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ON A CONJECTURE OF ERDOS

ADAM TYLER FELIX AND M. RAM MURTY

Abstract. Let a be an integer different from 0, &1, or a perfect square. We
consider a conjecture of ErdGs which states that #{p : £,(p) =r} <. r® for any
e >0, where £,(p) is the order of a modulo p. In particular, we see what
this conjecture says about Artin’s primitive root conjecture and compare it to the
generalized Riemann hypothesis and the ABC conjecture. We also extend work of
Goldfeld related to divisors of p + a and the order of @ modulo p.

§1. Introduction. Let p be a prime number. We know that (Z/pZ)* = (a)
for o(p — 1) such a € (Z/ pZ)*, where ¢(n) is the Euler totient function. When
(Z] pZ)* = {(a) we say that a is a primitive root modulo p. In 1927, Artin asked
a similar question: let a be a non-zero integer which is not £1 or a square, and
define

Na(x) :=#{p <x:(Z/pZ)* = (a)}
<x

=#{p : a is a primitive root modulo p}.

Artin asked: what is the growth of N,(x) as x — oco? He conjectured that
Na(x) ~ Aa)m(x), (1)

where A(a) > 01is a constant and 7w (x) = #{p < x : p is prime}.
In 1967, Hooley [7] was able to prove the following theorem.

THEOREM 1.1 (Hooley). Assume that GRH holds for the Dedekind zeta
functions of Kummer fields Q(¢,,, a'/™), where ¢, is a primitive nth root of unity
as n ranges over all positive squarefree integers. Then

x log logx)

(log x)? @

Ny(x) =A(a)w(x) + 0(
It should be noted that A(a) in equation (1) is not always the same as A(a)
in equation (2). This original insight is due to work of D. H. Lehmer.
The best unconditional results about Artin’s conjecture are due to Gupta and
Murty [5] and Heath-Brown [6] and are of the following nature.
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THEOREM 1.2 (Heath-Brown, Gupta and Murty). One of 2,3, or 5 is a

primitive root modulo p for infinitely many primes p.

In fact, they have shown that there exists some positive constant ¢ such that

cX

#{p < x :ais a primitive root modulo p} > ——
(log x)?

where a is one of 2, 3, or 5.
For p {a, define

Ly(p):=min{n e N:a" =1 (modp)} = |{a mod p)]|.

We call ¢,(p) the order of a modulo p.
Let

Ag(x, 8) :=#{p <x:L,(p) > p°} and E,(r) =#{p:La(p) =r).

In 1971, P. Bundschuh [9] proved the following:

and, for § < 1/2,
Ax(x, 8) =

X X
+o0
log x <logx>

1 by X
Alx, = | =>2(Q—=log2)— +o0 .
2 log x log x

Bundschuh'’s techniques can easily be extended to show that

and

1
E.(r) < — 224

logr

and

X X
Aax, 8) = ——+o0 ;
0og x log x

assuming that § < 1/2. The reason why his techniques cannot be extended for

Ag(x, 1/2) is that log a > 1 for a > 2, and this fact is crucial in his proofs.

In 1976, Erd6s [2] improved upon this result. Erds was able to show the

following theorem.

THEOREM 1.3 (Erdds). As x — o0,

A 1 X n X
x, == 0 .
2 2 log x log x
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ON A CONJECTURE OF ERDOS 277
In order to prove this, Erd6s needed a better result for E5(r). He showed that

rlog?2

Ex(r) < (% + 0(1>> 3)

log r
as r — oo.

Unlike Bundschuh, Erd6s’s techniques can be used to prove similar bounds
for any a. To see this, let us consider 2" — 1. Write

YEyr) B1 Po

o o m
2r—1:p11p22...pE2(r)q] qz /3

..qm

where £,(p;) =r and £2(g;) < r. Bundschuh made the observation that p; > r,
while Erdés made the observation that p; = 1 mod r, and so, after rearranging
pi, we have p; > ir. This new observation allows for better control of E>(r) by
using Stirling’s formula, and hence better control of A(x, 1/2). The log2 in
equation (3) is dealt with by an appropriate choice of ¢, and as such, log a is of

no worry in
1 rloga
Eq(r) < | 5 +o(D) :
2 logr

In [2], Erd6s made many conjectures related to £,(p). The following
conjecture is of interest to this paper.

CONIJECTURE (Erdds’s conjecture). For every € > 0, there exist a constant
C:=C(e)>0andanrg:=ry(e) > 1 such that E>(r) < Cr® forall r > ry.

Using Vinogradov notation, we can write for every ¢ > 0, E>(r) <. r?,
where the <, may become <« for convenience. For our purposes, we will
also assume that E,(r) <. r¢. In §5, we refer to this conjecture as Erd6s’s first
conjecture.

We will prove the following theorems.

THEOREM 1.4. Leta € Z witha # 0, 1 or a perfect square. Suppose that
Erdés’s conjecture holds for a. Then there exist infinitely many primes p for
which a is a primitive root modulo p.

In fact, we will show that there are at least >3>x /(log x)? primes p < x which
satisfy a being a primitive root modulo p.

We call the following statement the quasi-Riemann hypothesis: for K an
algebraic number field with Dedekind zeta function ¢ (s), there exists some
e € (0, 1/2] such that if X(s) > 1 — ¢, then {x (s) #O.

THEOREM 1.5. Let a € Z with a #0, 1 or a perfect square. Suppose
that the quasi-Riemann hypothesis holds for all Kummer fields Q(,, a'/™) for n
prime. Suppose Erdds’s conjecture holds for a. Then

X x log log x
Na@) = Ala) —— + 0 222220 ),
log x (log x)

Define li(x) := fzx (log 1)~ dt. Using this function, we prove the following
theorem.

a2 '2T0Z 'TY6LTY0T
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278 A. T. FELIX AND M. R. MURTY

THEOREM 1.6. Let a be an integer different from 0, £1. Suppose that the
quasi-Riemann hypothesis holds for all Kummer fields Q(¢,, a'/™) as n ranges

ol

over prime powers. Suppose that Erdds’s conjecture holds for a. Then

Z log(ia(p)) = cali(x) + O (x'7¢/79)

PSX

for any 6 >0 and where c, is an effectively computable constant and ¢ €
(0, 1/2] is fixed such that if R(s) > 1 — ¢, then {x (s) # 0 with K ranging over
the fields Q(¢,, a'/™) as n ranges over prime powers.

A weaker version of Theorem 1.6 using some stronger assumptions was
proved by Fomenko [3]. In order to state his theorem, we first need to state a
conjecture of Hooley [8, p. 112].

CONIJECTURE (Conjecture A of Hooley). Let Py(y; £, t) be the number of
primes p <y such that 2'b is an (th-power residue modulo p and for which
L|p — 1. Then, for y'/* <t <y,

M
p(0)(log(2y/0))*

where the implied constant is absolute.

Py(y; £, 1) K

Then, Fomenko showed the following theorem.

THEOREM 1.7 (Fomenko). Suppose that the generalized Riemann hypothe-
sis (GRH) holds for Dedekind zeta functions for fields of type Q(a'/*, ¢x) where
Lk is a kth root of unity and k ranges over prime powers. Suppose, further, that
Conjecture A of Hooley holds. Then

Y log(ia(p)) = cali(x) + o(% >

2
pre (log x)
where c, is an effectively computable constant dependent on a.

The proofs of Theorems 1.5 and 1.6 will follow [7] in many aspects.

§2. Proof of Theorem 1.4. Before we can prove Theorem 1.4 we need the
following result of Gupta and Murty [S]. For a fixed « > 0, define

P () :={n € N:nis prime or Q(n) < r and if p|n, then p > n*}

where €2 (n) is the number of prime factors of #n counted with multiplicity.
PROPOSITION 2.1 (Gupta and Murty). Let a be a non-zero integer different
from 0, £1 or a perfect square. Then there exists « € (%, %) such that

p—1
2

A(x) 32#{P<X:€a(17)7é EPz(Ol)}>>

X
(log x)?

a2 '2T0Z 'TY6LTY0T

Jo)//sdny wouy

UONIPUOD PLEE SW L 8L} 39S *[5202/T0/TE] U0 AriqauluO ABlim AIsAIUN SUseND A G0Z800TTE6.SSZ00S/ZTTT OT/I0P/W0d A 1M

Aol m ARG RL

35UBD1 7 SUOLILLOD aA eI 3 (et |dde auy Aq peusenob aie ssp e O 8sn Jo sa|n. 1oy Ariq1T auljuQ A3|IAN Lo (st



ON A CONJECTURE OF ERDOS 279

This result is established using techniques developed by Bombieri et al [1].
To see how this result, coupled with Erd6s’s conjecture, yields Theorem 1.4,
let us consider

B(x) =#{p AW tap) < 7 ! }

where A(x) is the underlying set corresponding to A(x). We will show that
B(x) < x% for some 0 < § < 1.
If the prime number p contributes to B(x), then p — 1 = 2g4q> is the prime

factorization of p — 1. Since £,(p) < (p — 1)/2, we have £,(p) < x%. Hence,

s

by Erd&s’s conjecture,

B(x) < Y #{p:la(p)=r}

r<x3/4
< Z re < x3(He/4,

r<x3/4
Choosing ¢ < % gives us B(x) < x® for some § < 1. Thus,

B(x) = o(x/(log x)?).

Since no element of A(x) has £,(p) = (p — 1)/2,

#Hpe AX): ly(p)=p—1} > + 0 (x%)

(log x)?

by Proposition 2.1. That is, the number of primes of p < x for which a is a
primitive root modulo p is at least Cx/(log x)? for sufficiently large x, and
hence, Theorem 1.4 holds.

§3. Proofs of Theorems 1.5 and 1.6.

3.1. Proof of Theorem 1.5.  Following the argument of Hooley [7], for any
prime g define L, := Q(a'/4, ¢q) where ¢, is a primitive gth root of unity. For
any squarefree k € N, define L to be the smallest field containing L, for all
primes g which divide k. For g prime, define I1; to be the set of primes which
split completely in L, and for squarefree k, define

T (x) ::#{pgx:peml'[q}.

qlk

Recall that N, (x) is the number of primes p < x for which a is a primitive
root modulo p. Then

No(x) <) mld)ma(x)
dlk

where k =[], _, p for some z to be specified later.

p<z

a2 '2T0Z 'TY6LTY0T
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280 A. T. FELIX AND M. R. MURTY

Also, if we define

M(x; z, w) :=#{p <x:3q € (z, w) with p =1 mod ¢,
and a?~P/4 = 1 mod rl,

then clearly

No(x) =Y i(d)ma (x) — M(x; 2, x).

dlk
For z = (log x)" for some fixed n > 0,

> md)ma(x) = A@Ii) + o(li(x))

dlk
using techniques from Hooley [7] and the effective Chebotarev density theorem
of Lagarias and Odlyzko [10]: for any d squarefree,

T (x) = i) +O(x ex (—K k)i))
S =L P [Lq: Q]

for some fixed constant « > 0. Here we would also need to assume n < 1/7
to ensure that a potential exceptional zero (89 in [10]) does not contribute
significantly to the error term. Hooley [7] has shown that [Ly : Q] < d¢(d).

We note that M (x; z, x) < M(x; z, x¥) + M (x; x%, x). In fact, if the prime
number p < x contributes to M (x; x*, x), then clearly £,(p) < x!1=¢. Thus,

M(x; x°, x) < #{p <x:La(p) <x' ¢}

< Y #Hpitap)=r)

)

for some 0 < &7 < 1 by Erd&s’s conjecture.

So, since x1 722 = o(li(x)), if we can show that M (x; z, x¢) = o(li(x)), then
Theorem 1.5 will follow. This is where we employ a quasi-Riemann hypothesis.
The quasi-generalized Riemann hypothesis that we will be using is the following.
There exists 6 € [%, 1) such that the Dedekind zeta functions for every field
Q(z4, a'’?) as d ranges over the squarefree positive integers have no zeros in
the region 9i(s) > 6. This has the following implication:

li(x)
[Lq:Q]
Using this instead of the GRH will give us the result. To see this, note that
Mx;z,x5) < ) my(x)

7<q<x®

< Z (q(q 1 + x% log qax)

7<g<x®

< Z fix) Z x” log gax.

—qq-D =

+ O(x9 log dax).

Ta(x) =

a2 '2T0Z 'TY6LTY0T
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ON A CONJECTURE OF ERDOS 281

Since z — o0 as x — oo and since

1
> o <
1122 CI(C] - )

it follows that

li(x) .
Z m = O(II(X)).
q>z

Also, since Erd6s’s conjecture holds for all € > 0, choose € > 0 such that
6 +¢& < 1. Then

Z x? log gax Lea x? log x Z 1

g<x*t q<xt
Lo ¥ = 0(li(x).
Hence, Theorem 1.5 holds.
3.2. Proof of Theorem 1.6.  We observe that

D loglia(p) =) Adma(x) = Y Adma(x)+ Y, Ald)ma(x)

P<X d<x d<x® xS <d<x

for some & € (0, €) to be chosen later and

mq(x) :=#p < x :dlia(p)}.
Now, the quasi-Riemann hypothesis implies that
li(x)
[Q(&n, a'/m) : Q]

Hooley [7, equation (12)] has shown that [Q(¢,, a'/"): Q] < ng(n) for n
squarefree. For generic n € N, see [15, Proposition 4.1]. It can be shown that

Y A<y

d<y

ma(x) = + 0(x'~% log(dx)).

by the prime number theorem or Chebyshev’s theorem. Thus,

D Adyma(x) =Tix) Y Ad) + o(xl—f logx ) A(d))

dy .
d<x® d<x® [Q(é‘d’ al/ ) . Q] d<xb

= cali(x) + 0(x' %) + 0(x' ¥ log x).

We note that
D g <#p<x:falp) <x' 70
x<g<x
To see this, we suppose that the prime number p contributes to the left-hand
summation n times. Therefore, there exist g1, g2, ..., qn € (x5, x] such that
gilia(p). Hence,
X" < qiqa - gn <ia(p) <.

Therefore, n < 8.

a2 '2T0Z 'TY6LTY0T
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282 A. T. FELIX AND M. R. MURTY

Thus,
D () <#p<x: falp) <x' 70

xd <g<x

Also

log g log g _
Y Gogqmpe()<x 3] “CE<x 3o S <x!
x8<qa<x qa>x8 qa>x8 q

a>2 a>2 a>2

Now, Erd6s’s conjecture says that #{p : f,(p) =r} K r? for any 6 > 0. Thus,

Y. Admax) = ) (ogg)my(x)+ Y (log g)mye(x)

xS <d<x x<q<x X <g¥<x
a>2
1-6
<logx Y my(x) + 0"
xb<g<x

Llogx#{p <x: fa(p) <x' )+ 0"
< log x Z E,(r)+ O(xl_‘s)

r<X178

< log x Z rf + O(xlf‘s)

r<x!-8

< x%logx + 0(x'7%)
for any ® > 1 — §. Thus,

Y Adm) < x'

xS <d<x

for any 6 > 0. Therefore,

Z log(ia(p)) = cali(x) + O (x'~E/2+0)

PSX

upon choosing § = ¢/2.

§4. The primes p for which p 4+ a and £,(p) have large prime factors.
Throughout this section g will denote a prime. For m € N, we let

mw(x;m,a)=#p<x:p=a (modm)}.

Then [1, Theorem 9] states the following. Leta # 0, A < 1/10 and R < x*. For

any A > 0, there exists B = B(a) such that, provided MR < x/(log x)B,

X X
Z ‘ Z <W(X;mr,a)— >‘<<a,A,k—(logx)A

r<R m<M @(mr)
ged(r,a)=1 ged(m,a)=1

a2 '2T0Z 'TY6LTY0T
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ON A CONJECTURE OF ERDOS 283

where

v kay= Y Awm

n<x
n=a mod k

where A(n) =log p if n = p* where p € Nis prime and & > 1 and 0 otherwise.
This can be viewed as an extension of the famous Bombieri—Vinogradov
theorem:

li(y) x
@(m)| — (log x)4

max max

n(y;,m,a
Bgcd(a m)=1 y<x (y )

m<x1/2 /(log x)

for some B dependent on A.
Goldfeld [4] was able to show, using the Bombieri—Vinogradov theorem, that

log1
> ) logg= % + O(X—(l)g ng>
PSX Jx<g<x 08X
qlp+a

and subsequently that
log 1
Z Z longf—i—O el .
2 log x

PSX Jx<q<x
qlta(p)

Define
Ny(x,y) :=#{p <x:q|p+aforsomeq > y}.

Immediate corollaries (Goldfeld [4]) of these results are that
x log log x
N, o\ ——— ),
LGRS vl ( (log )” )
Z Z 1>;1x +0(x110g10g2x>’
Fea Y ogx (log x)
qlla(p)

and

1 x2 X3 log log x
E La(p) = El + 0 ﬁ .
e og x (log x)
Stephens [13] was able to show that by the GRH for Kummerian fields,

¢ log 1
Z a(p) —eym(x) + 0 Floglog
o1 (log x)?

where ¢, > 0 is a constant.
From this we obtain

x2loglogx>
£, + 0 ——— .
;x )= ( (log x)?

We will see that [1, Theorem 9] allows us to push the /x to x? for % <0 < 1.

a2 '2T0Z 'TY6LTY0T
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284 A. T. FELIX AND M. R. MURTY

We have the following theorem.
THEOREM 4.1. Let6 €[1/2,1). Then

Y logg=a —9)x+0(102x>.

P 0 <g<x
qlp+ta

Proof. Following Goldfeld [4], let us consider

Zn(x;m, —a)A(m):Z Z A(m):Z Z A(m)

m<x m<x pP<x p<x m<x
p=—a mod m m|p+a
= Z log(p + a) + O((log x)%)
PSX

X
=x+0( )
log x

Let y < x/(log x)2. Then
Z w(x; m, —a)A(m)

m<y

- Z A(m)(;-[(x; m, —a) — li(x) n 1i(x)>

m<y @(m) — (m)
ged(m,a)=1
+ Y wGim, —a)AGm)
m<y
ged(m,a)#1
A li
=l ) _(m)“)(‘ 2 A(m>(”<x;m,—a>—l(X))'>
m<y (p(m) m<y g0(’/’1)
ged(m,a)=1 gcd(m,a)=1
-I-O( Z A(m))
m<y
ged(m,a)#1

since, for gcd(m, a) # 1, we have w(x, m, —a) < 1. Noticing that A(m) <
logx and choosing » =R =1 in [1, Theorem 9] after applying partial
summation, we obtain

A
Z w(x; m, —a)A(m) = li(x) Z w((nn;) + 0<(log ;CV)B_I)

msy m<x?
ged(m,a)=1

— 1i(x) log y + 0( a )
log x

since
A(m)
Y =L =logy+ 04(1)
sy #m)
ged(m,a)=1

by Mertens’ theorem.
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ON A CONJECTURE OF ERDOS 285

Therefore, letting y = x¥ yields

Z w(x; m, —a)A(m) = 60(og x)li(x) + O(L> =6x+ 0( a )
log x log x

m<x?

Hence,

Z w(x;m, —a)A(m)=(1—-0)x + 0( al )
xf<m<x Ing

Rewriting the above summation leads to

Y mxig.—a)logg+ Y 7mxiqk —a)logg

x?<q<x x¥<gF<x

k>1
:(1—0)x—|—0< * )
log x

However, by the Brun—Titchmarsh theorem,

X lo X
Y. migh —alogg < i Y] =4 =0< >
ogx log x

qk
x? <qk<x3/4 <q"<x
k>1 k>1

since the above right-hand summation is a tail of a convergent series, and thus
o(1). Also

Z m(x; g5, —a)log g < x'/4 Z log ¢ <« x'/*(log x)?.

B ogh<x B ogh<x
k>1 k>1
So the result holds. O

An immediate corollary is that

Nix, x> —9)10;)6 + 0<(log—x)2>.

We also have the following theorem.
THEOREM 4.2. Let6 €[1/2,1). Then

x log log x
> > logg=(1-0x+0(—"=).
log x

PSX x0 <g<x
qlta(p)

Proof. From the previous theorem, all we need to show is that
x log log x
Y g« Tt
P<X y0 <g<x ogx

qlp—1
fI'fea(P)

a2 '2T0Z 'TY6LTY0T
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286 A. T. FELIX AND M. R. MURTY

By the Brun-Titchmarsh theorem, we have

X logg xloglogx
1 — .
S OY s ¥ meorleb

PSXY Jx<q<4/x log x Jx<q+/x log x q

qlp—1
q'i’[a (p)

The final sum is estimated using an idea of Hooley [7]. Let

My(x) := Z Z 1.

PSX /x log x <q<x
qlp-1
‘I'Ma (p)

Then

Y > dogg<logx) > 1< (logx)log2"«™)

PSX /x log x <q<x PSX Jx log x<q<x
qlp—1 qlp—1
q1ta(p) q1ta(p)
« (log x) log 1—[ a¥m — 1)
m</x/log x
X
< logx Z m <K .
log x
m<./x/log x

Therefore, the result holds.
An immediate corollary is as follows.
COROLLARY 4.1. The following statements hold:
Z Z > (11— 0)x N O(x lloglogzx)
ST logx (log x)
ql€a(p)

and

1—6 1+6 1+€11
S pu(py > LS +0(x Ogog").

= log x (log x)2

An immediate corollary of Erdés’s conjecture is the following result:

Yotap)= Y )+ Y. tap)

p<x La(p)<x? ta(p)>x?
= o<x9 > Ea(r)) + > tulp)
r<x? La(p)>x?

=0(M)+ Y tup).

La(p)>x?
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ON A CONJECTURE OF ERDOS 287

However, as above,

#p <x:ly(p)>x0) = m(x) —#{p <x: Lu(p) <xP}

X X
— 0 0 O+¢
logx (<logx>2>+ o)

_ X + 0 X
~ log x (log x)?
after choosing ¢ < 1 — 6, and

0 x1+0 x1+0
L 0= 8 =i )

La(p)>x? La(p)>x?

Thus,

x1+0 x1+0
E La(p) > + 0( >
= “ log x (log x)?

)

assuming that Erd6s’s conjecture is true. Thus,

ZE (p) = @ +0 x* log log x (assuming the GRH)
atP) =3 log x) (log x)2 g

pPsx

x1+9 xH—G
E La(p) > + 0 (assuming Erd&s’s conjecture)
log x (log x)?

p<x

(1 _9)x1+9
S t(p) > +0<

o log x

x!*9 log log x

(log x)?

) (unconditionally).

So based on the problem of evaluating

Z La(p)

PSX

P

we could say that Erdds’s conjecture is “easier” than the GRH. However, this
can only be said for this problem.

§5. The ABC conjecture and Erdds’s conjectures. The ABC conjecture of
Masser and Oesterlé states the following. Let A, B, C € Z be relatively prime
integers satisfying A + B 4+ C = 0. Then, for every ¢ > 0,

I+e
max{|Al, |B], |C|}<<< [ p) :

pP|ABC

where the implied constant is dependent only on ¢ and independent of A, B, C.

For each n € N write a” — 1 = A, B,, where A, is the squarefree part of
a" — 1. Silverman [12] has shown that the ABC conjecture implies that B, <
a®" for any e; > 0. For n € N, let P(n) be the largest prime factor of n. Then,
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288 A. T. FELIX AND M. R. MURTY

the second author and Wong [11] have shown that the ABC conjecture implies
that P(a" — 1) > n?¢ for all & > 0. This resolves another conjecture of Erdss,
which states that

P@"* —1)

n

— 0

as n — o0o. We refer to this as Erdds’s second conjecture. This has been
unconditionally proven by Stewart [14]. In fact, Stewart has shown that

1
P@ =" >n eXp( 104 li))gg;;og n)

for sufficiently large n (see [14, equation (8)]).

Now Erddés’s first conjecture and ABC imply that P(a" — 1) > a" . To see
this, we note that

w@" —1) :=#{pla" — 1}=>_ Eq(d)
d|n

<Y df <dmn® < ne =nt,
d|n

by an abuse of notation and where d(n) = ) din 1.
Now P(a" — 1) > P(A,) and so

n
& n — 1
P(A)T 2 P(A)*“ "V > A, = aB— > a"1).,
n

&

Thus, P(A,) > " .
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