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Abstract

We introduce the Turdn sieve method and apply it to the proba-
bilistic Galois theory problems in both the rational number field and
the function field cases. We estimate the number of polynomials of
degree n and height < N whose Galois group is a proper subgroup
of Sp. For the rational number field case, we get an estimate of
o(N"—1/3 (log N)?) and in the case of the function field over Fg,

we get O(N™~1 log, N).

1. Introduction

In 1934, Paul Turdn gave a very simple proof of the celebrated theorem
of Hardy and Ramanujan that the normal number of distinct prime
factors of a natural number n is loglogn. If v(n) denotes the number of

distinct prime factors of n, Turdn proved that

Z(u(n) — loglogn)? = O(zloglog z)

n<z

* Research partially supported by a Killam Fellowship.
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from which the normal order of v(n) is easily deduced. The summation
on the left hand side looks very much like the variance of the ‘random
variable’ v(n). Indeed, this similarity was amplified by Linnik when he
developed the powerful large sieve method. However, Turdn’s original
derivation of the Hardy-Ramanujan Theorem has concealed in it, in seed
form, an elementary sieve method. Undoubtedly, many of the experts
are aware of this and have in fact used the method (dubbed ‘the normal
order method’ in Hooley [5]) to solve cognate problems. Nowhere in
the literature is the inherent sieve method in Turdn’s derivation clearly

exposed.

The purpose of this paper is to derive the ‘Turén sieve method’ and
indicate a few of its applications. Most notably, we apply the method to
determine the probability that a random polynomial of degree n, either
in Z[z] or Fgylt, z], has Galois group equal to S,. This was treated by
Gallagher in the Z[z] case by using the large sieve method. We also treat
this case. Though our result is weaker than Gallagher’s, our method
is far simpler. It is surprising that in the function field case (which is
not treated by Gallagher) the elementary Turdn sieve gives the correct
exponent in the estimate. (See Theorem 3).

There are further applications of the results that are not touched
upon in this paper. Most notable is the counting of integral points on
algebraic varieties. For example, if V is an irreducible non-linear alge-
braic variety of dimension n over Q, then one can show using the Turdn
sieve below that the number of integral points on V whose ‘height’ (as
defined in [10]) is less than N is O(N"~1/3(log N)?) for n > 2. Though
better results have been obtained by Cohen in [2] and Serre [10], we feel
that our approach is simpler in that it avoids the large sieve. We do not
give the details of this here but refer the reader to [10] with the remark
that where the large sieve is used, the Turédn sieve can be used instead.

We now describe Turén’s sieve in an abstract setting.

Let S be a finite set and I be an index set. For each i € I, we use

Q(7) to denote some specified conditions and define

S; = {s € §: s satisfies Q(4)}.
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For each s € S, we define
ms(I) = #{i € I : s satisfies Q(i)}.

Since § is a finite set, we can write

ISE,==5{ISI4—eh
where we think of e; as an error term measuring the deviation of |3
from §; |S|. The 8;’s are arbitrary positive real numbers which we think
of as approximating the proportion of elements of S satisfying condition

For different 1, j € I, we assume that
|5: 0 851 = 6:8; S| + ey 5,

where e; ; is to be viewed as an error term.

Theorem 1 (The Turén sieve). Let v = Z b;, then
i€l
Do —v)2 =183 (1) + doej-wd e
s€S iel i,j€T1 i€l
here we use the convention that i = ej.
A simple consequence follows from the Turén sieve. We immediately

get an estimate for the number of elements of S not satisfying any of
the conditions Q(z) for i € I (and hence the appellation ‘sieve’).
Corollary 1.
: 5], 1 2
#{se S :m,(I) =0} < -t ) Z lei,;] + ;Zlezl
i,j€l i€l
Here, let’s indicate an elementary application of Corollary 1.

Let S = {n € N:n < z} and I the set of primes < z!/4. For each
p €1, let (p) be the property “divisibility by p”. Then

r

Sp = #{n <z : n satisfies Q(p)} = [;] = % + O(1).

Thus, §, = 3 and e, = O(1) in this case.



24 Yu-Ru Liu and M. Ram Murty

By Corollary 1,

£1/2

#{n < = : n is not divisible by p for all p < z1/4} <= + + = :1:1/4
v?

Now, the left hand side contains at least 7(z) — 7r(:1:1/ 4) elements. Also,

1
v = Z - > loglogz
p<al/4

by the following calculation:

Note that

R T

1
H (1+ —> > log .
p

pLz
Since e* > 1+ z, we find

H el/P = exp (

Therefore,

Z— >H(1+ )>>10g.’1:

p<Lz p<z p<z
so that
1
Z = > loglogz.
psz
Hence,

7(z) — m(zM%) <

loglogz
Since 7(z/4) < /4, we deduce that

m(e)=0 (log;l;gw> '
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This result can also be derived from the sieve of Eratosthenes [9]. The
present derivation makes no use of the Mobius function.

Fix n € N and let F(z) = z" + a1z"" 1 + ... + a, € Z[z]. We
denote Gal(F') to be the Galois group of the splitting field of F over Q.
Since F(z) is of degree n, Gal(F') is a subgroup of S,,. The probabilistic
Galois theory problem is to estimate the number of monic polynomials

of degree n whose Galois group is a proper subgroup of S,,. We define
the height of F', H(F'), to be

H(F) =max{19la1|a|a2'a"':|an|}

and
_ deg(F) = n, F is monic,
En(N)=4# {F(m) € Z[z] : HEOTF) < N and Gal(F) & Sn} ‘

In 1936, van der Waerden [11] gave an upper bound for E,(N). He

proved that
E,(N) <« N" Tzl

In 1955, Knobloch (7, 8] improved the result of van der Waerden to
E,(N)g N"~¢

with ¢ = m—.
In 1973, using the technique of the large sieve in several variables,
Gallagher (4] sharpened the result to
E.(N) < N*"Y2]ogN.
In this paper, by applying the Turdn sieve, we get
Theorem 2. E,(N) < N"~1/3(log N)2,

Remark 1. Though our result is weaker than Gallagher’s, our method
of the Turan sieve is far simpler. We also like to point out that what we
have called the “Turén sieve method” was already there in rudimentary
form in 1934 and this should be compared with the results obtained by

van der Waerden and Knobloch cited above.
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Remark 2. In the paper of Cohen’s [1], he gave a more general version
of the probabilistic Galois theory problem. Similarly, we can consider
the probabilistic Galois theory problem in the function field over IF,. It
is surprising that the Turdn sieve will give us the best possible upper

bound.

Theorem 3.
Po(N) = #{F(z) = 2" + a1(t)z" " + ax(t)z" 2 + -+ + an (1)
€ F,ft,z], H(F) < N and Gal(F) G S,}
< N1 log, N.

Here the height of F', H(F), is defined to be
H(F)= max{qdeg(ai(t)), 1<i<n}.

Remark. If ¢" < N < ¢"t1, then P,(N) = P,(¢"). Hence, without
loss of generality, in the case of function field over Iy, we may assume

N =q", a power of q.

2. Proof of the Turan Sieve

In this section, we prove the Turan sieve.

Proof of Theorem 1.

Do) =) =) (me(D)? — 2 Y ma(D) +|S|¥°
seS s€S )
=S5; — Sz +|S|v? (say)

From the definition of m4(I),

1= S m()? = YUY 12

s€S ses i€l
sES;
Interchanging the order of summation and rearranging terms gives:

S1=Y 3 1= Y IsinSi|+ > ISil.

i,J€I s€S;NS; i,j€T i€l
i
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By the definition of §;, e; and e; j, one finds

Sl=lSl Z 6i6j+ Z'ei,j+|slz5i+zei

i,j€l i,j€l i€l i€l

i i#5 (1)
=1SIQ 6 —1S1) 67+ S ey +1S1Y 6.

i€l iel ijel i€l

Similarly, we can show that

Se=20|8|) 6+ e ' (2)

iel i€]

Combining equation (1) and (2) yields

51—52+|SIU2 =|5| (Zéi—u) +|S|Z5¢(1—5i)

iel iel
i,jE€I iel
=|S|Z5¢(1—5i)+ Zei,j—2VZe,;. O
i€l i,5€l i€l

Proof of Corollary 1. Since (1 — ;) < 1, by Theorem 1,

D) =v)?* <1SIv+ Y leil+20 ) lesl -

sES 1,J€1 i€l

Notice that

V(s € S:my(I) = 0} < 3 (ms(I) — v)?,

s€S

Corollary 1 follows. O

3. Probabilistic Galois Theory in the rational

number field

We want to get an upper bound for

_deg(F') =n, F is monic,
En(N) = # {F(m) €Zlel: gy < N and Gal(F) G S, } '
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Let F,, be the finite field of order p and let F;[z] be the ring of polyno-
mials in z with coefficients in Fp. It is a Euclidean domain, and hence

is a unique factorization domain.

Lemma 1. Let N be the number of monic irreducible polynomials in
Fp[z] with degree k. Then

1 E
=z 2 u(dp
d|k
where p(d) is the Mobius function.
Proof. Define a set

A= {f(z) € Fplz] : f(z) is monic}.
Applying the method used to prove the Euler product for the Riemann
zeta-function, we have

Z Tdeg(f) — H (1- Tdeg(g))—l

feA geEA
g is irreducible

- ﬁ(l — Tk)=Ne,
k=1

On the other hand, for a fixed degree k, the number of polynomials in
A with degree k is p*. So,

Z Tdeg(f Zkak — pT

feA

Hence, we have

1
1-Tk
1—-pT I;:[:[l( )

Taking the logarithm on both sides and applying the identity

—log(1—1z) = Z—

we get

i=1 Jk=i

ST S (g 2
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Comparing the coefficient of T* in the equation, we get

P =) kN;.

ki
Applying the Mobius inversion formula, Lemma 1 follows. I

Given a monic polynomial F(z) € Z[z], if the factorization of
F(z)(mod p) has r; linear factors, 7o quadratic factors, r3 cubic fac-
tors and etc., we say F(z) has mod p type r = (r1,72,73, --). For a
permutation o € S,, if o has 1 cycles of length 1, r5 cycles of length
2 and etc., we say o has cycle type r = (r1,72,---). The above two
types are closely related: for a fixed type r, if there exists a prime p
such that F(z)(mod p) is of type 7, then there exists a permutation
o € Gal(F) C S, whose cycle type is 7. The converse is also true and this
is essentially a consequence of the Chebotarev density theorem. (See [3]
and [6])

Notice that: if Gal(F') G Sy, there exist a conjugacy class C of S, such
that Gal(F) N C = . Also, each cycle type represent a conjugacy classes
of S;,. Combine the above facts: if F is an element of B, (N), there exists
a cycle type = which is never represented by its Galois group. Hence, to
obtain an upper bound for E,(N), it suffices to get an upper bound for

_ F does not have mod p type r}

Ern(N) =# {F(:z:) € Bn(N): for all primesp > 3

Then, summing E,. ,(N) over all possible types r will give us an upper
bound for E,(N). In fact, there is a uniform upper bound for E, , for
all types r. Since the number of types r is bounded, to prove Theorem
2, it suffices to prove the following theorem which is also interesting in

its own right.
Theorem 4. E, ,(N) < N"1/3(log N)2.
Before proving Theorem 4, we need the following lemma.

Lemma 2. Fix a typer = (11,72, ), Z"‘kk = n. Let p be a prime
k
> 3. We denote by w(p), the number of monic polynomials in Fp[z] with
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degree n and of type r. Then

5(r
w(p) > 31-,,) n
here §(r) = H L
T ALt
k
Proof. From Lemma 1,
k
ENg = u(d)pd
dlk
> p* — (" + +---+p+1)
k
k — k
= — >p
PPy 2 —2p*”
2 1
> (1 - 5) ot > gpk (since p > 3).

Hence, w H (Nk Tk 1)

Il

Nk +rk—1)(Nk+rk—2) - Ny,

v

k

= 1

n T

1 1 (p* .
—_NTE > I I

1;[ Th! - H 75! (3’(7)

> —?E—) (since 1, < n). 1

Proof of Theorem 4. The proof is an application of the Turéan sieve.
Let S = {s = (a1,a2, -, an) € Z",|a;] < N}. For each s € S, we define
F(s) = 2" +a;z” '+ - +a,. Let I = {p: primes and 3 < p < z}.
For each p € I, we define Q(p) to be the condition that F(s) (mod p) is
of type 7, hence,

Sp = {s € §: F(s) (mod p) is of type r}
and m,(I) = #{p € I : F(s) (mod p) is of type r}.

Apply Lemma 2 and the following observation: fix a monic polynomial

#(z) in Fplz]. The number of monic polynomials F(z) € Z|z] with
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H(F) < N and F(z) = f(z) (mod p) is
2N +1 " _(@N+1)" N\
(22 o) = +o((p) )

p’ﬂ-

We have |Sp| = (2N + 1)n%£l +0 (w(p}N"—l) ’

pn—I
Hence, 6, = wp—(,{’l and e, = O(%).

n—1
Also, e, g = O(%) ifp#q

wp) o 2

By Lemma 2, v = Z o @.

p<z
Apply Corollary 1,
Ern(N) < #{s € 5,m,(I) = 0}

N™logz N"(logz)? g
z + Z2 Z N

<
p.g€l

N™I
+ Tng 26; % (note: w(p) < p™)
P

N™(log z)? 23
< P 1+ﬁ :

Choosing z = N1/3, we get Br n(N) < N"“l/3(logN)2. 1

4. Probabilistic Galois Theory in the function field

over F,

4.1. Reducible polynomials in F,t, z]

Before we start the function field version of the probabilistic Galois
theory problem, we estimate first the number of reducible polynomials
in Fy[t, z]. More precisely, we find an upper bound for
Bn(N) = #{F(z) = 2™ + a1 (t)a" " + a2(t)2" "% +- - + an(t)

€ Fylt,z], H(F) < N and F is reducible}.
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Fix a monic irreducible polynomial v(t) € F4[t] with degree n,. We
define F, to be F,[t]/(v(t)), a finite field with g™ elements. Let F,[z]
be the ring of polynomials in z with coefficients in F,,. It is a Euclidean

domain, and hence is a unique factorization domain.

Give F(z) = z" + a1(8)z™ ! + -+« + an(t) € Fyt,z]. We de-
note F(z)(mod v(t)) = z™ + ur(£)z" "1 + - -+ + un(t), where a;(t) =
u;(t)(mod v(t)) and deg(u;(t)) < deg(v(t)). Since F[z] is a unique fac-
torization domain, we can factor F(z)(mod v(t)) as a product of monic

irreducible polynomials.

Lemma 3. Let Ny be the number of monic irreducible polynomials in
F,|z] with degree k. Then

N = %Zu(d)(q"‘")k/d-
dlk

Proof. The proof is an analogue of Lemma 1, except replacing p by

qm. U
Theorem 5. R,(N) < N""llog, N.

Proof. The proof is an application of the Turén sieve.

Let S = {s = (a1(t),a2(t), -, an(t)) € (Ft])", qdee(e:(t)) < N}. For
each s € S, we define F(s) = 2" +a;1 ()" 1+ -+ an(t) € Fyt, z]. Let
I = {v(t) € F,t] : v(t) is monic, irreducible and 2 < deg(v) = ny < z}.
For each v(t) € I, we define Q(v) to be the condition that F(s) (mod

v(t)) is irreducible, hence,

S, ={s €S : F(s) (mod v(t)) is irreducible}
and 7, (I) = #{v(t) € I : F(s) (mod v(2)) is irreducible}.
We observe that for a fixed monic polynomial f(z) of degree n in Fy ],
there are g{°%a V=" +t1)" many s € S such that F(s) = f(z) (mod v(2)).
Hence, we have

N,

1Sl

|S'UI - q(logq N—’nfu+1)nNn and lS’U‘ —
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We set 6, I,YM and e, is 0. Also, ey = 0 if v # w. Applying the
same method in the proof of Lemma 2,

N > i( Nn)n.
3n
Hence,
Z
v > Z — > —.
vEI

Applying Corollary 1, we get
q(logq N)n
R,(N)<#{se Snms(P)=0} < —F—=

qZ

Choosing z = log, N, the theorem follows. |

4.2. Probabilistic Galois theory in Fg[t, x]

We want to get an upper bound for

Po(N) = #{F(z) = 2" + a1(£)z™ 1 + ax(t)z" 2 4 - - - 4 an(2)
€ Fylt,z], H(F) < N and Gal(F) G S,.}

Remark. We notice the fact that not all polynomials in Fg¢, z] are
separable. However, in our case, the number of such polynomials is neg-
ligible. Indeed, consider F'(z) € Fy[t,z] of degree n. By Theorem 5,
without loss of generality, we can assume that F'(z) is irreducible. More-
over, for an irreducible polynomial F(z) € Fy[t, ], F(z) is inseparable
if and only if F(z) = G(2P) for some polynomial G. Hence, if p { n, F(z)
is always separable. Otherwise, the number of inseparable polynomials
is at most O(N %), which is negligible in our cases. Hence, without loss
of generality, we can assume that all F(z) in the correspondence set of

P,(N) are separable, hence Gal(F) always exist.

For a monic irreducible polynomial v(t) € Fqt], we define mod v(t)
type in the obvious way. As before, to obtain an upper bound for P, (N),
it suffices to get an upper bound for
P, n(N) = #{F(z) € P,(N) : F does not have mod v(t) type r for

all monic irreducible polynomials v(t) which is of degree > 2}.
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We prove
Theorem 6. P.n(N) < N""!log, N.
The analogue of Lemma 2 in the function field is the following:

Lemma 4. Fixatyper = (r1,r2, ), Z'rkk = n. Let v(t) be a monic,
k
irreducible polynomial in Fg4t] which is of degree > 2. We denote by

w(v), the number of monic polynomials in F,[x] with degree n and of
type r. Then,

1
here 6(r) = ];I T
Proof of Theorem 6. The proof is again an application of the Turdn
sieve.
Let S = {s = (a1(t),aa(t), -, an(t)) € (Fqlt])", q8(%*) < N}. For
each s € S, we define F(s) = 2™+ a1(t)z" " +- - -+ an(t) € Fyft, z]. Let
I = {o(t) € F,[t] : v(t) is monic, irreducible and 2 < deg(v) = ny < 2}
For each v(t) € I, we define £(v) to be the condition that F(s) (mod
v(t)) is of type r. By Lemma 4 and Corollary 1,
w(v
150 = 42 15

q”v n

The rest of the proof is just the same as the proof of Theorem 5, except
replacing N, by w(v). O

5. Concluding Remarks

Given F(z) = 2" + a12" 1 + -+ + an € Z[z] with H(F) < N, if we
assume a, = 0, Gal(F) is a proper subgroup of Sy,. Since the order of
such elements is N*~1, we have

E,(N)>» N™" 1

By the same argument, we can show that P,(N) > N n—1 Tn 1936, van
der Waerden [11] conjectured that E,(N) <« N™~1.
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By developing the large sieve in function fields over finite fields, it is

possible to prove the following:

Theorem 7. The number of the set

{F(z) =z" +a1(t)z" "+ + an(t) € Fylt, 7]

_deg(ai(t)) < N }
"and Gal(F) G Sp

is € Nn—1,

The details are involved and we relegate this to a further paper.
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