrals that arise in the lower and upper bounds above needs some
work and we defer this to a future paper. We expect that effective bounds for these
integrals should yield a general result involving a remainder term that would encom-
pass contributions both with and without smoothing. More precisely, we should be
able to capture contributions from moduli below Y? and also from moduli up to
Y © with prime factors below Y¢. Implementing these ideas and obtaining numerical
improvements would entail the use of variational techniques as well as the following
identities involving the Dickman and Buchstab functions.

Recall that the Dickman function is supported on R*. Broadhurst [1] gives a
closed form for the Dickman function in terms of polylogarithms, in certain ranges.
We state below the closed form in the range 0-2.

Proposition 6.2 The Dickman function in the domain [0, 2] is given by

_ 1 fo<u<l
p(u)_{l—loguif1§u§2
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Proposition 6.3 The convolution p = p in the domain [0, 2] is given by,

() = u fo<u<l1
PR =3y dulogu — 2 if 1 <u <2

Proof The support of p gives
p2(u) =/ p()p(u — t)dt.
0

If0 < u < 1,thentheintegrandis simply 1, giving the desired answer. For 1 < u < 2,
we write the above integral as

u—1 1 u
/0 p(0)pu — 1t + / 0P = e + /1 p(0)plu — 1)dr.

Let us consider the first integral. The limits of integration imply that 0 < ¢ < 1 and
1 <u —1t <2, giving that this integral is

u—1
/ (1 —log(u — 1))dz.
0

Similarly, the second integral is simply

1
/ dt,
u—1

/ (1 —logt)dt.
1

while the third is given by

Evaluating these integrals gives the desired expression for p; (u). O
Recall that the Buchstab function w(u) is supported on u > 1.

Proposition 6.4 The Buchstab function in the domain [0, 2] is given by

[0 fo<u<1
w(u)_{l/uiflfufl

The actual implementation of these results we reserve for a future date.
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7

Concluding Remarks

We believe that this implementation is just the beginning of a larger program. We
endeavor to explore further applications of this theory to other classical questions of
number theory.
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