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mi, me, mg, —3mimz, —3mamsz, — 3mimsz, Mmimams

are not squares, there exists a pair of elements a,b € S such
that

#{p <z : pprime, amodp € (b) mod p} > %.

log” x
Further, under the assumption of a level of distribution greater
than z3 in a theorem of Bombieri, Friedlander and Iwaniec (as
modified by Heath-Brown), we prove the following conditional
result. Given any two multiplicatively independent integers
S = {m1,ma} such that

my, mz, —3mims

are not squares, there exists a pair of elements a,b €
{m1,m2, —3mimsa} such that

log 1
#{p <z : pprime, amodp € (b) mod p} > rogogr logzog:c.
og’x
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1. Introduction and statement of the theorem

A well known conjecture of Artin [1] from 1927 states that any integer a, which
is neither -1 nor a perfect square, is a primitive root for a positive density of primes p.
Further, Artin conjectured the density of the set of such primes. If A is the largest integer
such that a is a perfect A-th power then Artin proposed that the number of primes p < x
such that a is a primitive root modulo p (denoted N,(x)) is asymptotic to

C(a) Li(z)

where
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o)D)

pth plh

However, calculations later revealed that the value of the density, C'(a), was incorrect
for certain values of a and a correction factor was required. In 1967, Hooley [6] proved a
corrected form of Artin’s conjecture, under the assumption of the Generalised Riemann
Hypothesis for certain Dedekind zeta functions. Let a; be the squarefree part of a and
h as before. Then,

x
Nfa) ~ Cila) s
where
C((Z), if ay % 1 mod 4
@ (a) - 1 1
1 — p(fasl) H — H —— C(a), otherwise.
p p
I)‘({ll,h) plal
pth

However, unconditionally the problem is still intractable but there has been some
progress in this direction. Several variants, generalisations and weaker conjectures con-
nected to Artin’s primitive root conjecture have appeared and have been studied. An
obvious restatement of Artin’s conjecture is as follows. Consider the set

L={p : F, = (a) mod p}.
Artin’s conjecture gives an explicit asymptotic for the growth of this set. In particular, it

states that this set has positive density. We may consider the following weaker problem.
Let

L={p : F, = (a,b) mod p}

for two multiplicatively independent integers a and b which are not perfect squares.
Then, is the set L infinite? In 1984, Gupta and Ram Murty [4] proved that the above
problem can be successfully resolved if one replaces two multiplicatively independent
elements by three primes. Further, they used linear algebraic tools to isolate a set of 13
elements from the monoid generated by these three elements and showed that at least
one of these 13 elements is a primitive root for at least cx/ log? z primes p < z, for some
positive constant c.

In 1985, this argument was refined by Heath-Brown [5] to show the following.
Given three multiplicatively independent integers ¢,r and s, suppose that none of
q,7,8,—3qr,—3qs, —3rs or qrs is a square. Then the number of primes p < x for which at
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least one of ¢,r and s is a primitive root is at least cz/ log? z, for some positive constant
c. In particular, if ¢, and s are primes, at least one of them is a primitive root for
infinitely many primes.

In 1997, Ram Murty used a zero free region hypothesis to show that at least one of ¢, r
and s is a primitive root for a positive density of primes p < x. Here, once again, ¢,r and
s are multiplicatively independent integers such that none of ¢, r, s, —3qr, —3¢s, —3rs or
qrs is a square.

However, note that, till date we do not know a single integer which is a primitive root
for infinitely many primes.

We are now interested in a variant of Artin’s conjecture and would like to apply the
techniques of these papers to deduce new results about this variant. Before we state this
variant, let us rephrase Artin’s conjecture once again. Given any integer a let

P, = {p prime :bmod p € (a) mod pU {0 mod p} for every b € Z}.

Artin’s conjecture states that for an integer a which is not —1 or a perfect square, P,
is infinite. Note that this set P, is independent of b. Let us, once again, pose a weaker
question which we may be able to answer more easily. In order to do so, for any two
multiplicatively independent rational numbers a and b, we define the set

P, = {p prime :bmod p € (a) mod p}.

We now ask the question: Given any two multiplicatively independent rational numbers
a and b, is P, infinite? This has been termed the “Two variable Artin’s conjecture” by
Moree and Stevenhagen [9] and it has been proved unconditionally. This conjecture is
known as a special case of a result of Pélya [11]. Moree and Stevenhagen give an alternate
proof in [9] and go on to pose the following question. Given any two multiplicatively
independent rational numbers a and b, does P, ; have positive density? They answer this
question in the affirmative under the assumption of the Generalised Riemann Hypothesis
for certain Dedekind zeta functions. More precisely they prove that

#{p< T:peE Pa,b} ~ [Ca,bH <1 - pgp_ 1>] Liz
p

for some positive constant ¢, ;. Moreover when Q*/(—1, a, b) is torsion free they compute
the value of the constant c,p. In 2019, Ram Murty, Séguin and Stewart [14] uncondi-
tionally proved that for non-zero integers a and b with |b| # 1

#{p<z:p€ Py} >loga.

In the same paper they show the following disjunction theorem. For a, b integers which
are not —1 or perfect squares with (a,b) =1,
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#{p<z:pePpyUP} > Lz
log” x

In particular they show that for any two co-prime integers a,b which are not —1 or
perfect squares,
x

#Hp<z:pePipUP > —
log” x

Therefore by pigeon hole principle, this gives us the existence of infinitely many pairs of
integers (a, b) for which

X
#p<z:pePopp > —5—.
log” x

In this paper, we improve this result to show the following.
Theorem 1. Let W = {mq,ma,m3} be a set of three multiplicatively independent integers

such that none of my, ma, mg, —3mime, —3meoms, —3mszmy, mimsms is a perfect square.
Then, there is at least one pair of distinct elements a,b € W such that

logl
#{p<z:pe Py}t > TOo808 % ogQng.
log” x

As a consequence we now have the following corollary.

Corollary 2. There is at most one prime my such that

log1
#{pgx:perthUPm%ml}0<x0g0gm)

log?
for all primes mo distinct from my.

The proof of this main theorem employs the use of well-factorable weights and the
following theorem of Bombieri, Friedlander and Iwaniec [2] (as modified by Heath-Brown

[5])-

Theorem 3. [Heath-Brown; Bombieri, Friedlander and Iwaniec (see [2], [5])] Let a,k be
positive natural numbers with (a, k) = 1. For any positive natural number q with (¢, k) =
1, let

u; = amodk and ug = 1modg.

Fiz a positive integer A > 0 and a real number § < 4/7. For every well-factorable function
X of level %, one has
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 Li(z) x
> o) (W(qu,uq) SO(QR)) <

T
(@R log” x

The constant in < depends on a, A, k and 0.

The second theorem of this paper proves a conditional result assuming a level of
distribution of z#* with p > % in the above.

Theorem 4. Assume the above result of Bombieri, Friedlander, Iwaniec and Heath-Brown
with a level of distribution x* with p > % Let mq, mo be two multiplicatively independent
integers such that my, mo, —3mims are not perfect squares. Then, there exist elements
a,b € {my,ma, —3mims} such that

#{p<ax:p€Pupt> w.

log” x

Suppose we use EH(a) to denote the assumption of a level of distribution of z®
in the Bombieri-Vinogradov theorem, we note that EH(a) with o > 2/3 implies the
Bombieri, Friedlander, Iwaniec and Heath-Brown theorem with a level of distribution as
required by Theorem 4. Thus, our assumption is substantially weaker than the Elliott-
Halberstam conjecture. It is conceivable that such a hypothesis is within reach of current
sieve technology.

In section 2 we introduce some preliminaries required for our proof. In section 3 we
prove some sieve theoretic lemmas and in the penultimate section we prove our main
theorem. This is followed by the last section where we show the conditional Theorem 4.

2. Preliminaries

In this section we introduce some of the preliminaries required for the proofs of our
theorems. We begin with some definitions and notations. Let

< x : p prime},
<

x : p prime, p = e mod d}

(n) {(l)r if n is squarefree and a product of r distinct primes,
pu(n) =

0 otherwise.

We will now briefly discuss some notations required for the statement of the Rosser-
Iwaniec sieve which we will use to find the lower bounds. Let A be a set of integers, P
be a set of primes and z > 2 be a real number. We define
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S(A;P,z) . =#{n:ne A (n,P(z)) =1} where P(z) = H p.

Pz
pEP

For ¢ square free we define
Ay :={a€ A:a=0mod g}

and let wg be a function such that WOT(MX will give an estimate of #.4,, for p prime where
X denotes the size of the set A. For any prime p we define another function w as

w(p) = wo(p) if peP
0 if p¢P.

We set w(1) = 1. For any square free number ¢, w(q) = Il,,w(p). Further, for any square
free number ¢, define

= —M and le z)= —M
R, = #A, qX dlet  V(z) H<1 ).

We further assume that by the choice of w, we have

V(z1) _ logzo C
< 1 for 29 > 2, > 2 1
V(zz) =~ logz + log z1 otz z A (1)

where C' is some constant > 1. We now introduce a few definitions required to introduce

the Rosser-Iwaniec sieves.
Definition 5. An arithmetical function A is said to be of level Q and order k if

Q =min{g € N: A\gq) =0} and k= min{u € N: |\(q)

<du(q) Vg €N}

Here d,(n) denotes the number of ordered ways of writing a natural number n as a
product of u natural numbers.

We now introduce the notion of well-factorable weights
Definition 6. An arithmetical function A of level @ is said to be well-factorable if for any
Q1,Q2 with Q1Q2 = @, there exist two arithmetical functions A1, Ao of levels at most

Q1, Q2 and of bounded order such that A = Ay * Ao.

Remark 7. Note that given two arithmetical functions A, M of levels @, Q' and orders
k, k' the function A * X has level at most QQ’ and order k + k.
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We now state the Rosser-Iwaniec upper and lower bound sieves. The novice can find
a gentle introduction to the lower bound sieve in Chapter 10 of [3].

Theorem 8. (Rosser - Iwaniec [7], [8]) Let 0 < 7 < g, 2 < z < Qz. Under the above

notation, we have
S(A,P,2) < XV(2)(F(logQ/log2) + E) + Y > M (q)Ry
I<L q|P(z)

S(AP.2) > XV (2)(f(log Q/log2) = E) = Z A

I<Lq|P(z

Here, L depends only on T and )\T,A; are well-factorable functions of order 1 and of
level Q. The constant E satisfies

E=0 (T +7'_8€C/10g% Q) .

Here C is the constant appearing in (1). The continuous functions F(s) and f(s) are
defined recursively by
F(s) =2¢e"/s, f(s)=0 for s <2,
(sF(s))' = f(s = 1), (sf(s)) = F(s = 1) fors>2,

and v denotes the Euler-Mascheroni constant.

We will now state two important theorems required to estimate the error terms in the
application of the Rosser-Iwaniec sieve in our context. These are the well known theorem
of Bombieri, Friedlander and Iwaniec, as modified by Heath-Brown and a mean value
theorem due to Pan.

Theorem 9. [Heath-Brown; Bombieri, Friedlander and Iwaniec (see [2], [5])] Let a,k be
positive natural numbers with (a, k) = 1. For any positive natural number q with (q,k) =
1, let

uq = amodk and ug = 1mod gq.

Fiz a positive integer A > 0 and a real number 0 < 4/7. For every well-factorable function
X of level %, one has

Li(x) T
2 @ (W(x’qk’u'» - w(qk)) S logia

The constant in < depends on a, A,k and 6.
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Theorem 10. [Pan [10]] Let

m(X;a,d )= > 1

ap< X
ap=l mod d
p prime

and let j(a) be a real valued function satisfying the conditions

S i) <zlogme, Y Y i) <wloga

n<x n<x  dn

where a1, ay are positive constants. Given A > 0 there is a B = B(A, a1,a3) such that

; 1
max max Z j(a) (W(y;a,d,l) - M) < X

2 A
T v =1 Lo o(d) log™ X
logF X (a,d)=1
and 0 < e < 1.

We add here a standard result in analytic number theory which we use in our proof.

Lemma 11 (See Exercise 2.5.1 of [13]). Let di(n) denote the number of ordered ways of
writing a natural number n as a product of k natural numbers. We have

Z dp(n) < zlogh ™z

n<x

for every natural number k > 2.

Finally, we conclude this section with a result from [12] due to Ram Murty (see also
Gupta and Ram Murty [4]).

Lemma 12. (Gupta and Ram Murty [4], Ram Murty [12]) Suppose that {qi1,...,qn} is
a set of n multiplicatively independent integers. Let T' = {qf*---¢%" : a; € N} and
I'y ={bmodp:beTl}. Then

n41
3

#{p: p is prime and |T')| <y} < y =
3. Some sieve theoretic lemmas
In this section, we prove some sieve-theoretic lemmas required to prove our main

theorem. Throughout the discussion, ¢, €1, €2, €3, will denote sufficiently small positive
real numbers.
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Lemma 13. Let K = 2% for some k € {1,2,3}. Fizr u,v such that (u,v) =1, K|(u — 1),
16Jv and (“T_l,v) = 1. Further, let  be a positive real number greater than 1/4 and

oI G G2

p>2 plv
p>2

There exists an > 0 and a set M(x,n) of primes p < x of size

(1+0(1))2e 7¢1 f(4/7a) Li(x) log log "
ad(v) log

#HM(x,n) =

)

such that for all p € M(z,n), we have:

(a) p = umod v;

(b) there exists exactly one odd prime £, < x" such that {,|(p — 1);
(¢) any odd prime pi|(p — 1) with p1 # €, satisfies p1 > z%;

(d) (p—1)/K¥L, has at most three prime factors.

Here f is the function introduced in Theorem 8.

Proof. Fix a prime ¢ < z, where 7 is a positive quantity to be chosen later. Define

p—1 _ _ }
A { 7 PSP umod v, p=1mod/

Let Py = {2 < p : p prime, (p,vf) = 1}. Now for any square free integer ¢ such that
(g,2vf) =1, define

Agg :={a € Ay : gla}.
We note that
#HApy = #{p <z : pprime, p=wumodv, p=1modlq} = m(x,vlq,ey)

for some eyq (such ey, exists by the Chinese remainder theorem as v, ¢, ¢ are pairwise
coprime). We know that

Li(z) w(q)
= A\ = X, 2
#Azq ¢(U€q) + Rq 1 p + Rq
where X; = % and
Li(z)

roq = Ry = m(xz,vlq, e4q) —
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For any square free integer g,

# if ¢ is supported on the primes in P,
w(q) = § 9
0 otherwise.

We apply the lower bound sieve in Theorem 8 with z = z® and @ = z* to deduce,
for e sufficiently small

S(ALPea*) 2 X1 ] (1——>{fu/a —e =3 > N(@re (2

p<ae plol d<L q|P(z%)

Here the A, are well-factorable functions of level @) = z* and order 1 as in Theorem 8
and Theorem 9. We choose u = % — ¢ and @ = 1/4 + €5. By the argument on Page 33
of [5], we have

TR BIRRHIE=S (et [ N
p>2

We now sum over all odd primes ¢ < z". Let us first consider the inner sum of the second
term in (2), on summing over all £ < 2" we get

> YN @rae= Y > Ad (a)-

<z q|P(z®) b<oHtn b=Lq
£ odd prime g<z* (q,0)=1 (<2 q<at (q,0)=1
¢ odd prime, q|P(z®)
Let us use 1,¢,n to denote the indicator function of the odd primes less than 2" and
14| p(2o),a<an to denote the indicator function of square free ¢ | P(2®) and less than z*.
Then,

Z Z A (@rge = Z T Z Ad (@) Lpgan (£).

o<z q|P(z%) bt b=lq
¢ odd prime g<z#,(q,0)=1 bleP(x)

It is now obvious that the inner sum is a convolution of two functions. We know that A}
is a well-factorable function of level z# and we claim that

)\; * 1pgggn

is a well-factorable function of level z#*27. Since the convolution of a well-factorable
functions of level ()1 and )5 is a well-factorable function of level Q1 @2, it suffices to show
that 1,<,n is well-factorable of level 7. This follows from the following decomposition.
Let M and N be two positive real numbers such that MN = z27. Without loss of
generality we assume M > z". This implies that
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Licon(m) = > Y 6(b)1pcan(a)

a<M bKN
ab=m

where 0(b) is 1 iff b = 1 and zero otherwise. Now by Theorem 9, for some 7 > 0 satisfying
w+2n < 4/7, we get

Z S(Ag;Pg,xa) > (1 + 0(10)[)261677 Z m{f@j/a) B 6}

1<z <z
¢ odd prime ¢ odd prime

+O( . )
log” x

oI G G

p>2 plv
p>2

where

For €; and ey sufficiently small we have 2 < p/a < 4. Further by continuity of f in the
interval [2,4], we get

flu/a) =2 f(4/Ta) —e.

This implies

) o (14 o(1))2¢1e~7 Li(z) log log 7
> S(As P = ao() oz z

<Lz
¢ odd prime

{F(4/70) —2¢}. (4)

Let us now define for a prime ¢ < z"

-1
)= {pK—Z:pgx, p = u mod v pElmodﬁQ}.

For (q,vl) =1, let Ay, = {a € A} : q | a}. Therefore, we have for (¢,vf) =1,
#Ay, = #{p <z : pprime, p=1mod 2q, p=umod v} = 7(x,vl%q, ep2,),

and

Li(z)
o(vl?q)

w(q)

+ R/

#Azq = Rfll =X q

where X| = % and

Li(x)
o(vl?q)’

I pl 2
Tp2, = Ry = (2,007, ep2y) —
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We now apply the upper bound Rosser-Iwaniec sieve (Theorem 8) with z = Q = z*, to
get

, " Li(z
S(A; Pey )<<¢(1§€2)) II (1——> SN M@, (5)

p<z? d<L q|P(z")
PEPe (g,2v)=1

Summing both sides of (5) over £ < z" for the same 7 as before and arguing as before in
the lower bound, we get by Theorem 9

S S(Ay Pt < Z H (l‘ﬁ)“)(i?’)

<Lan E<x" log x
:DGPIZ
By (3), we get
/ ’ €
Z S(Ay; Pp ) < —5—. (6)
<o log” x

Then

#M@,n) = > S(AsPra®) = Y S(A; P ")

A L<an
£ odd prime

By (4) and (6), there exists an n > 0 such that for every ¢ > 0

(14 o(1))2e "¢y Li(z) log log 7

#M(z,n) > ag(v) logx

{f(4/7a) —2¢}. O (7)

Lemma 14. Let K = 2F for some k € {1,2,3}. Fiz u,v such that (u,v) =1, K|(u — 1),
16]v and (%,v) = 1. There exists an n > 0 and a set T*(x,n) of primes p < x of size

zloglogx

K log? z

such that for all p € T*(x,n), we have:

(a) p=umod v;

(b) there exists exactly one odd prime £, < x" such that {,|(p — 1);

(c) any odd prime p1|(p — 1) with p1 # £, satisfies p1 > ™ with o > 1/4;
(d) (p—1)/K¥t, has at most two prime factors.

Proof. We now use the Chen-Iwaniec switching method to remove those primes with
exactly three prime factors from the set M(x,n). To this end, we apply the upper bound
sieve as indicated in Theorem 8. Let
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B, = {1 + Kilpipaps < x: p; =2z, 1+ Klpipaps = umod v}.

This is a multiset and the six different orderings of p1, p2, p3 are to be counted as distinct.
If (¢, fv) = 1, then

#Big = #{b € Be: q|b} = #{pripaps <y: pi =2 2%, pipaps =tg mod qu/ K},
where y = (z — 1)/K¢ and t4 is the common solution of
Kty +1=wmod v, Kty +1=0mod q. (8)
Let

ge(a) = #{lpops = a : pa,p3 >z}

By the definition of u and v we only count a such that (a,v/K) = 1. Note that g;(a) <
d3(a) where dsz(a) is the number of ordered ways of writing a as a product of three
natural numbers. We now write

X, ::% S gila)(mlyt/a) - w(a®)).
(Zf}y/[;?)zl

Further for any prime g co-prime to fv,

w(q)X
#qu: (q) 2 +Rq,
where w(q) = ¢/(¢— 1) and
Ry= Y gad)[E(y;a1,qv/K, ty) — E(a12*;a1,qv/K, ty)]
ar<yz”
(a1,qv/K)=1
with
m(y/a1)
E(y;a1,qu/K,t,) = w(y;a1,qu/ K, t,) — ———=.
(y 1 / q) (y 1 / q) ¢(qU/K)

By partial summation and the prime number theorem, we have

71’

Y gla)(r(yt/a) — m(a N_/E %

a<lybe ™" a<st
(a,qu/K)=1

Putting 2z = y¢/t and writing the asymptotics for 3, ., ge(a)
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yL/2 p y/(22%) y/(p22) dpad
? P20p3
l/a) — m(z®)) ~ —
> alarltfa) ~w) ~ [ 2 |
aLyler™ < o o o
(a,qv/K)=1
Changing the order of integration
y/a® J y/(p2z) J y/(p2p3) J
P2 P3 z
l/a) —mw(x®)) ~ .
3 adalrlotfe) (e [ A

(a.qv/K)=1

Putting po = 2%, p3 = 2% and using the main term of Li(z) we get

Z ge(a)(m(yl/a) — m(z*))
(g f)—1

1—2a—log, ¢ l1—a—0-log, ¢

N / p2df / psdy  y/(paps)
6 Y log(y/(p2ps))

(6% (63

1—2a—log, ¢ 1—a—0—log, ¢

Y / / dfdy 1
log x 01 1-6-— Y —log, 0

« «

1-2a—log, £ 1—a—0—log, £

y dody 1 _ =D/t
Xz~ o(v/K)logx / / ) 10— ¥ —log, £ =1 o(v)logx

(03 (03

where

1-2a—log, £ 1—a—0—log, ¢

r- [ log, ¢

[e3 [e3

Note that if 2% || v, then
$(v/K) - K = ¢(v/2%) - p(2" [K) - K = ¢(v/2") - 2 7F 7128 = g (v).

Now consider the integral

1—2a—log, ¢ 1—a—0—log, £ 1-2a—log, £ 1—a—0—log, ¢
déd 1 1
/ / v. < — / / dfdy
Op 1—-0—¢—log, l =~ a3
« l—-a—60—n et l—-a—0—n

Therefore
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1-2a—log, £ 1—a—0—log, ¢

dfdy 1 < (1—-3a)n
/ / 0 1—0—— log,, ¢ ad

« l-a—0—n

Similarly if we consider

1-2a—log, £ 1—a—60—n
/ dodi 1 < (=20
0y 1—60—1—log, ¢ as

1-2a—n o
Let

1-2a—n1—a—0—n

-] W e

Then for n sufficiently small
I" =1+ O(n).

Further

1-2a—n

do l—a—-60-—7q
= 1 .
! / 0(1—6—n) Og( o )

«

On the other hand, by the Rosser-Iwaniec upper bound sieve (Theorem 8) for z = y'/2~¢3

we have

S(BL Py ) < Xa(F() +o) ] (1——)+L Z do(@) ()R] (9)
1/2—e3

1/2—e3
PEPe (q lv)=

where F(1) = 2¢" and dz(g) is the number of divisors of ¢. To estimate the error we use
Cauchy-Schwarz inequality. We now get

S]]
N

Z dz(Q)MQ(QNqu < Z || ) Z (dQ(Q))ZNQ(Q)‘Rﬂ

<yl/?es <yl/2-es <yl/2-es
(g,tv)=1 (g,tv)=1 (g,6v)=1

Therefore we now need to estimate
Z |Rq| < Z Z d3(ar10)|E(y; a1, qu/ K, tq) — E(a12%; a1, qu/ K, t4)]-

q<y1/2—53 q<y1/2—e3 algymfa
(g,tv)=1 (¢,tv)=1 (a1,qv/K)=1
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We now observe that the hypothesis of Theorem 10 holds for j(n) = ds(n) by Lemma 11
and the fact that
ng,(m) = d4(TL> and d3<a1f) < 3d3(a1).

m|n

By Theorem 10, we have for £ < z",

x/l
Z IR, < yA < /A
Yz log”y  log™x
(\q,év)zl

For the other sum, we get

2 Y
> (da(9)*P(g) - S(qu/K) Z_a d3(a)

> (d2(9)1* (@) Ryl <
q<y1/2763 q<y1/2*€3 alyzx
(g,4v)=1 (g,4v)=1 (a,qv/K)=1
2
ylog”y 9 o 1
< (d2() 1 (q) - —=
o0/ K) Z o)
(g,4v)=1

2 6
ylog™y < 4 ) ylog”y
L —= I | 1+ < .
P(v/K) vt/ p—1 P(v/K)

Now summing over the primes ¢ < z', we get

x/l x
Y. Y G@E@IRl< D) AP (10)
< <yl/?—s <o log™ x log T
¢ odd prime

¢ odd prime (q,6v)=1

For the upper bound, we get by (9) and (10)

K:—; (I4+o0(1))de ey - F(1)

; ) 5(36,P6’$1/2_€3)<é )

< <z
¢ odd prime ¢ odd prime
x/l x
-2(I+0 +0 .
( (n))é(v) log2 x (logA1 x)

_ 4 x loglog "
< (1+o0(1 Yoy - F(1)-=(I+0 —_—
(14 o(1))e~er - F(1) - 51+ 0() T8

Therefore, we have
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#T"(x,m) = #M(z,n) — é 3" 5By, Pryat/?)

<z

_zloglog z"

> e (1+0(1))e (2a1f (%) - %(I + O(n))F(1)> ; (11)

¢(v) log® z
and for 7 sufficiently small
1/2—2e5—n 1/2
I1<2 / %d9<2/;(&gf’7‘;f%d9:2loglﬁ:+0(n).
1/44¢; 4

Since f(u) = 2e7u" log(u — 1) for 2 < u < 4, we get the following lower bound for the
left hand side of (11)

er(1 + o(1)) 2 loslogz” <7log (7‘; - 1) “Sug O(n)))

log” x 3
x log log x"

> (0.225+ O(n))er (1 + o(1)) log? z

for the choice oo = % + €5. This completes the proof. O

4. Proof of Theorem 1

In this section we give the proof of our main theorem.

Lemma 15. With notation as in the previous lemma, there exists a 6 = 6(n) such that
0<n <0 and a subset T(x,n) of T*(x,n) with size

log1
s F ogzogx
log” x

such that if p € T(x,n) and (p — 1)/K{, has ezactly two prime factors by < {1 then,
by < 1‘1/2_6.

Proof. Clearly E% <z Fix £ < 2" and /279 < ¢ < xz1/2, By Brun’s sieve, the number
of primes p = 1 mod K¢/, such that (p — 1)/ K¢y is free of prime factors less than z* is
bounded by

m(x)

< o(thy) log

We sum this over £ < z" and ¢, satisfying x1/2-0 L 0y < /2. The sum is

< 5% log iogx
log” x
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and choosing § > n > 0 sufficiently small shows that we can discard these primes from
our set 7*(x,n) to deduce the desired estimate. O

Theorem 16. Let W = {mq,mq,ms} be a set of three multiplicatively independent in-
tegers such that none of mi, ms, ms, —3mims, —3mams, —3msmsi, mymems is a perfect
square. Then, there is at least one pair of distinct elements a,b € W such that

z loglog x

#{p<ax:p€Pupt> 5
log” z

Proof. The conditions on mq, mo, m3 ensure that there is a v determined by my, ms, ms
and an arithmetic progression of primes p = u (mod v) such that mj, mg, m3 are non-
residues (mod p) (see section 5 of [5]). The argument further ensures that such a class,
denoted u mod v satisfies (u,v) = 1, K|(u—1), 16/v and ((u—1)/K,v) = 1 where K = 2*
with £ = 1,2 or 3. Let 7 (x,7n) be as in Lemma 15. Now consider the multiplicative group
I" generated by {m1,m2, m3}. For each prime p € T (z,7), we consider the index [F : T',].
If this index is divisible by a prime greater than z® with o > 1/4, then by Lemma 12,
the number of such primes is O(l‘4(1_a)/3). This is negligible compared to the size of
T (z,n) and so discarding these primes, we obtain a subset 7**(x,n) of T (x,n) with size

zloglogx
g

log? z

such that the index of T, is coprime to (p — 1)/K/{,. As my,mg, mg are non-residues
(mod p), the orders of each of mq, ma, ms (mod p) are all divisible by K. We consider
two cases.

(1) Case 1: A := (p — 1)/K¥, is prime. Then, we can assume that the order of each of
mq,ma, mg is divisible by A. This is because if A divides the indices of (my), (ma2),
(m3) then by Lemma 12 the number of such primes is O(z*7) which we can ignore
when 7 is sufficiently small. If the orders of my, ma, m3 are coprime to ¢, then clearly
(m1), (mg) are contained in (mg). If all these orders are divisible by ¢, we are also
done. If some are and some are not, then among the list of orders, there will be a
pair with orders A, ¢, respectively and so we are done.

(2) Case 2: (p—1)/K¢, is a product of two primes {o¢; with z* < ¢y < ¢;. Note that
by < /279 1f mq, ma, ms have orders coprime to £, then the group generated by
each of them will have order at most K/yf, < 8x1/241=% and the Lemma 12 (applied
in the rank 1 case) implies that the number of such primes is negligible for n < §
sufficiently small. Thus, the orders of mi, msy, m3 are all divisible by ¢;. Also note
that £o¢; divides the order of I'y for otherwise I', would have index divisible by a
prime greater than z®. So at least one of my, ms, m3 has order divisible by £y/;.
Without any loss of generality, suppose that mg has order divisible by ¢y¢;. Thus,
the orders of mi, msy, m3 are divisible by
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nglgh Kegzgh Kgogl, ni,Ng € {0,1}

respectively. For each of the four possibilities for (n1,ns), we easily see that at least
two of the elements in the above list are identical. Let a, b be such a pair taken from
{m1,ma,ms}. If £, is coprime to the orders of a,b, then we are done. If £, divides
both the orders, we are also done. If £, divides only one of them, we are also done
in this case too.

Thus, for each prime p in our set, we have shown that (a) C (b) mod p for at least one
pair of elements from {mq,ma2, mg}. As there are only 3 pairs, we see that at least for
one pair, the number of primes satisfies the lower bound as claimed. O

We now state the following corollary.

Corollary 17. There is at most one prime my such that

x loglog x
#{p< r:pe Pml,mz UPmQ;ml} =0 (7)

log2 x

for all primes mo distinct from my.
5. Consequences of higher levels of distribution

Theorem 18. Assume Theorem 9 with a level of distribution x* with u > % Let mq, mo
be two multiplicatively independent integers such that mq,mo, —3mims are not perfect
squares. Then, there exist elements a,b € {my,ma, —3mima} such that

xloglogx
#{p<ax:p€Pupt> #

log” x
Lemma 19. Assume Theorem 9 with a level of distribution x* with u > % Let K = 2F
for some k € {1,2,3}. Fiz u,v such that (u,v) =1, K|(u — 1), 16|v and (%,v) = 1.
There exists ann > 0,1 > 0 and a set T*(x,n,€1) of primes p < x of size

x loglog x

€1,M
log?

such that for all p € T*(x,n,€1), we have:

(a) p = u mod v;

(b) there exists exactly one odd prime £, < x" such that {,|(p — 1);

(c) any odd prime p1|(p — 1) with p1 # ¢, satisfies p1 > ™ with a =1/3 + €1;
(d) (p—1)/K¢l, has at most two prime factors.
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Proof. The proof of this theorem closely follows that of Lemma 14. Therefore we quickly
sketch an outline of the proof here. Let Ay, Py and 74 be as defined in the proof of
Lemma 14. We now apply the lower bound sieve in Theorem 8 with z = 2% and @ = z#
to deduce

S(AL P2 2 X ] (1——>{fu/0¢ —e=> > N(@re

p<a,ptol d<L q|P(z~)

where the )\, are well-factorable functions of level () > x5, Let €1 >0bea sufﬁciently
small constant such that 2 3 +4e1 < Q. We now choose p = 3 2436 and a = 3 +€1. We
may assume that the € in Theorem 8 satisfies

€1
f(?-Fm) > €.

As seen in the Lemma 14, we have

11 (1 - pil) ¢ +o(1))a2fo;x 171:[2 <1 - (]9_11)2) Il (i‘ ;) (12)

p<z e, ptol

Now by Theorem 9, for some 1 > 0 satisfying

o B o)) o]

we get

Z S(As; Po,2®) > 1+ 0(2)[)2@6‘7 Z Mﬁ{ﬂﬂ/w g

L<a" 0<a"
£ odd prime ¢ odd prime

X
10
(log?’x)

Cl:H(“@—ll)?)H(i:;)'

plv

where

This implies

Li log1 n
S S(AG Py ) >, Li(z) loglog & (13)
o(v)logx
A
¢ odd prime

Arguing as before and removing those primes for which p = 1 mod ¢? from (13), we now
have a set M(x,n) such that for all p € M(z,n):
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a) p =wu mod v;

b) there exists exactly one odd prime ¢, < z" such that £,|(p — 1);

(c) any odd prime p1|(p — 1) with p; # £, satisfies p; > z with o > 1/3;
(d) (p—1)/K¥, has at most two prime factors.

(
(

There exists an 7 > 0 such that

Li(x) loglog x

#M(%??) e m ¢(U) log

We recall here Lemma 15 used in the proof of Theorem 1. We apply it again in this
context. The proof however is identical and has been omitted.

Lemma 20. Assume Theorem 9 with a level of distribution x# with u > % With notation
as in the previous lemma, there exists a § = §(n,€1) such that 0 < n < § and a subset
T(x,n,e1) of T*(x,m,€1) with size

such that if p € T(x,n,€1) and (p — 1)/ KL, has exactly two prime factors by < {1 then
ly < zl/279,

Theorem 21. Assume Theorem 9 with a level of distribution z* with pu > % Let
W = {m1,mz} be a set of two multiplicatively independent integers such that none of
mi, Mo, —3mims is a perfect square. Then, there is at least one pair of distinct elements
a,b € {my,ma, —3mims} such that

x loglog x

#{p<ax:pePupt> 5
log” x

Proof. As seen in the proof of Theorem 16

e there is a v determined by mj,my and an arithmetic progression v (mod v) such
that —3,mq, my are non-residues (mod p) for all p = u mod v.

o we may further ensure that (u,v) =1, K|(u—1), 16]v and ((uv — 1)/K,v) = 1 where
K =2F with k=1,2 or 3.

Let T(z,7n,€1) be as in Lemma 20. Now consider the multiplicative group I" generated
by {mi,ms}. By Lemma 12, we may assume that the index of the image of T' in Fy,
denoted T',, is not divisible by a prime greater than z® with o > 1/3, by discarding a
small set of primes. We now obtain a subset 7**(x,n,€1) of T (x,n,€1) of size

x loglog x

€1,M
1og2 z
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such that the index of ', is coprime to (p — 1)/K¥¢,. As m1, my are non-residues (mod

p), the orders of each of m1, ma (mod p) are all divisible by K. We consider two cases.

(1)

Case 1: A := (p—1)/K¥, is prime. In this case, by an argument identical to the one
presented in the proof of Theorem 1 it follows that

either my mod p € (ms) mod p or mg mod p € (my) mod p.

Case 2: (p—1)/K/, is a product of two primes ¢o¢; with 2% < £y < ¢1. Recall from
Lemma 20 that £y < /279, Since K4y, < 82'/2T1=% (note 1 < ), an application
of Lemma 12 implies that the orders of m; and msy are divisible by ¢;. Also note
that £o¢; divides the order of I', so at least one of my, ma has order divisible by £o/;.
Without any loss of generality, suppose that mo has order divisible by £¢f;. Thus,
the orders of mi, my are divisible by

Kfanfl, K/lylq, m € {0, 1}

respectively. For one of the two possibilities for m, we easily see that both the
elements in the above list are identical. In this case, if ¢, is coprime to the orders
of my, mg, then we are done. If £, divides both the orders, we are also done. If ¢,
divides only one of them, we are also done in this case too. We are now left with the
case where the orders of m, and mo are given by

Kfpgl and Kfofl.

In this case, we consider the element —3mims. Since —3mims is also a quadratic
non-residue modulo p, the order of this element in the group F; is divisible by K.
Further an application of Lemma 12, gives us, for any € > 0

#{p : #{(—3m1mz) mod p} < x%_e} < x'7e

If the order of —3m1my is not divisible by ¢; then it is atmost K/{y¢, < 2297 where
n < 0. Hence we may assume, by discarding a small set of primes from 7**(z,n, €1),

that the order of —3mims is divisible by ¢;. The order of —3mims must therefore
be

Kflfglég)u, niy,Ng € {0,1}

In each of the four cases listed above we see that there exists a pair of distinct
elements a,b € {my,m2, —3myma} such that

logl
#{p<z:pe Py}t > T8 08T ogQng'
log” x
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Remark 22. Suppose m; and mso are multiplicatively independent elements coprime to
6 and congruent to 1 mod 4. By the Chinese remainder theorem and Dirichlet’s theorem
on primes in arithmetic progression, we may choose a prime pg such that

po=3mod4 and (p_o) = (p_o) =1.
my ma

For every prime ¢ | myms, let

po i lfpo—1
Uy =
4pg  otherwise.

For ¢ = 2, we set us = pg. Consider the congruences

ugmod ¢ forall £|mims and wug mod 4.

Now there exists a choice of residue class © mod 16mmsy such that (“T_l, 16mimg) =1
and any prime p = v mod v satisfies

(5)-(5)-
p) \p/)
We may now directly apply Lemma 19 and Lemma 20. Finally we consider the set
{m1, ma,mims}. Since all the three elements are quadratic residues, none of the orders
are divisible by 2 (which is the highest power of 2 dividing p — 1 for all p € T (z,n, €1)).
By Lemma 12 (applied in the rank 1 case) all the orders are divisible by ¢;. By Lemma 12

(applied in the rank 2 case) at least two of the orders are divisible by £y. Let two of these
elements be denoted by a and b respectively. We now claim

log 1
#{p<z:peEPpy UP > w.
log” x

If the orders of both a and b are divisible by £, or if both are not divisible by ¢, the

orders are the same. If only one of them is divisible by £,,, then the orders are £y, £, and
lo¢1 and the claim holds.
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