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In this paper, we give a proof of the result of Iosevich and Rudnev [Erdés distance
problem in vector spaces over finite fields, Trans. Amer. Math. Soc. 359 (2007) 6127—
6142] on the analog of the Erdos—Falconer distance problem in the case of a finite field
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sums. We also address the case of characteristic 2.
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1. Introduction

The finite field analog of the Erdds—Falconer distance problem was investigated
by lIosevich and Rudnev [5] by developing the Fourier analytic machinery. More
precisely, if ¢ = p”, where p is an odd prime, and E C IF37 then the minimum
cardinality of the set A(E) of distinct distances between points of E was esti-
mated in terms of the cardinality of the set E. The proof of the result of Iosevich
and Rudnev uses bounds on Kloosterman sums. In this paper, we give a proof
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of their result without using estimates for Kloosterman sums. In the next section,
we introduce the relevant terminology and state our result.

In Sec. B, we take up the Erdés—Falconer distance problem in characteristic 2.

While Tosevich and Rudnev [5] considered the spherical distance problem asso-
ciated with the polynomial P(z) = Z?:l x% later, Tosevich and Koh [4] studied the
cubic distance problem associated with the polynomial P(x) = Z;l:l 2% and the
problem of Erdés—Falconer distance sets related to general diagonal polynomials
were considered by Koh and Shen [6].

We would like to mention that in a forthcoming paper [I], Bennett, Hart, Tose-
vich, Pakianathan and Rudnev have employed some elementary arguments while
establishing the lower bound |T¢(E)| > q(dgl), where E is a subset of F¢ with
d > 2 such that |E| > ¢° for some s = s(d) < d and T{(E) denotes the set of con-
gruence classes of k-dimensional simplices determined by (k + 1)-tuples of points
from FE. Better results are obtained in the special case d = 2. They employ the
simple observation that if the distance from z to y is equal to the distance from z’
to 3/, then there exists a rotation, unique up to the obvious stabilizer, such that
x —y = 60(z' —y'). One observes that with a relatively simpler idea, they improve
over some known results and extend some others.

We also mention a result of Le Anh Vinh [7] where graph theoretic tools are
used to derive a general version with a non-degenerate quadratic form giving the
distance. It is also generalized to “finite non-Euclidean” setting.

2. Preliminaries and the Statement of Our Result

For an odd prime p and ¢ = p" we consider the finite field IF, with ¢ elements. Let
FE be a subset of the vector space Fg. We define a distance function

|- ‘2 :Fg —Fy
by
o] = af + a3 + - + 2,
where © = (21,29, ...,24). We also set

A(E) = [{lz —y|*: (x,y) € E x E}|
as the number of distinct distances determined by the set F. Let

v(j) ={(z.y) € Ex E: ]z —yl* = j}|.

By Cauchy—Schwarz inequality we get
A(E) >

In this paper, we prove the following theorem due to Iosevich and Rudnev [5]
without using estimates for Kloosterman sums.
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Theorem 1. Let E be a subset of Fg with d > 3.

If |E| > ¢“9Y/2 0 then A(E) > q.

Fourier transform on vector space over finite fields. Let ¢ : F, — C be

defined by
b(z) = e (%)

where e(z) = €™ and tr(z) denotes the trace of x over F,,.
Then ¢ defines a character on ;. Moreover, all the characters of F, are given
by 1 where a € F, and

Ya(2) = ¢(ax).

Now we choose an arbitrary character ¢ and fix it for the rest of the section.
For a complex valued function g on IFZ, we define its Fourier transform, also a
function on IFZ7 as

§m) = = 37 glayp(—a - m),
q zG]Fg

where x-m is the standard inner product. It is easy to see that the Fourier inversion
formula and Parseval’s equality take the form:

g(@) =Y am)p(z - m),
meFd
and
= 3 lot@) = 3 lam)P.
zeFy meFy
We define
S;={x € F}: |2’ = j}.
Using Fourier inversion we get
v(j)= Y E@E@)Si(@—y) =" Y [Em)*S;(m).
z,y€Fd meFy

Here and throughout the paper we would denote a set and its characteristic function
by same notation.
Our goal is to find an upper bound for

Z v (j) = ¢* Z |E(m1) 1P| E(ma) Z S;(ma)S;(ms). (2.1)
j€F,

Jj€F, m17m2€Fg
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3. Lemmas

Notations in this section will remain the same as in the previous one.

Lemma 1. We have
5 1 m/?
Sj(m) = —d(m d/2+1 Z L ( —)’
teF;

where €4 = (£i)? and 5(m) is the delta function at 0.

We note that the sum on the right-hand side is a Kloosterman sum. Our next

lemma which evaluates the inner sum of (ZI) shows that if we average over j € Fy

then we do not need to use estimates for Kloosterman sums.

Lemma 2. We have

1 1 .
a"ﬁ‘O(da) ZfTTLl:TTLQZO,
1
O(qd_1> if mi1 =0 and ms # 0,
Sj(m1)S;(ms) =
2
J€F, qdidl if mi #0,ma # 0 and |m1|? # |ma|?,
2
-1
ed(%ﬂ ) if mp # 0,ma2 # 0 and |m1|? = |mo|%.
q
Proof.

Case I: m1 =mo =0.

Clearly

and so
. 1
Z S == + 0 ( y /2)
€F,
Case II: Either m; = 0 or mo = 0, but not both.

> 5508 = 3 (540 () e Z¢( - )

J€F, JjEF, teF:
|m|?
= d/2+1 Z L ( Z »(=
j€EF,

since the main term vanishes.

2
q 1
(qd“) =0 (qd‘

1

)
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Case I1I: m; # 0, mo # 0.

3 8imn)S;ma) = 3 (q/—d+) 5 (-t Ll )

J€EF, J€EF, t1,t2€F;
Imi? mof?
—t X o) Y wit v )
t1,t2€F} j€F,
|m1\2 \m2|)
dHZw( T
tGJF*
2
iy 2 £ |maf?
qd+1 ?
= 2
€alg—1)
% 1f\m1\2 |m2\2

This finishes the proof of the lemma.
We note the following observation from Fourier analysis as defined in the last
section.

Lemma 3. For a set £ C IFd we have
. |E A E
> Em))? = pr Z |B(x —d| and E(O):%.
me]Fg zGIFd
Lemma 4. For a set £ C IFg we have
. . E?
> B =0 (E5).

ml,mzng\{O}
Ima|?=|m2|?

Proof. We bound the left-hand sides trivially as

> Em)PE(me) < > Em))?
m1,ma2EFA\{0} meFI\{0}

Ima|?=|mal|?

Hence the lemma follows by Plancherel’s theorem. O

4. Proof of Theorem
Using Lemma [2] we get

> V() =g > |E(m)P[E(ma)? Y Sj(m1)S;(ma)

jqu m17m26]Fg\{0} jEFq
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= EOPIEOF (5 +0 (s )

R N 1
M BO) leﬂmWOQ@J

meFd\{0}

|
TS BRI Bm) R S
4 q
mi,ma E]Fq\{O}
Ima |2 #£|mal?
i péla—1)
g YD B PIBm) P
mi,ma GFZ\{O}

[ |?=|ma2|?
=t ) |E(ma) P | E(ma)?

mi,me EFS\{O}
Ima|?=|m2|?

2 3 FERT
+0(q)+omm>+mqm>

Now we use Lemma Hl to conclude
2 B! 3 dip|2
Y G < - TaEP B
J€F,
Since we are considering set E such that |E| > ¢2, the second term is dominated
by the first, so

. E|*
> G < 2l + ¢4 E%
jEF, 1
Finally
E* E[*
A(E) > > .
ST 1B gt ¢l BR
j
Thus

|E| > ¢\Y/2 implies A(E) > ¢,

completing the proof of the theorem.

5. The Erdos Distance Problem in Characteristic 2

In this section, we consider an analog of Erdos distance problem in a vector space
over a finite field of characteristic 2. Let E C F4, where N = 2". The distance
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function now is

d d
w—yl =2 @l + D vl
i=1 i=1

where © = (x1,x2,...,24) and y = (y1, Y2, - - -, ya) are elements of IF?V.
We define

Ad(E,E) = |{(z,y,z,w) € E*: 2+ y = 2 + w}|.

This number is usually called the Additive Energy of the set E.
We start by considering an example. Let E be a subset of F4, defined as follows:

E={(x1,...,24-1,%q) | X1, .., Tg—1 EFN,xfi:x%+-~-+x§71}.

Since every element in a field of characteristic 2 is a square, we have |E| = N4~1,
However, we note that A(F) = 1. So, the situation in characteristic 2 is quite
different from that in odd characteristics. By imposing a condition on additive
energy of the set E we could prove the following theorem.

Theorem 2. For a subset E of F%:

E 3
IfAd(E,E) < % and |E| > N9t then A(E) > N.

Definitions of the sets v(j) and S; remain the same as in the previous section.
Proof of the theorem also starts in a similar way but deviates considerably as
many of the arguments leading to the proof of Theorem 1 do not remain valid in
characteristic 2.

The following lemma is a special case of the Artin—Schreier theorem in charac-
teristic 2 (see [2, Theorem 6.69, p. 166]).

Lemma 5. Let f(T) = aT?+ bT + ¢ be a polynomial in Fn[T]. Then

e f has exactly one root in Fy if and only if b= 0.
o f has exactly two roots in Fy if and only if b # 0 and tr(ac/l?) = 0.
e f has no root in Fy if and only if b # 0 and tr(ac/l?) = 1.

The next lemma computes the Fourier transform of 5.

Lemma 6.

% me:(oaa0)7
Sj(m): %w(m%]) Z.fm:(mOr"amO))
0 otherwise.
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Proof. We have
1
Sj(m) = Nd Z Si(z)yp(—z - m)

d
z€Fg,

=7 2 vleem) 5 2w + )

zeF4, leFn

_ ﬁ S W) S d(—a-m o lz))

leFn z€FY,

1
lEFy, i=1teFy

since the summand corresponding to [ = 0 vanishes unless m = 0.
We write

D p(mit +187) = > Nat(a),

teFn acFn
where
N, = |{t € Fn : It + mit +a = 0}].
From Lemma [ we get
1 ifm; =0,
N, =12 ifm; #0,tr(la/m?) =0,
0 if m; #0,tr(la/m?) = 1.
Note that if m; =0,
S (mit+17) = > p(1t?) =0
teFn teEFN

since all the elements in a field of characteristic 2 are squares.

Therefore
Y Na@=2 Y )

acF N a€F N
tr(la/m?)=0

Let ¢ be the additive character of Fiy defined by

o) =e (M50,

where the exponential function being e(z) = e2™%*. We note that

{1 if tr(z) =0,

0 otherwise.

1
S0+ 6(2)) =

d
= 500m) + sy S0 W) [T X wlmat +16%)

(5.1)



Int. J. Number Theory Downloaded from www.worldscientific.com
by THE HARISH-CHANDRA RESEARCH INSTITUTE (HRI) on 08/29/17. For personal use only.

Erdés distance problem 9

We have done the Fourier analysis with an arbitrary but fixed non-principal
character . From here onwards we choose ¢ = ¢. Thus

D Nat(a) = Y d(a)(1 + ¢(la/m3))

[ASN [ASN
=Y ¢la)(la/m})
a€lF N
N (e 1/m?)
-5 )

We note that all the characters on Fy are given by

and a — 1), defines an isomorphisms between F and its dual as an additive group.
Hence following this notation we can write

> Nat(@) = > v(a)

acFn acFn

where k = 1+1/m?. The last sum vanishes unless 1y, is a principal character and that
happens only if tr(a(141/m?)) = 0 for all a € Fy. Since F is a separable extension
of [y, the bilinear form given by (z,y) — tr(zy) is non-degenerate. Therefore 1 +
/m? = 0 which implies [ = m?. We get

N if I =m2
Zz/}(mit+lt2):{ e

ey 0  otherwise.

Hence we conclude

1
N it m = (0,...,0),
3 _ 1
53 =\ Somds) it m = (mo,...,mo),
0 otherwise. |

The following lemma is a general fact about the I* norm of a Fourier transform.

Lemma 7. Let f be a compler valued function on 4. For y € F4,, we define
fy(x) = f(x +y) and also F(y) to be the inner product (f, f,). Then

(F,F) =N 3" |f(m)]*

d
meFy,

Proof. We note that by Fourier inversion

= > fm)dly-m)g(a-m).

d
meFy,
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Thus fy(m) = f(m)z/J(y -m). Hence by Parseval’s equality
=N Y fym)fm) =N Y7 | fm)Pu(y - m).

meFRd, mers,

Therefore

(F,F)=N* 7 |f(m)]*.

meFg,
Our last lemma is about additive energy.

Lemma 8. For a subset E of F we have

S Emlt= Y |w+B)nEp = 24EE)

N3d
meFy, yeEE—E

Proof. We take f = E in the last lemma to prove this equality.

Proof of Theorem [21 As earlier by the Cauchy—Schwarz inequality we get

124
AE) = z|7<y>

The Fourier inversion formula gives

v(j) = N** Y |E(m)|*S;(m).

mEFdN
Hence
> v’ =N > |Em)P|E(n Z
jEFN m,neF% eFy
A 1
= NMB(O)

+N* N |E(mo,mo, - .., mo)*| E(no, no, ..., o) |

mo€F N \{0}
noG]FN\{O}

1 ) )
X N2 Z 1/’(’”3])1/)(”%])-
jeEFN
By orthogonality of characters we get
N if mo = no,

Z Y( mo] “0] ) = .

jeFu 0  otherwise.
Therefore

> v()? = |;EV‘ + NN E(m,m, . m)[h

jEFN meFn\{0}
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The last sum is trivially bounded above as

S Bmm,.m)t< Y IE(m)I‘*:%’

meFn\{0} mE]FdN

where the last inequality is a consequence of Lemma [Sl
Thus we have
Z Ne _ B d—1
v(y)* < N + NAd(E, E).
JEFN
If
B
Ad(E,E) < —
(B,E) <,
then

D v < [EF + N2,
- N

JEFN
Hence we get
|E]* N
> > —
N N
whenever |E| > N9~1. Taking |E| > ¢N%!, for some ¢ > 1, we have A(E) > .

1+

o

Hence the theorem.

6. A Variant of the Sum-Product Problem

Here we consider finite fields F, with ¢ elements where ¢ is a power of an odd prime.
Let E C F2. For j € F, define

A(J) = H(z,y) € EX E: (21— y1) (w2 — y2) = 5}
Let
QUE) = {(z1 —y1) (w2 —w2) : (2,9) € B},
By the Cauchy—-Schwarz inequality we get

|E|*
UE) = = ame

The aim of this section is to prove the following theorem due to Iosevich—Hart—
Solymosi [3] without using estimates on Kloosterman sums.

Theorem 3. Let E C F2 be such that |E| > ¢*/? then Q(E) > q.
Before we begin the proof, we need the following lemmas. We define

Hj ={$6F35$11‘2 :]}
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Then

A(j)= Y E@E@)H;«—y —q4Z\E (m).

z,y€F2
Our first lemma evaluates H;(m).

Lemma 9. Form € Fg we have

Hj(m) = Z v (-1i- =),

US

Proof. Using the definition of Fourier transform and the orthogonality of characters
we can write

Hj(m) = 2ZH m)

z€F2
= QZl/J —z-m) Zﬂ) (z122 = )
z€F2 le]Fq
= SZ’L/J l] Z’L/J —X - m-l—lxlxg)
leF, z€F2
1 1 .
= 55(7”) + o D w(=1G) Y p(—mimy — zamy + Loy zy).

leFy z€F2

We observe that for | € Fj we get the inner sum

> w(—zima — wamy + L)

z1,72€F,;

() S w15 ()

z1,22€F,;

We note that

Z V(ly1y2) = ¢

y1,y2€F,

By change of variable

Z Y(—xz1my — xamg + lz122) = q¥ <—

z1,T2€F,

m1m2>

l

which completes the proof. |
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Lemma 10. We have

1 1
§+O(q_2> ifm=n=0,
1 .
O<q_2) ifm=0 andn # 0,
A =4
JeFq ra if m1 # 0,m2 # 0 and mimsa # ning,
-1

(g 7 ) if my # 0,ma £ 0 and mymo = nins.

.
q—2 if =0,
|
— ifj#0.
Now it is easy to show that

1
S 0= o ().
j€F, q

For m # 0, we have

ZHJ(O)E[J‘( p (2_ _) Zw( m1m2>

J€F, IGF*
(- )
lEF; JEF;
_ 3 Z¢( m1m2>
leF:

1
~0()
Let m,n € IE% such that m # 0 and n # 0. We see that
N m1m2 + ning
Jj€F, IGF*

The conclusion follows by orthogonality of character.

Proof of Theorem [3l We observe that
dAG=¢" > |Em)PIEMn)P 1;(m)H,;(n).

JEF?2 m,n€F2 JEF
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From the previous lemmas we have

2 8 fyd [ 1 1

> AG)? = ¢°lE(0))| 54‘0 Z
J

+q8|E<o>22E<m>20(qi2)—q5 S Em)PEm)?

m,nG]Fg
mimaF#ning
+g-1g" > |Em)PEMm)*
m,nG]Fg
mima=ninz
Now
2 B
S EmPE@E < (S 1Bme) = £
m,ncF> m q
g
Mmi1ma=ninz
Therefore
A )2 @ E3 2 E2
ST AG? < EL 4B+ 2B
; q
J
We get

B
E|4
B 1BP + g7/ BP

QE) >

and the theorem follows.

Application. Suppose A C F,. Let E = A x A, then Q(F) = (A — A)(A - A).
Applying the last theorem we get:

If |A| > ¢*/*, then |(A— A)(A — A)| > q.

7. Connection to Restriction Theory Over Finite Fields
For a subset S of ' = Fg and a complex valued function g on S, we define
1/p

lgllzecsy = [ D la(€)I?

ges
We also define g to be a function on Fg by
gl@) = g(©u(z-¢).
£es

For any two exponents p,q, 1 < p,q < oo. The function g — ¢ is a linear
transformation between LP(S) and L(F).
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Let Rg(p — q) be the smallest real number satisfying

l9llzacry < Rs(p — @)llgllzes)

for all function g on S. By duality for all function f € Lq/(F )

||fHLp'(s) < Rs(p— q)||f||LP(F)~

Now we consider f = F, indicator function of the set £ C Fg and let Sj denote

the circle of radius k.

We note that
2

Yo Em)PIEm)P =" Y 1Em)?

m17m2€[ﬁg\{0} ke]F; |m|2=k
[ma |?=|m2|?
_ (|4
=Y Bl
keFs

<> Rg(2— 2)4||E||i2(mg)
kR

_ B[P > Rs,(2—2)*
T g2 St :
kEF:
Hence analog of Erdds distance conjecture for I, follows if

1
Y R (2—2)'< :

keF:

Presently we do not have any heuristic to support this assertion.
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