J. Ramanujan Math. Soc. 28, No.3 (2013) 271-298

On the asymptotics for invariants of elliptic curves
modulo p

Adam Tyler Felix!-* and M. Ram Murty>**

' Department of Mathematics & Computer Science, University of Lethbridge,
Lethbridge, Alberta, Canada
e-mail: adam.felix@uleth.ca

2Department of Mathematics & Statistics, Queen’s University, Kingston, Ontario,
Canada
e-mail: murty@mast.queensu.ca

Communicated by: Dipendra Prasad
Received: July 12, 2012

Abstract. Let E be an elliptic curve defined over Q. Let E(F p) denote
the elliptic curve modulo p. It is known that there exist integers i,, and
fp such that E(]Fp) = Z/ipZ x L]iy fpZ. We study questions related to
ip and f,. In particular, for any « > 0 and k € N, we prove there exist
positive constants ¢, and ¢k such that for any A > 0

. o . x
> (logip)* = cgli(x) + O (W)

p=x

and

> wliy) = alir) + 0 (@)

p=x

unconditionally for CM elliptic curves, where 7 (n) is the number of ways
of writing n as a product of k positive integers. For a CM curve E and
0 < a < 1, we prove that there exists a constant ¢/ > 0 such that

> i = cli) + 0 (x#(logx)l%“)

p=x
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if GRH holds. For a non-CM curve E and 0 < o < 1/2, we prove that
there exists ¢/, > 0 such that

>4 = i) + 0 (x%(logx)%)

pP=x

if GRH holds.

1991 Mathematics Subject Classification. 11N37, 11N36, 11R45, 11G05

1. Introduction

Let E be an elliptic curve defined over Q of conductor N. For a prime p t N,
let E be the reduction of £ modulo p. This is an elliptic curve defined over
I, := 7Z/pZ. Hasse’s Theorem [20, Theorem V.1.1] states |a,| < 2,/p
where

ap = p+1—#E(F,) (1.1)

We also have that there exist unique positive integers i, and f, such that
E(IE‘[,) =Z/)ipix1L]ip fpZ. To see this let IF_p be the algebraic closure of IF .
Then, E(F p) is a finite group since it is the set of solutions to a non-singular
cubic curve with components in IF,. For any elliptic curve E defined over a
field k, let E[k] denote the set of k-rational points which are annihilated by the
mapping P +— kP. We have E(Fp) C E(F_p)[k] for some k with #E(Fp)|k
since E(Fp) is finite. By [20, Corollary I11.6.4], we have F(IF_[,) (k] =7Z/kZ x
Z/kZ. So, E(F,) = Z/iyZ x Z]i,f,Z by the Fundamental theorem of
finitely generated Abelian groups. As such, we have #E (IF p) = 1'[27 fp. Our
main interest is in the sequence i), as p ranges over all primes p.

We note that E(F)) is cyclic if and only if i, = 1. The question of how
often F(IF,,) is cyclic has been studied before by many authors. Borosh,
Moreno, and Porta [4] computationally showed that we expect this to occur
often. Serre [18] showed that on the generalized Riemann hypothesis (GRH)
for the Dedekind zeta functions of the division fields Q(E[k]) we have

Neg(x):=#{p<x:ptN, E(Fp) is cyclic} ~ cgli(x) (1.2)
where cg is a positive constant if and only if Q(E[2]) # Q, where Q(E[k]) is

smallest field containing the coordinates x, y for all (x, y) € E[k], and where
li(x) := * _dr Murty [16] removed the dependence of GRH in (1.2) in the

2 logt-
case E has complex multiplication (hereafter denoted by CM):
i x loglog x
NE®) = cglite) + Oy (o (1.3)
(log x)
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In [17], he showed for certain non-CM elliptic curves, there exist infinitely
many primes p such that E(IF ) is cyclic. Gupta and Murty [12] showed that
for any elliptic curve E such that Q(E[2]) # Q, the following relation holds
— ) i X
#{p <x:p{N,E[))iscyclic} >y (log—x)z'
In [5], Cojocaru proved that (1.2) only needs a 3/4-GRH. That is, there are no
zeroes of the Dedekind zeta functions of Q(E[k]) in the region N(s) > 3/4 as
k ranges over squarefree integers. In [6], she also simplified the unconditional
proof of when E has CM, and in [8], she and M. Ram Murty proved that if
the GRH is assumed, then the relation becomes

Ne(x) = celi(x) + Oy (x¥0(log x)*/3)
if £ does not have CM and
Ng(x) = cgli(x) + On (x3*(log x)'/?)

if E has CM. Here the dependence on the conductor N in the error terms can
be made explicit. Similar results exist for Ng(x; w) := #{p < x : p{ N,
ip = w} where w € Nis fixed (see [7, Theorem 2]).

1.1 Generalizing Serre’s result

Note that
NE() =D xiip),

p=x
PtN

where for S C N, we define ys(n) = 1if n € S and ys(n) = 0 otherwise.
We would like to know when can y{1) be replaced by a function f : N — C
and the relation

> flip) ~ ek fli(x)

P=x

holds where cg f is a constant depending on E and f?
Kowalski [15, Proposition 3.8] has shown the following unconditional

result:
Dlip>

p=x

log x
X

[M if E has CM
logx

otherwise

In fact, this result is true for any elliptic curve E defined over a number
field K, where the above implied constant is now dependent on K. Define
t(n) = >, 1. Akbary and Ghioca [2] have shown

(i) = celi(x) + 0 (x5 (log x)*/3) (1.4)
p

p=x
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if GRH holds, and

, . X
Z T(lp) = CEll(X) + 0 ((log—x)A)

p=x

unconditionally for any A > 1 if £ has CM with endomorphism ring
isomorphic to the ring of algebraic integers of some imaginary quadratic
field. They have also shown that (1.4) can be generalized to Abelian varieties
defined over Q which have a one-dimensional subvariety which is also
defined over Q.

1.2 Definitions and notation

Throughout, the letter E will denote an elliptic curve defined over Q of
conductor N. In particular, E(Q) is an Abelian group with additive identity O.
For k € Z, we define

Elk] == {(x,y) € @ : k(x, y) = 0}.

We similarly define E(K)[k] for any field K with Q@ C K. We denote by
Q(E[k]) the smallest field containing Q and the set {x,y : (x,y) € E[k]}.
We say that £ has CM if the endomorphism ring of E is larger than Z.
See [20, §1I1.4] for more information about the endomorphism ring of elliptic
curves. See [20, Appendix C], [21, Chapter II], or [25, Chapter 10] for more
information about complex multiplication.

The letters p and g will denote prime numbers with p + N. We note that
this will not affect the proofs as there are only finitely many primes which
divide N. Also, d, k, m, n, and w will denote positive integers, and x, y, and
z will denote positive real numbers.

By the notation f(x) = O(g(x)) or f(x) < g(x), we mean that there
exists a constant C such that for all x in the domain of f and g we have
|f()] = Cg(x). By f(x) = Op(g(x)) or f(x) <g g(x) we mean that
the above constant is dependent on E. We may be more explicit with this
notation. For example, we may write f(x) <y g(x) if the constant C is
dependent on the conductor N. By f(x) ~ g(x) we mean

o F@
1m =

1
X—00 g(x)

where x in the above limit is restricted to the domain of f and g.
For x > 2, define the logarithmic integral by the following function
*odt

li = —_—
i) » logt
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For b,k € N, define 7 (x; k,b) = #{p < x : p = bmod k}. For m € N,
define
T (x) :=#{p < x :mlip}.

We also define the following arithmetic functions: for all n € N, we have

logp ifn = p*forsomea € N
A(n) = .

0 otherwise
w(n) := #{pln},

Qn) :=#{p*In : a € N},
o) =#{1 <a <n:gcda,n) =1},

(—=1e®™ if n is squarefree
u(n) = : ’
0 otherwise
(n) = #{d|n},
for k € N,
w(n) = #{(ar, a, ..., ax) e N* 1 n = ajar - - i),
and fora € R,
oq(n) == Zma.
min

The functions A, ¢, and u are known as the von Mangoldt function, the Euler
totient function, and Md&bius function, respectively.

For K an algebraic number field, we define Ok to be the ring of algebraic
integers of K. The letter p will always denote a prime ideal of O . For a non-
zero ideal a of Ok, define N (a) to be the index of a inside Og. We define the
number field analogue of ¢, the Euler totient function, as follows: let a be a
non-zero ideal a in Ok . The number of residue classes relatively prime to a in
Ok is ®(a). As when K = Q, we have the following multiplicative formula
for ©

®(a)=N@ ][] (1 - ﬁp)) . (1.5)

pla

1.3 Statement of results

We first introduce two hypotheses: let o and f be real numbers with a non-
negative. Let g : N — C. We say that Hypothesis H(g; a, ) holds if

> lgm)l < x"**(log x)”.

m=<x
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We say that Hypothesis H'(g; a, ) holds if

Z lg(m)|> <« x't (logx)ﬁ.

m=<x

In §4, §5, and §6, we will prove the following result:

Theorem 1.1. Let E be an elliptic curve. Let f : N — Cand g : N — C
be such that

fln) =28

dln
foralln € N.

(a) Suppose E has CM, and suppose H(g; 0, B) and H'(g; 0, y) hold for
some real numbers  and y . Then, there exists a constant cg, ¢ such that

S flip) = e i) + O (

p=x

X
(log X)A)

forall A > 1.

(b) Suppose E has CM and H(g; o, §) holds for some o. < 1 and for some
S € R. Suppose further that GRH holds for E. Then, there exists a con-
stant cg ¢ such that

2 flip) =g gli) + O (x  (logx) 7+ 1)

p=x

(c) Suppose E does not have CM and H(g; a, f) holds for some o < 1/2
and for some B € R. Suppose further that GRH holds for E. Then, there
exists a constant cg_y such that

> Flp) = i li@) + 0 (x77 logn) ).

p=x

(d) Suppose E has CM and H(g; 2, —p) holds for some p > 2. Suppose
further that GRH holds for E. Then, there exists a constant cg, y such that

. . X
Z f(lp) = CE’fll()C) + OE (W) .

p=x

In §7, we will give some applications of this result. In particular, we will
show that the functions (logn)?, co(n)k, Q(n)k, 20k and 7¢(n)” where k
and r are fixed non-negative integers and a is a fixed non-negative real number
which all satisfy the hypotheses of Theorem 1.1 (a), (b), and (c). We will also
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show that the functions n* and o, (n) satisfy the hypotheses of Theorem 1.1
(b) and (c) where o must be in the ranges given in (b) or (c) of this theorem.
Theorem 1.1 (d) and the results for functions n* and ¢, nearly answer a prob-
lem posed by Kowalski ([15, Problem 3.1]).

We are able to apply Theorem 1.1 to e, := i, f}, which is the exponent of
E[F p), and to f, to obtain the following result.

Theorem 1.2. Let k be a fixed positive integer. Then, there exist constants
CE,k and cg pk such that

D ek = cpalic" ) + 0GFE()

p=x
and
> =cpaudich ) + 0GFE)),
p=x
where

Or(x¥*(logx)?) if E has CM and GRH holds for E
E(x) = Or (x/%(logx)?) if E does not have CM and GRH holds for E .

OA’E (m) le has CM
This result improves and generalizes the result of Freiberg and Kurlberg [10].

See also [14,26].
In §7, we also prove the following result:

Theorem 1.3. Let E be an elliptic curve. Suppose E has CM. Then, for
every C > 0, there exists xo := xo(C) such that for x > xg, we have

Zip . Cxloglogx
log x

P=x

unconditionally. That is,

lim M:

x—>oo  xloglogx

2. Outline of proofs

In order to evaluate the summations in question and 7, (x) = #{p < x : mli,}
in particular, we need the following classical result:

Lemma 2.1. Let m € N be fixed. Let p { N. Then, mli, if and only if p
splits completely in the field Q(E[m]).
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Proof. See [16, Lemma 2], [8, Lemma 2.1], or [2, Lemma 3.2]. O
We also need the following bound on i ,.
Lemma 2.2. ForanyptN,i, < /p+ L
Proof. By Hasse’s theorem (1.1), we have

ZHEF) =p+1—ay<p+1+2/p=(/p+ 1> = (Va+D2
Thus, i, < /x + 1. O

Let f : N — C. We now ask when does the following relation hold for f

> flip) ~cpm(x)

p=x

where cg_ r is a constant depending on E and f?
Note that if we write

) =Y gm)

mn

where g : N — C, then

D fip =D gm= D gm)D 1= > gm)mnx)

p=x P=xmlip m<x+1 p=x m<yx+1
mlip
(2.1)
by Lemma 2.2.
We note that it is always possible to write
fn) =7 gm)
min

by the Mobius inversion formula (see [9, Theorem 1.2.2]).
Break the final summation in (2.1) as follows:

D) =D gmmnx) + D gm)ma(x).

p=x m=y y<m<x+1

Now, GRH, the effective Chebotarev density theorem, and Lemma 2.1 or class
field theory and a generalization of the Bombieri-Vinogradov theorem allow
us to handle the first summation. Techniques of [8] or [16] allow us to handle
the last summation. See also [3].
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3. Preliminaries

3.1 The Chebotarev density theorem for the division fields

We will need the following corollary of the effective Chebotarev density
theorem [19], Lemma 2.1, and [20, Theorem VII.7.1].

Theorem 3.1. Let m € N. Suppose GRH holds for the Dedekind zeta
Sfunction of Q(E[m])). Then,

. li(x)
Tm(x) = —[Q(E[m]) Q] + O(/xlog(mNx)).
Proof. See [8, Section 3] or [2, Corollary 3.4]. d

For the size of [Q(E[m]) : Q], we have the following result.
Lemma 3.2. Let E be an elliptic curve defined over Q.

(a) Then,
m*~® &g [QE[m]) : Q] < m*

forany & > Q.

(b) Suppose E has complex multiplication by the full ring of integers Ok of
a quadratic imaginary field K. Then, for any positive integer m > 3,
we have

[Q(E[m]) : Q] x ®(mOk).
In particular,
p(m)* < [Q(E[m]) : Q1 < m?.

Proof. (a) For the lower bound see [2, Equation (3.1)]. The upper bound
is a consequence of injectivity of the Galois representation ¢,, : Galg
(Q(E[m))) — GLy(Z/mZ) associated to E (see [22, Galois Represen-
tation Theorem on p. 196]).

(b) This is [8, Proposition 3.8]. We note this proof restricts to E with
CM by the full ring of integers of an imaginary quadratic field. How-
ever, the proof extends to E with CM by an order of such a field (see
[10, Proposition 3.2.d]). O

These bounds on [Q(E[m]) : Q] and the previous asymptotic will allow
us to obtain an asymptotic formula for small m. For large m, we need the
following result.

Lemma 3.3. For3 <m < .\ /x + 1, we have m,,(x) < %

Proof. For squarefree m, this is [3, Lemma 2.5]. The same proof works for
generic m by [6, Lemma 2.2] or [16, Lemma 5]. a
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3.2 Complex multiplication and class field theory

Let E be an elliptic curve with complex multiplication by an order in the ring
of algebraic integers Ok of an imaginary quadratic field K. Then, by [20,
Appendix C, Example 11.3.1], we have that K has class number 1. We say
a and b are equivalent (and write a ~ b) if there exist a, f§ € Ok such that
(a)a = (f)b. We say that a and b are equivalent modulo q if both a and b
are relatively prime to ¢, there exist a, § € Ok such thata = f = 1 mod q,
and (a)a = (£)b. This is an equivalence relation with 2(q) = ®(q)/T (q)
equivalence classes, where @ is the number field analogue of the Euler totient
function and 7T (q) is the number of residue classes modulo q that contain a
unit.

Let N(a) denote the norm of an ideal a C Og. For a and q with
gcd(a, q) = 1, define

wx(x;q,a) :=#{p: pisaprimeideal, N(p) < x,p ~ amod q}.

Denote by m the ideal mOg where m € N. The ideal § will denote an ideal
of Ok which has prime ideal divisors in Og which are prime ideals of bad
reduction of E over K. We will need the following lemma:

Lemma 3.4. Let E be an elliptic curve defined over Q which has CM by
Ok for some imaginary quadratic field K. Let m > 1 be an integer. Then,
there is an ideal § of Og and t(m) ideal classes modulo fm represented by
my, My, ..., Myou) With the following property: if p is a prime ideal of Og
with p 1 fm, then p splits completely in K (E[m]) if and only if p ~ m; mod fm
for somei € {1,2,...,t(m)}. Moreover, t(m)[K (E[m]) : K] = h(jm) and

t(m) < q)(f)H(H N(p; )

plf
Proof. This is [3, Lemma 2.7]. Also, see [16, Lemma 4] or [1, Lemma 3.3].
Od

We will need the following extension of the Bombieri—Vinogradov theorem
(see [13, Theorem 1]):

Lemma 3.5. Forany A > 0, there exists B = B(A) such that

1 () X
2L g TR0 e <o o

(logx)B

N(g)=
Define
Tm(x) :=#{p C Ok : N(p) < x, p t fm, p splits completely in K (E[m])}.
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Then, we have the following result:

Lemma 3.6. Form € Nwithm > 3,

Tm(x) +0 (ﬁ) + O(log N)
2 log x

T (x) =

and

T (1) < %ﬁm(x).

Proof. The first relation is [3, Eq. (3.2)] and its justification on page 35.

281

For the second relation, we have that if p is a prime of good reduction
for E over Q which splits completely in Q(E[m]), then p and p are prime
ideals of good reduction for E over K and so p 1 f where pOg = pp. Hence,

2@y (x) < T (x).

4. Proof of Theorem 1.1(a)

|

Recall the hypotheses of Theorem 1.1: we have functions f : N — C and

g : N — C such that
f)y =Y gm)

min

for all n € N. We also have
> g <y (log y)”.

n<y

By (2.1),
D flip= D gmmnlx)
p=x m</x+1

Thus,

D flp) =D gmmn) + D gm)ma(x)

p=x m=y y<m<y/x+1
where y with y < /x + 1 will be chosen later.

Then,
Z g(m)my, (x) < x z lg(m)]

m2
y<m<x+1 y<m<x+1
by Lemma 3.3. By H(g; 0, f), we have

m lo B
Z lg(2)| <<( gy) .

m y
m>y

Hence,

B
> gmymatn) < 202

y<m</x+1

4.1)
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For the main term, we will use Lemma 3.5. We have

> gmmn(x) = g1 (x) + g@Q)ma(x) + D glm)my(x).

m<y 3=m=y

The prime number theorem and [3, Lemma 2.3] give us

) @\, _x
£ + 2 Qma) = (60 + g ) 10+ 0 (e )

So, we may now consider

> gz ().

3<m=<y

Let G,, = Gal(K(E[m])/K). By Lemma 3.6, we have

> gm)mm(x)

3<m<y

= > gm) (”‘“(x) +0 (%) + O(log N))

3<m<y
(m) _ li(x)
Gl + (Z g(m) (”‘“(x)_ |Gm|)‘>

3<m<y 3<m=<y

+0 (I > Ig(M)I)+0(10gNZ |g(m)|)

m<y m<y
_ %li(x)mz;g fém)' +0 (1 (x )’; 'g(m)|)+ On (—y@fgofy)ﬁ)
+0 (32 g(m) (im(x) - :gj;)')’) : (42)
<m<y
We have |G| > ¢(m)?* by Lemma 3.2 (b) since E has CM. Thus,
mz;g L|géz)|| < mz;g Lf((::))g <00 4.3)

and

> HOIPS (log y)# (loglog y)?

|Gl yl=e @

m>y
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by H(g; 0, ). So we must bound

> Jem) () = 150 )’ .

3omey |Gl

Let us first evaluate the summation
3<m<y
By Lemma 3.4, we have ¢ (m)|G,,| = h(jm) and

t(m)
Fm(x) = D wg(x; fm, mp).

i=1

li(x)
|Gml

Tm(x) —

Thus,
: (m) .
- li(x) . ( li(x)
Tmx) — — = T (x; fm, m;) — . 4.5)
T 1G] ; 7 h(fm)

Recall that 1(m) <j 1 by Lemma 3.4. We may also take f to be the con-
ductor of the GroBencharacter associated to E by [16, Proof of Lemma 4] or
[3, Remark 2.8]. Let  (m) < C(}), where C(f) is this constant depending on §.
By Lemma 3.5, we have

1 li(x)
max — |7g(x;q,a) — < - (4.6)
Zf sedima=t T(q) | <1 ) h(@| — (logx)4
N@=525F
0gx)
However, we know that 7'(q) < 6. Thus, (4.6) becomes
' li(x)
2 i [P D75 € Gog
N(Q)SW
Suppose y < x!/4//N(f)(log x)2. By (4.5), we have
. (m) .
_ li(x) g _ li(x)
3<mz‘i | Tm(x) Gl 3; | ; (7‘['](()6, fm, m;) ()
=m=y <m=<y |i=
1(m) li(x)
< > > (mx; fm, m;) — h(fm))
1/4 i=1
35S T toen B
c( .
_ li(x)
<> > m (v fmm) — s

i=1 —m2 Vx
N(m)=m’ < g 7B
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li(x

<D D |ak(e fm,my) — hénz)

i=1 NES

l N (fm) = (logx)ZB

cH )

Li(x

<« X |arbam) -0

— s

l N(q)f (logx)ZB

()

X

X
€2 oget < Tognt

We are now ready to evaluate

>

3<m=<y

~ li(x) )’
m) | Tm(x) — .
a( )( m(x) 1G]
We have 7Tm(x) = 2m,(x) + O(y/x/logx) by Lemma 3.6. However, we

have p splits completely in Q(E[m]) with m > 3 implies p = 1 mod m by
[20, Corollary II1.8.1.1]. Thus,

~ li(x) Jx li(x)
- <?2 oO|—— 7
) =G, f| = e (ng)+ Gl
li
L m(x;m, 1)+ J/x +L)2
logx  @(m)
<X Jx +x(log10gm)2
m  logx m?
X
L — 4.7)
m
for m < 4/x log x. By the Cauchy-Schwarz inequality, H’(g; 0, y ), and (4.7),
we have
~ li(x)
> |gm) (nm(x)— )’
e Gl
<m<y
N i)\ (- li(x)\"?
= (m (n (x) — ) Tm(x) —
3%;, g(m) | Tm(x) 1G] m(x) 1G]
<m<y
i) [\ i) [\
~ i(x - i(x
5(2 g0 | T () — == ) (Z () — = )
= Gall) \&= Gl
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1/2
lg(m)|? VX
< (x Z m ) (log x)A/2

m=<y

x(lo 2
< (log y)' = ‘
(logx)?

Choosing A sufficiently large and y = x'/4/,/N(f)(log x)® finishes the proof
of Theorem 1.1 (a) by (4.1), (4.2), (4.4).

5. Proof of Theorem 1.1 (b) and (c)
Let G, = Gal(Q(E[m])/Q). By GRH and Theorem 3.1, we have

Z gm)mpy(x) = Z g(m) (li(x) +0 (ﬁlog(me)))

m<y m<y Gl
L g(m) g(m)|
_11(x)mzZl Tem |+0( i(x )Ziy T )
+On (ﬁlogx > |g(m)|).
m<y

If E has CM, by H(g; a, ) (see (4.3) and (4.4)), we have

g(m)
Z Gl

m>1

and

lg(m)|  (logy)?(loglog y)2
>

(e yl-e G-D

m>y

If E does not have CM, then we have |G,,| > m?>~¢ for all ¢ > 0 by
Lemma 3.2 (a). Thus,

> Lol
ozl 1Gml
and .
> sl (5.2)

|Gl ylmo-e

m>y

by H(g; a, p).
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Thus,

D gm)my(x) = cplitx) + 0

x(log y)” (log log y)?
yl=%logx

+ 0y /x(log x)(log y)*)

if E has CM, and

mzq,g(m)ﬂm(X) = cgli(x) + O (m)

+ 0y /x(logx)(log y)*)

if E does not have CM, where

is a constant by Lemma 3.2 (a).
Now we must bound the error term

> gmma).

y<m<i/x+1

We will break this determination up into the CM and non-CM cases:

5.1 CM Case

Leta, :=p+1— #E(Fp). We define p to an ordinary prime if a, # 0, and
we define p to be supersingular if a;, = 0. We also define

o (x) :=#{p < x : pis ordinary and m|i,}
and
m, (x) :=#{p < x : p is supersingular and mlip}.
We note that 7,,(x) = 7 (x) + 7, (x). Thus,

> gmmay = D gmrs@+ DL gmmy(x).

y<m<./x+1 y<m<./x+1 y<m<./x+1

Observe that a, = 0 implies #E(Fp) = p + 1. We also have m|ip|i[2)fp =
#E(IE‘[,) = p + 1. Hence, p = —1 mod m. By [20, Corollary II1.8.1.1],
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p = 1 mod m, which is a contradiction to p = —1 mod m unless m = 2. Our
(future) choice of y says 7, (x) = O for m > y. Therefore, we have

> gy (x) =0.

y<m< /x+1

For ordinary primes, we have the following reasoning of [8, Page 617]: a
prime p splits completely in Q(E[m]) if and only if (6, —1)/m is an algebraic
integer where ), is a complex root of the polynomial X L pX + p.LetK
be the imaginary quadratic field with which E has CM by Ok. Let D > 0 be
a squarefree integer such that K = Q(v/—D).

We need the following result of [6, Lemma 2.3]:

Lemma 5.1. Let E be an elliptic curve defined over Q with complex multi-
plication by an order of the ring of algebraic integers of an imaginary
quadratic field K. We have Q(0,) = K for every ordinary prime p of good
reduction for E.

Hence,

Op

ﬂ,‘,’l(x)f#{pfx: GOQ(E)].

Since 6, is a complex root of X2 ap X+ p € Z[X],its norm is p. Therefore,

0,1

m
where

Sp=#p<x:p=(am+ 1)2+ﬂ2m2D for some a, f € Z}
if —D = 2,3 mod 4, and

(am +2)* + p*m*D
4

Sm::#{pfx:p: forsomea,,BEZ}

if —D = 1 mod 4. This implies a < 14+2./x/m and < /x/m~/D. Hence,
Jx 2/x X Wx

1+ Lp —5 + ~—. 53
/D ) <poat (5.3)

By the above equation and H(g; a, f), we have

Z gm)m,, (x) < x Z |g(m)|+ﬁ Z Igg:l)l

2
m
y<m<i/x+1 y<mi/x+1 y<m<i/x+1

Sm K

x(log y)# Ita
< % +x%(logx)/3.
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Collecting all terms, we obtain

D flip) =cplitx) + 0

P=x

x(log y)? (loglog y)?
yl=%log x

+ 0y /x(log x)(log y)*)

ﬁ 14a
+0 (M) + 0 (xT(logx)ﬁ)

ylfa
for any y — oo as x — oo. Let y = x!/4/(log x)!/?. Thus, we have
3ta 2f—a—1
> £lip) = cplit) + 0 (x’%(logxr”—z )
p=x

as claimed.

5.2 Non-CM case

We need to obtain a bound for 7, (x) = #{p < x : p ¢ N,mlip}.
By Lemma 2.1 and [20, Corollary III.8.1.1], we have mli, implies
p = 1 mod m. We also have m|i, implies mzlil%fp = #E(Fp) =p+1l-—ap,
which implies p = a, — 1 mod m?. Hence, ap, =p-+1=2modm.

For 7 (x; m2, a), we have the trivial bound

X
z(x;m?, a) < s +1.

We also have x/m? > x/(x 4+ 2/x + 1) > 1since m < /x + 1. Hence,
7 (x; m2, a) K x/mz. Thus, we have

3/2
o2 X X
Ta(x) K D> wmta) L Y o
la|<2/x la|<2/x
a=2 mod m a=2 mod m
By H(g; a, p),
3/2 lg(m)]
2 gmm) < 3 =
y<m<yx+1 y<m< x+1
x3/2(log y)P
yZ—a :

Collecting the error terms gives us

> £y =it + 0

p=x

B - — ) + 0(y"*V/x(log x) (log y))
yi=%=¢]ogx

Lo (xm(log y)ﬁ)
y —a
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where

. g(m)
e =2 G|
m>1

is a constant by Lemma 3.2 (a).
Choosing y = x!/3 /(log x)'/3 gives us

D fip) = cplitx) + 0 (x%(logx)sﬂfj) .

p=x

This completes the proof of Parts (b) and (c) of Theorem 1.1.

6. The case o = 2

6.1 The proof of Theorem 1.1 (d)

We have

D= D gmmnx)

p=x m<x+1
=D gmma@+ D gmmn(x).
m=y y<m=\/x+1

By Theorem 3.1,

> gmmu(x) =D gm) (h(—x) +0(/x log(mx)))

m<y m<y Gl

—iitn Y £ 1o (ﬁlogx > le(m)|

m<y Gl m<y

2
—li Y g(m) N O(y ﬁ(logX))

|Gl (log y)#

m=y

289

By partial summation and the classical bound m /¢ (m) < loglogm, we also

have

lg(m)| _ (loglogy)?
2. |Gl (log y)f=1~

m>y

Hence,

(log x)(log y)A~!

m=<y

: x(loglog y)* >/ (log x)
Zg(m)ﬂ'm(x) = CEll(x)+0( )+O(W)
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Using the notation of §5 and H(g; 1, —f), we have
> gmma) < D lgm)zn ()

y<m<x+1 y<m< x+1
X Nx
< D Igm) (W + 7)
y<m</x+1
< a
(log x)?

Choosing y = x!/# gives the result.

Remarks. We note that this technique works for f = 2 assuming we divide
by a sufficiently large power of loglog x. This method can be extended inde-
finitely in this manner.

By [2, Lemma 3.2], we may extend all the results which relied upon GRH
to Abelian varieties which contain a one-dimensional Abelian subvariety that
is also defined over Q.

We also note that given the sharpness of the error terms in Theorem 1.1 we
only need to assume that there are no zeros in the region N(s) > € where 0 is
determined by E having CM or not. For non-CM curves, if we assume the Pair
Correlation Conjecture and Artin’s Holomorphy Conjecture for L-functions
associated to the irreducible characters of the Galois groups of Q(E[m]) as m
ranges over all m € N, then the error terms in our result would be improved.
See [8] for more details.

6.2 Proof of Theorem 1.3

Let G,, = Gal(K (E[m])/K) where K is the CM field. Then,
[K(E[m]) : Q] _ [Q(E[m]) : Q]
[K : Q] [K : Q]

1
= 71QElm]) : QI < m?

for m > 3 by Lemma 3.2 (b) and [16, Lemma 6], which states that
K(E[m)) = Q(E[m]) when m > 3. For y < /x + 1, we have

Zip: Z (M) (x) > Z @ (m)m, (x)

G| = [K(E[m]) : K] =

p=x m<yx+1 3<m<y
> D p0m) (?r’m(x) +0 ( VY ))
3imey log x

2
> > go(m)?fm(x)+0(y ﬁ)

log x
3<m<y &
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3 - lix) | li(x) yiV/x
= 3 o (7t - Gl T |G;n|) ! 0(logx )

3<m<y
=1i(x) 3<mz<y T((;T)

+0 3<mz<yco(m) (ﬁm(x) - IhCSCm)I) + O(ylz;/f)
=lix )3<mz<} olm) y3<mz<y T (x) — Tgﬁ o(ﬁgf)
_11(x)3<mz<yw( ((log)A)+o(ylz£).

We note that all of the above constants are absolute except for
O4(yx/(logx)*). Choose A > 3 and y = (logx)4~2. For sufficiently
large x, which is dependent on A, we then obtain

> ip=lit) > ‘”(m) ((1 . )2) + 0 (VF(ogx)* )

pP=x 3<m<}
>y ) 4 oy (—
log x Sl m? (log x)?

> 20gy al
log x 4 (log x)?

x loglog x X
> (A=) 4 04 (=
log x (log x)

xloglog x
> (A—Z)J,
log x

as required.

7. Applications

We break this section up into three subsections: one for arithmetic functions,
which will tell us about some statistics of invariants of the sequence i, as p
ranges over primes < x, a second on differentiable functions on R.q, and a
third for other invariants of the elliptic curve. Throughout this section, ¢, with
or without subscripts, will denote a constant.
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7.1 Arithmetic functions

Let us first consider the function y1y(n) and 7 (n) that have been previously
studied. We note that

xiy(n) = Zﬂ(d),

d|n
and
7(n) = Z 1.
dn
We have
S =D 1 =[xl < x.
n<x n=<x

Hence H(u; 0,0), H' (u; 0,0), H(1;0,0),and H'(1; 0, 0) are satisfied. Thus,
we obtain

Ne(x) :=#{p <x : E(F)) is cyclic} = ¢y, £li(x) + Oa,£ ((1 xx)A)

if E has CM,

34
NE(X) = ¢y Ell(x)+0E((l )1/2)

if E has CM and GRH holds for E, and
NE(X) = ). £li(x) + O£ (x*(log x)*)

if E does not have CM and GRH holds for E.
Similarly, we have

Z t(ip) = crelilx) + OaE ((log+)"‘)

P=x

if E has CM,

3/4
Z t(ip) = crgli(x) + Op ((1 - )1/2)

P=x

if E has CM and GRH holds for E, and

D 7(ip) = e glix) + 0p (¥ (log x)*?)

p=x

if £ does not have CM and GRH holds for E.
These results recover the work in [2,3,8]. For generalizations, we need the
following lemma.
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Lemma 7.1.
(a) Foranyk € N, we have

k
> T(Z) < (logx)”"

m<x

In addition,

2
z T(%) < (10gx)3.

n<x
(b) Letk € N. Then
Z 7 (n) = x Pr—1(logx) + O (xkk;l(logx)k_z) ,
n<x

where Px_1 is a polynomial of degree k — 1.
(c) Let k be a positive integer, and let r be a non-negative integer. Then
() Krg T¢I

Proof. The first statement of Part (a) is [9, Lemma 10.2.7] and the second
statement is established from [23, Théoréme I1.7.15] and the fact

$ e e

— n (2s)
Part (b) is given at [24, p. 313]. Part (c) follows from [11, Proposition 22.10]
with t = 2. O

We consider the functions w(n)", Q(n)", 22" and 7;(n)". We first
assume r = 1.Let f : N — C be one of these functions. Then, by the M6bius
inversion formula [9, Theorem 1.2.2], we have that there exists g : N — C
such that

f) =" g(m)
mn
for all n € N. In fact,
wn) = Zl
pln
Qm)=>1
p*in
22 =

min
m is squarefree

w(n) =D w-1(d)

dn
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Hence, w(n), Q(n), and o (n) satisfy H(g; 0,0) and H'(g; 0, 0), and 7 (n)
satisfies H(g; 0, k — 1) and H'(g; 0, 2*~8) by Lemma 7.1 (a) and (b). Thus,
for f(n) = w(n), Q(n), or 22 we have

Zf(’p)—cEfll(x)+0E((l )A)

p=x

if £ has CM,

3/4
> flip) = ceflix) + Op ( oo 5 /2)

p=x

if GRH holds and E has CM, and

> flip) = cE fli(x) + O£ (x*(log x)*?)

p=x

if GRH holds and E does not have CM. For f(n) = tx(n), the error term
in the first equation does not change, the error term in the second equation
becomes x3/4(log x)k+%, and the error term in the third equation becomes
x/%(log x)?*/3. Similar asymptotic equations hold for » > 1. The error term
in the first equation remains unchanged. The error term in the second equation
changes to x3/*(log x)zz(kfl)(rﬂ) by Lemma 7.1 (a) and (c), and the error term
in the third equation changes to x/(log x)22(k7])(r+1). We note that all of the
above constants of the form cg, ¢ for some function f are positive.

We also note that Theorem 1.1 (a), (b), (c) can be applied to any characteri-
stic function ys where S is a subset of N.

Leta € R with a > 0 (the case a = 0 is g, (n) = 7(n)). Recall

oq(n) == Zma,

min

gam) = D" (=) oulm).

min

and let

By the Mobius Inversion Formula [9, Theorem 1.2.2], we have

oa(n) =D galm).

min

We also have

18 ()| < D" 04 (m) < T(n)o,(n) < 7(n)*n"

mln
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Thus, by Lemma 7.1 (a), o, (n) satisfies H(g,, a, 3). Therefore, we have

Zaa(ip) =cpli(x)+ O (XS%(logx)S%“)

p=x

if E has CM, a < 1, and GRH holds, and

> Galip) = cplix) + O (x%(logx)j;(zw))

p=x

if E does not have CM, o < 1/2, and GRH holds.
7.2 Analytic functions

Let f(n) = (logn)? for some fixed positive real number 8. Then, we have
n\# )
gm) =" u(m) (log =) < v()(logn)
min

where ¢ : N — C with f(n) = me g(m). Thus, f(n) satisfies
H(g; 0,8+ 1)and H'(g; 0,28 + 1). Hence, we have

> (logip) = cg pli(x) + 0 (

P=x

X

(logx)#

if £ has CM,
> (logip) = e plix) + O (x3/4(1ogx)ﬁ+%)
p=x

if GRH holds and E has CM, and
Z(logip)ﬁ =cpplilx) + O (xs/(’(logx)#é)
p=x

if GRH holds and E does not have CM.
Let f(n) = n“ for some fixed real positive a. By the Mobius inversion
formula [9, Theorem 1.2.2], we have there exists g : N — C such that

n" =" g(m),
min
and hence, g(n) < 7(n)n*. Thus, f(n) = n* satisfies H(g; a, 1). Hence,
> it = ¢ li) + 0 (x”%(logx)%")

p=x



296 Adam Tyler Felix and M. Ram Murty

if a < 1, GRH holds, and E has CM, and

Zig = ¢ lilx) + O (x%(logx)%)

p=x

if « < 1/2, GRH holds, and E does not have CM. In the CM case, this nearly
resolves a problem posed by Kowalski [15, Problem 3.1] of determining the
asymptotic behaviour of

i

P=x
Let f : N — C be such that f(n) <« n/(logn)? where g > 3.
Writing f(n) = de g(d) and using the Mobius inversion formula

[9, Theorem 1.2.2], we see that g(n) < z(n)n/(logn)?. Hence, H(g;2,
—f + 1) holdsand f — 1 > 2. By Theorem 1.1 (d), we have

. . X
Zf(lp) = CE’fll(X) + (0] (W) .

p=x

Let us consider the function f(n) = n and a CM curve E. We note GRH for

E on N implies
Z ip > x.

p=x

This result is [15, Proposition 3.8].
7.3 Applications to invariants of E (IF »)

Note that, for a given prime p, E(Fp) is isomorphic to Z/i,Z x L] ip fpZ.
We will consider the following two invariants of #E (F p): the index f), of the
maximal subgroup of the group F(IFP) which has the form Z/d7 x 7Z/dZ
and the exponent e, := i, f, of F(IF,,). In [10], the following is result is
established

> ep=cplix?) + 0p(x""0(logx)''/?)

p=x

if GRH holds for E, and
2
2 x~loglog x
péx €p = CE]I(X ) —+ 0] (W)

(See also [14,26].) Following the same technique (Equations (4.1)-(4.3) of
[10]), we have

1 — 1 -
Z@pzz%p%zz_ﬁjLzT%

p=<x p=<x p=x'P  p=x
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By Hasse’s inequality (1.1), the second summation becomes

Zl_a" <> Up<

= ip = log x

3,2

We note that f(n) = 1/n =3, g(d) satisfies H(g; 0, 1) and H'(g; 0, 3).
By Theorem 1.1 (a), (b), and (c), we have

> li = cgli(x) + O(E(x))

p<x P
where

Og(x**(logx)?) if E has CM and GRH holds for E
E(x) =10k (x5/6(10g x)2) if E does not have CM and GRH holds for E .

OaE (—(lo;x)f\) if E has CM
for any A > 0. By partial summation, we have

> ep=celix?) + OE(x)),

P=x

where E(x) is as above.

Noting that fi(n) = 1/nf = 2 ain 8k(n) satisfies H(gy; 0, 1) and
H’(gr; 0, 3), and using induction and partial summation give us the first part
of Theorem 1.2. Note that cg = cg 1. Also note that our error term is of the
form

Op(x"*(logx)?)  if E has CM and GRH holds for E
Op(x'"%(logx)?) if E does not have CM and
GRH holds for E

2 .
One (gigr)  if EhasCM

xE(x) =

Since .
k_ (p+1—ap)
Z fP - Z j2k >
p=x p=x p

we similarly have the second part of Theorem 1.2.
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