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Abstract

The Wiener–Ikehara Tauberian theorem is an important theorem giving an asymptotic formula
or the sum of coefficients of a Dirichlet series

∑
∞
n=1

a(n)
ns . We provide a simple and elegant

proof of the Wiener–Ikehara Tauberian theorem which relies only on basic Fourier analysis and
known estimates for the given Dirichlet series. This method also allows us to derive a version of
the Wiener–Ikehara theorem with an error term.
© 2024 Elsevier GmbH. All rights reserved.
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1. Introduction

Generally speaking, a Tauberian theorem is one in which the asymptotic behavior of
sequence of numbers or a function is deduced from the knowledge of their averages.

auberian theorems derive their name from a theorem of A. Tauber [16] published in
897, which states that if

lim
x→1−

∞∑
n=0

a(n)xn
= A (1.1)
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and a(n) = o(1/n), then
∞∑

n=0

a(n) = A. (1.2)

This means that if the left-hand limit of the power series exists at the boundary of the
radius of convergence and certain restrictions on the coefficients are met, then the power
series converges to this limit at the boundary. This is a conditional converse of Abel’s
theorem, which states that if (1.2) holds, then (1.1) is true. But to go from (1.1) to (1.2),
one often needs an extra condition, usually called a Tauberian condition, like the one
above that na(n) → 0 as n → ∞. To see why some extra conditions are needed, consider
the case when a(n) = (−1)n where we have

lim
x→1−

∞∑
n=0

(−1)n xn
= lim

x→1−

1
1 + x

=
1
2
,

whereas the partial sums of the a(n)’s do not converge.
Some of the most interesting applications of Tauberian theorems pertain to analytic

number theory in the context of Dirichlet series, as opposed to power series. In this
context, Tauberian results can be thought of as estimates for the partial sums of the
coefficients of a Dirichlet series, after imposing certain conditions on the series. An
important result of this type is the Wiener–Ikehara theorem. Introduced by Ikehara [7] in
1931, it generalizes a theorem of Landau [10], by applying a Tauberian result obtained by
Wiener. A well known application of the Wiener–Ikehara theorem is to the logarithmic
derivative of the Riemann zeta function, using the fact that ζ (s) ̸= 0 on Re(s) = 1,
hereby deriving the prime number theorem. Similarly, one can derive instantly the prime
umber theorem for arithmetic progressions once analytic continuations to Re(s) = 1 of
he Dirichlet L-series are given and that they do not vanish on that line.

The evolution of Tauberian theory during the twentieth century is a fascinating
tudy (see for example [8]). Proofs of the Wiener–Ikehara theorem and other Tauberian
heorems in the literature are usually found to be quite involved. The most expedient
omplex-analytic proof was discovered by Newman [13] and the reader can find a simple
xposition in [18]. In this paper, we adopt a Fourier analytic approach to prove the
iener–Ikehara Tauberian theorem. It is inspired by the method developed in [14,19]

ealing with bounded gaps between consecutive primes and the higher rank sieve method.
ur proof is not only simpler than classical proofs in the literature, but also allows us to
btain error terms. This method makes use of the Laurent series expansion of the Dirichlet
eries at s = 1, allowing us to further improve the error term if more information on the
aurent expansion of the Dirichlet series becomes available (see Remark 1). Our main

esult is the following.

heorem 1.1. Let

G(s) =

∞∑
t=1

b(t)
t s

e a Dirichlet series with non-negative coefficients. Suppose

G(s) = ζ k(s)g(s),
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where k ∈ N, g(s) is a Dirichlet series absolutely convergent in Re(s) ≥ 1, with g(1) ̸= 0.
hen, as x → ∞,∑

t≤x

b(t) =
R

(k − 1)!
x(log x)k−1

+ O
(
x(log x)k−2) ,

here R is the residue of G(s) at s = 1.

Minor modifications in the proof of Theorem 1.1 lead to the following.

heorem 1.2. Let

G(s) =

∞∑
t=1

b(t)
t s

e a Dirichlet series with non-negative coefficients and absolutely convergent for Re(s) >

> 0. Suppose G(s) extends to a function in the region Re(s) ≥ c, which is analytic
part from a possible pole of order k at s = c. Then, we have as x → ∞,∑

t≤x

b(t) =
R

c(k − 1)!
xc(log x)k−1

+ O
(
xc(log x)k−2) ,

here R is the residue of G(s) at s = c.

The focus from s = 1 to s = c is a simple translation of the argument. If G(s) has a
ole of order k at s = 1, then G(s) can be written as ζ (s)k g(s) for some function g(s)
nalytic in the region Re(s) ≥ 1. These elementary observations are sufficient to derive
heorem 1.2 from the method of Theorem 1.1.

The non-negativity of coefficients can be dropped. More generally, we have the
ollowing result.

heorem 1.3. Let

F(s) =

∞∑
t=1

a(t)
t s

, (a(t) ∈ C)

be absolutely convergent for Re(s) > c > 0. Suppose that F(s) extends to a meromorphic
function in the region Re(s) ≥ c, having a pole of order k at s = c with residue r . Suppose
that |a(t)| ≤ b(t) where G(s) =

∑
∞

t=1
b(t)
ts is absolutely convergent for Re(s) > c > 0

nd extends to a meromorphic function in the region Re(s) ≥ c, having a pole of order
at s = c. Then, we have∑

t≤x

a(t) =
r

c(k − 1)!
xc(log x)k−1

+ O
(
xc(log x)k−2) ,

s x → ∞.

The case k = 1 yields the classical Wiener–Ikehara Tauberian theorem. If G(s) has
he Laurent series expansion

G(1 + s) =
ck

sk
+

ck−1

sk−1 + · · · + c0 + Om
(
|s|m

)
, (1.3)

as s → 0+, for some ci ∈ C and m ∈ N, then we obtain a saving of (log x)m in the error
term. More precisely, we have the following.
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Remark 1. Suppose G(s) satisfies the conditions of Theorem 1.1 and has the Laurent
eries expansion (1.3) as s → 0+. Then, by following the proof of Theorem 1.1 one can
btain∑

t≤x

b(t)
t

= ck
(log x)k

k!
+ ck−1

(log x)k−1

(k − 1)!
+ · · · + c0 + Om

(
1

(log x)m

)
. (1.4)

y applying partial summation to (1.4), we have as x → ∞,∑
t≤x

b(t) = x
k∑

j=1

(log x)k− j

(k − j)!
λk− j + Om

(
x

(log x)m

)
,

here

λk− j =

j−1∑
i=0

(−1) j−1−i ck−i .

A more general version of Theorem 1.1 where k is allowed to take complex values can
be found in Theorem II.5.4 of [17]. We thank Professor Tenenbaum for bringing this to
our attention.

Tauberian theorems have a rich history. Selberg [15] considered Dirichlet series of
the form f (s, z) =

∑
∞

n=1 az(n)n−s, (z ∈ C, Re(s) > 1). Letting B be a positive constant
depending on the particular function f (s, z), if

∑
∞

n=1 |az(n)|n−1(log 2n)B+3 is uniformly
ounded for |z| ≤ B, then Selberg showed that the coefficients of ζ z(s) f (s, z) =

∞

n=1 bz(n)n−s satisfy∑
n≤x

bz(n) =
f (1, z)
Γ (z)

x(log x)z−1
+ O

(
x(log x)z−2) ,

niformly for |z| ≤ B and x ≥ 2. This theory was further developed by Delange [4,5]
iving birth to what is now widely referred to as the Selberg–Delange method. However,
pecial cases of such series were handled by Landau [9] in 1908. A detailed treatment of
hese methods as well as more general and effective results can be found in Tenenbaum’s
ook [17, Chapter II.5]. Results in [17] give remainder terms of the form O(xe−c

√
log x )

for some c > 0 and rely either on analytic continuation in some region to the left of
Re(s) = 1 or on absolute convergence at s = 1 for a finite number of derivatives of the
Dirichlet series. Weaker conditions such as∑

p≤x

f (p) = (α + o(1))
x

log x
,

for some α ∈ C, where p denotes a prime, along with growth conditions on f have been
considered by Wirsing [20,21] to obtain results on

∑
n≤x f (n) with weaker error terms.

ecently, Granville and Koukoulopoulos [6] considered the condition∑
p≤x

f (p) log p = αx + O
(

x
(log x)A

)
, (x ≥ 2) (1.5)

for some α ∈ C and some A > 0. In [2], Bretèche and Tenenbaum refined these results
urther. Among other aspects, they also considered a short interval version of (1.5).



M.R. Murty, J. Sahoo and A. Vatwani / Expo. Math. 42 (2024) 125570 5

f

T
s
t

f
fi
t

w

I

N
h

f
i

The Wiener–Ikehara Tauberian theorem can be stated more generally in the following
orm. Let S be a non-negative, non-decreasing function. Suppose that

G(s) :=

∫
∞

1
S(t)t−s−1dt

converges for Re(s) > 1 and that there exists R such that G(s)− R
s−1 admits a continuous

extension to Re(s) ≥ 1. Then we have

S(x) = Rx + o(x). (1.6)

he question of strengthening the remainder term was investigated by Müger in [11]. He
howed that if G(s)− R

s−1 can be analytically continued to Re(s) > α for some α ∈ (0, 1),
hen

S(x) = Rx + Oϵ(xγ+ϵ),

or any ϵ > 0, where γ = α if R = 0; and γ =
α+1

2 if R > 0 and S(x) − Rx is of
xed sign for all sufficiently large x . Broucke, Debruyne and Vindas [1,3], demonstrated

hat in this general setup, analytic continuation of G(s) −
R

s−1 to the left of Re(s) = 1
cannot yield better remainders in (1.6). Our results can be understood in this context as
follows. In the special case when G(s) can be written as a Dirichlet series and S(x) is the
partial sum of the coefficients of G(s), if we have analytic continuation of G(s) −

R
s−1 to

Re(s) ≥ 1, we obtain an error term of x/ log x in (1.6). More constraints on the growth
of G(s) −

R
s−1 (such as in (1.3) with k = 1) lead us to stronger error terms of the form

x/(log x)m .

2. Preliminary results

We begin with some basic Fourier analysis. Let F be a smooth compactly supported
function on R. Then by Fourier inversion for the function F(t)et , we can write

F(t)et
=

∫
R

ηF (u)e−iut du,

here ηF is the Fourier transform of F(t)et . Thus, we have

F(t) =

∫
R

ηF (u)e−(1+iu)t du. (2.1)

n particular,

F
(

log t
log x

)
=

∫
R

ηF (u)t−
1+iu
log x du. (2.2)

ote that ηF is the Fourier transform of a smooth, compactly supported function and is
ence rapidly decaying, satisfying the bound

|ηF (u)| ≪A
1

(1 + |u|)A , (2.3)

or any A > 0, as |u| → ∞. For r ∈ N, we define the notion of a function f (x) being
ntegrated r times with respect to x as follows:∫ (r ) ∫

∞
∫ ∫
f (x)dx :=
xr =0 xr−1≥xr

· · ·
x1≥x2

f (x1)dx1 · · · dxr .
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Proposition 2.1. Let r ∈ N and F be a compactly supported smooth function satisfying
2.1). Then∫ (r )

F(t)dt =

∫
R

ηF (u)
1

(1 + iu)r
du.

Proof. Observe that for Re(s) > 0,∫ (r )

e−sx dx =
1
sr

.

From (2.1),∫ (r )

F(t)dt =

∫ (r ) ∫
R

ηF (u)e−(1+iu)t du dt.

The rapid decay of the functions in the integrand ensures that we can apply Fubini’s
theorem repeatedly to obtain the required answer. □

We state the following lemma which will give a convenient means of reducing multiple
integrals to single integrals.

Lemma 2.2. Let r ∈ N and f be a function with compact support in [0, ∞). Then∫ (r )

f (x)dx =
1

(r − 1)!

∫
∞

0
xr−1 f (x)dx .

Proof. Repeated use of Fubini’s theorem gives us,∫ (r )

f (x)dx =

∫
∞

x1=0

∫
0≤x2≤x1

· · ·

∫
0≤xr ≤xr−1

f (x1)dxr . . . dx1.

ow, ∫
0≤xr ≤xr−1

f (x1)dxr = xr−1 f (x1),∫
0≤xr−1≤xr−2

xr−1 f (x1)dxr−1 =
x2

r−2

2!
f (x1),

nd so on. We continue this until we are left with only the integral with respect to x1. □

In particular, from Proposition 2.1 and Lemma 2.2, we conclude that∫
R

ηF (u)
1

(1 + iu)r
du =

1
(r − 1)!

∫
∞

0
tr−1F(t)dt. (2.4)

We state a well-known partial summation formula below which is also known as Abel’s
identity.

Lemma 2.3. For any arithmetical function a(n), let

A(x) =

∑
a(n),
n≤x
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where A(x) = 0 if x < 1. Assume f has a continuous derivative on the interval [y, x],
here 0 < y < x. Then we have∑

y<n≤x

a(n) f (n) = A(x) f (x) − A(y) f (y) −

∫ x

y
A(t) f ′(t)dt.

. Proof of Theorem 1.1

The key idea of this proof is to twist the partial sum
∑

t≤x b(t)/t by a compactly
upported smooth function F , to be chosen later. This technique is often referred to as
moothing the required sum. Using (2.2), we have

∞∑
t=1

b(t)
t

F
(

log t
log x

)
=

∫
R

ηF (u)
∞∑

t=1

b(t)

t1+
1+iu
log x

du, (3.1)

where the interchange of the summation and integration is justified as follows. Note that
the series on the right hand side above is absolutely convergent as Re(1 +

1+iu
log x ) > 1

and by using (2.3) we conclude that the integral above is absolutely convergent, which
explains the interchange. For a fixed 0 < ϵ < 1, we partition the integral (3.1) into two
cases to write,∫

R
ηF (u)

∞∑
t=1

b(t)

t1+
1+iu
log x

du =

[∫
|u|<(log x)ϵ

+

∫
|u|≥(log x)ϵ

]
ηF (u)

∞∑
t=1

b(t)

t1+
1+iu
log x

du

= I1(x) + I2(x) (say). (3.2)

s G(s) has a pole at s = 1 of order k with residue R, the Laurent series expansion of
G(s) yields

G(1 + s) =
R
sk

+
c

sk−1 + O
(

1
|s|k−2

)
, (3.3)

or some constant c, as s → 0+. Using (3.3), in the region |u| < (log x)ϵ , we have
∞∑

t=1

b(t)

t1+
1+iu
log x

= R
(log x)k

(1 + iu)k
+ c

(log x)k−1

(1 + iu)k−1 + O
(

(log x)k−2

|1 + iu|
k−2

)
, (3.4)

since (1 + iu)/log x → 0, as x → ∞. From (3.2) and (3.4), we obtain

I1(x) = R(log x)k
∫

|u|<(log x)ϵ

ηF (u)
(1 + iu)k

du + c(log x)k−1
∫

|u|<(log x)ϵ

ηF (u)
(1 + iu)k−1 du

+ O
(

(log x)k−2
∫
R

|ηF (u)|
|1 + iu|

k−2 du
)

. (3.5)

y using (2.3), we see that the integral∫
R

|ηF (u)|
|1 + iu|

k−2 du

is absolutely convergent, hence the error term in (3.5) is ≪ (log x)k−2. We now estimate
he other integral I2(x). The rapid decay of ηF (u) gives

|ηF (u)| ≪A
1

,

(1 + |u|)2A
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as |u| → ∞. In the region |u| ≥ (log x)ϵ , we obtain

|ηF (u)| ≪A (log x)−ϵ A 1
(1 + |u|)A

, (3.6)

for any A > 0, as x → ∞. From (3.3), we deduce that

G(1 + s) ≪
1

|s|k
,

as s → 0+, which then gives the bound⏐⏐⏐⏐⏐
∞∑

t=1

b(t)

t1+
1+iu
log x

⏐⏐⏐⏐⏐ ≤

∞∑
t=1

b(t)

t1+
1

log x
≪ (log x)k, (3.7)

whenever x → ∞. Using (3.6) and (3.7), we have the bound

|I2(x)| ≪A (log x)k−ϵ A
∫

|u|≥(log x)ϵ

1
(1 + |u|)A

du,

or any A > 0, as x → ∞. Thus,

|I2(x)| ≪A (log x)−A, (3.8)

for any A > 0. Combining (3.1), (3.2), (3.5), and (3.8), we obtain
∞∑

t=1

b(t)
t

F
(

log t
log x

)
= R(log x)k

∫
|u|<(log x)ϵ

ηF (u)
(1 + iu)k

du

+ c(log x)k−1
∫

|u|<(log x)ϵ

ηF (u)
(1 + iu)k−1 du + O

(
(log x)k−2) .

Further, one can get rid of the condition |u| < (log x)ϵ on the domain of the integrals
bove and revert to R as follows. Consider for m ≥ 0,∫

|u|<(log x)ϵ

ηF (u)
(1 + iu)m

du =

∫
R

ηF (u)
(1 + iu)m

du −

∫
|u|≥(log x)ϵ

ηF (u)
(1 + iu)m

du.

Using (3.6), we see that∫
|u|≥(log x)ϵ

ηF (u)
(1 + iu)m

du ≪A (log x)−A
∫

|u|≥(log x)ϵ

1
(1 + iu)A

du ≪A (log x)−A,

or any A > 0. Thus,
∞∑

t=1

b(t)
t

F
(

log t
log x

)
= R(log x)k

∫
R

ηF (u)
(1 + iu)k

du + c(log x)k−1
∫
R

ηF (u)
(1 + iu)k−1 du

+ O
(
(log x)k−2)

=
R(log x)k

(k − 1)!

∫
∞

0
F(t)tk−1dt +

c(log x)k−1

(k − 2)!

∫
∞

0
F(t)tk−2dt

+ O
(
(log x)k−2) , (3.9)

pon using (2.4).
In order to obtain the partial sum

∑
t≤x

b(t)
t , we will choose F(t) to be a good

pproximation to the indicator function of the interval [1, x]. More precisely, we take
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0 < δ < log
(

⌊x⌋ + 1
x

)
(log x)−k, (3.10)

nd define F(t) to be a smooth function bounded above by 1, supported on [−δ, 1 + δ]
nd identically equal to 1 on [0, 1]. Since δ < log

(
⌊x⌋+1

x

)
(log x)−1, we see that

x1+δ < ⌊x⌋+ 1, so that this choice of F yields the required partial sum
∑

t≤x
b(t)

t on the
left-hand side of (3.9). With this choice of F , we have

R(log x)k

(k − 1)!

∫
∞

0
F(t)tk−1dt =

R(log x)k

(k − 1)!

[∫ 1

0
tk−1dt +

∫ 1+δ

1
F(t)tk−1dt

]
=

R(log x)k

k!
+ Ok

(
δ(log x)k),

since the second integrand is bounded in [1, 1 + δ]. For δ as in (3.10), the above error
term is

≪ log
(

⌊x⌋ + 1
x

)
≪

1
x
.

roceeding similarly for the second term in (3.9), we obtain∑
t≤x

b(t)
t

=
R(log x)k

k!
+

c(log x)k−1

(k − 1)!
+ O

(
(log x)k−2) .

inally, we use partial summation to obtain∑
t≤x

b(t) =

∑
t≤x

b(t)
t

t =
Rx(log x)k

k!
+

cx(log x)k−1

(k − 1)!
+ O

(
x(log x)k−2)

−

∫ x

1

(
R(log t)k

k!
+

c(log t)k−1

(k − 1)!

)
dt. (3.11)

erforming repeated integration by parts, we have∫ x

1

R(log t)k

k!
dt =

Rx(log x)k

k!
−

Rx(log x)k−1

(k − 1)!
+ O

(
x(log x)k−2) ,

nd ∫ x

1

c(log t)k−1

(k − 1)!
dt =

cx(log x)k−1

(k − 1)!
+ O

(
x(log x)k−2) .

ubstituting the above integrals into (3.11) and simplifying, we obtain∑
t≤x

b(t) =
R

(k − 1)!
x(log x)k−1

+ O
(
x(log x)k−2) ,

ompleting the proof. □

. Proof of Theorem 1.3

The proof of Theorem 1.3 can be reduced to the case of Theorem 1.1 in the usual
ay (see for example page 276 of [12]). We will indicate very briefly how this reduction
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can be made. First, if the coefficients a(t) are real, we can consider the Dirichlet series
F(s) − G(s) and apply Theorem 1.2. If the coefficients a(t) are not real, we consider

F∗(s) =

∞∑
t=1

a(t)
t s

,

and observe that

F(s) =
F(s) + F∗(s)

2
+ i

(
F(s) − F∗(s)

2i

)
.

One now applies the theorem to each of the terms on the right hand side to deduce
the result. Since F∗(s) = F(s), it is clear that F∗(s) is analytic in the same region as
F(s). This is evident from the Laurent expansion of F(s) at any point in the domain of
nalyticity.

In conclusion, the Wiener–Ikehara Tauberian theorem is a versatile tool in analytic
umber theory in that it gives “instant” asymptotic formulas using the simple principle
f analytic continuation of Dirichlet series.
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