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Let M ∈ Fq [t] be a polynomial, and let k ≥ 2 be an 
integer. In this note, we will compute the asymptotic density 
of irreducible monic polynomials P ∈ Fq[t] for which P +M is 
not divisible by the kth power of any irreducible polynomial.
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1. Introduction

In 1949, Mirsky [6] proved that every sufficiently large number can be written as a sum 
of a prime and a k-free number for any given k ≥ 2. In fact, he derived an asymptotic 
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formula for the number of such representations. In 2001, Yao [9] attempted to show that 
an analogous result holds in the case of function fields over finite fields. Apparently, 
according to Math Reviews (MR1841909), there seem to be errors in the paper. This 
was highlighted as an open problem in Moree’s survey [7]. The purpose of this paper is 
to correct the error in [9] and establish the analogue in the function field case.

Let Fq be a finite field of order q, and let M ∈ Fq[t] be a fixed polynomial. For k ≥ 2, a 
polynomial is k-free if it is not divisible by the kth power of any irreducible polynomial. 
In this note, we want to compute the asymptotic density of irreducible polynomials P
for which P +M is k-free. For the most part, we adhere to the notation and arrangement 
of [9]. More precisely, we will prove the following:

Theorem 1. Let M ∈ Fq[t] be a fixed polynomial, and let k ≥ 2 be an integer. Denote by 
P+ the set of all monic irreducible polynomials. We define the set

Uk(M,d) = {P ∈ P+|degP = d, P + M is k-free}.

Then we have

lim
d→∞

#Uk(M,d)
#{P ∈ P+|degP = d} =

∏
P �M

P∈P+

(
1 − 1

|P |k − |P |k−1

)
, where |P | = qdegP .

(1.1)

Theorem 1 can be directly obtained from the following result and the prime number 
theorem for Fq[t]:

Theorem 2. Let M ∈ Fq[t] be a fixed polynomial, and let k ≥ 2 be an integer. If d >
degM , then

#Uk(M,d) = qd

d

∏
P �M

P∈P+

(
1 − 1

|P |k − |P |k−1

)
+ O

(
q

d
2 + d+2(1−k)

2k

)
. (1.2)

It may be possible to improve the error term and we hope to address this question in 
future work.

2. Preliminaries

We set the following notations throughout this note:

A = Fq[t]

A+

P

The polynomial ring with one variable.

The set of all monic polynomials in A.

The set of all monic irreducible polynomials in A.

(2.1)
+
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For any Q ∈ A+, we write its factorization Q =
∏r

i=1 P
ni
i with Pi ∈ P+. We define the 

polynomial Möbius function as

μ(Q) =

⎧⎪⎨
⎪⎩

1 if Q = 1,
0 if Q is not square-free,
(−1)r if Q is square-free and Q = P1 · · ·Pr, where Pi ∈ P+.

Analogously, for any integer k ≥ 2, we define

μk(Q) =
{

1 if Q is k-free,
0 otherwise.

It is easy to verify identity

μk(Q) =
∑′

a
akb=Q

μ(a), (2.2)

for powers of irreducible polynomials. The general identity then follows on noting that 
both sides of (2.2) are multiplicative. Furthermore, we define the polynomial Euler Φ-
function Φ(Q) as the cardinality of (A/QA)∗. Throughout the paper, we denote by ∑′

and
∏′

the sum and product taken over only monic polynomials.
We record here a result that will be used below in our error analysis. It is a variation 

of Lemma 4.17 in [2]. This lemma gives the following bound using a result of Carlitz on 
the average value of the divisor function on the monic polynomial of fixed degree [1]: for 
every n ≥ 1, we have

∑′

deg a=n

1
Φ(a) ≤

{
3
4 (n + 1) if q > 2,
n + 1 if q = 2,

(2.3)

where the sum (with prime, following our convention) is over monic polynomials in A of 
degree n. In fact, the bound (2.3) is sufficient for obtaining the desired result. However, 
in order to keep this note self-contained, we state and prove the following lemma which 
gives a slightly different bound from (2.3).

Lemma 3. For every n ≥ 1, we have

∑′

deg a=n

1
Φ(a) ≤

(
q

q − 1

)2

, (2.4)

where the dashed sum is over monic polynomials a ∈ A of degree n.

Proof. Given any polynomial f , we denote by rad(f) the product of the distinct monic 
irreducible polynomials dividing f , and we call it the radical of f . Now, note that
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∑′

deg a=n

|a|
Φ(a) =

∑′

deg a=n

∏′

v∈P+
v|a

(
1 − 1

|v|

)−1

=
∑′

deg a=n

∏′

v∈P+
v|a

(
1 + 1

|v| + 1
|v|2 + · · ·

)

=
∑′

deg a=n

∑′

rad(g)|a

1
|g| =

∑′

g
deg rad(g)≤n

1
|g|

∑′

a
deg a=n
rad(g)|a

1 ≤
∑′

g
deg rad(g)≤n

1
|g|q

n−deg(rad(g))

=
∑′

g
deg rad(g)≤n

1
|g|

qn

|rad(g)| = qn
∑′

g
deg rad(g)≤n

1
|g||rad(g)|

≤ qn
∏′

v∈P+

(
1 + 1

|v|2 + 1
|v|3 + · · ·

)
= qn

∏′

v∈P+

(
1 + 1

|v|(|v| − 1)

)
.

Hence, since |a| = qn, we have

∑′

deg a=n

1
Φ(a) ≤

∏′

v∈P+

(
1 + 1

|v|(|v| − 1)

)
= C(q) (say). (2.5)

Recall that if Nd is the number of monic irreducible polynomials of degree d, then ∑
d|m dNd = qm. Thus, Nm ≤ qm/m. We use this to estimate C(q) as follows: We 

observe that

C(q) ≤
∞∏

m=1

(
1 + 1

qm(qm − 1)

)qm/m

.

Using the inequality 1 + x ≤ ex for x > 0, we obtain

C(q) ≤ exp
( ∞∑

m=1

1
m(qm − 1)

)
.

Finally, for q ≥ 2, qm− 1 ≥ qm/2. Inserting this into our estimate and using the familiar 
Taylor expansion for the logarithm function yields

C(q) ≤
(

q

q − 1

)2

,

as claimed. �
Remark 4. If we consider the following sum over all a of degree less than or equal to n

∑′ 1
Φ(a) ,
deg a≤n
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then the estimation (2.3) gives a bound of order n2. Whereas Lemma 3 gives a bound 
O(n) with implied constant (which is smaller or equal than 4) depending only on q. In 
fact, as Φ(a) ≤ |a|, we also see that

∑′

deg a≤n

1
Φ(a) ≥

∑′

deg a≤n

1
|a| = n,

so that our estimate is (apart from a constant factor) sharp.

3. Proof of Theorem 2

We write

#Uk(M,d) =
∑′

degP=d
P∈P+

μk(P + M). (3.1)

Since we assumed d > degM , using (2.2), we have

#Uk(M,d) =
∑′

degP=d
P∈P+

∑′

akb=P+M

μ(a) =
∑′

deg a≤d/k
(a,M)=1

μ(a)
∑′

degP=d
akb=P+M
P∈P+

1.

For any t ≤ d/k, we can split the sum as

#Uk(M,d) =
∑′

deg a≤t
(a,M)=1

μ(a)
∑′

degP=d
P≡−M (mod ak)

P∈P+

1 +
∑′

t<deg a≤d/k
(a,M)=1

μ(a)
∑′

degP=d
P≡−M (mod ak)

P∈P+

1. (3.2)

We will choose later a suitable t with 0 < t < d/k to minimize the error term (the 
second term) of (3.2). This is how we fix the mistake in [9], which occurs on lines 10-
13, where μ(a) should be |μ(a)|, but then the result does not follow. The error term 
cannot be treated by a uniform estimate and one needs to bisect it as we do below. Yao’s 
argument, as it stands, can be fixed for k > 2, but not for k = 2.

To estimate #Uk(M, d), we need the well-known result on the number of monic ir-
reducible polynomials which belong to a fixed residue class, which is partially due to 
Kornblum [3] (we refer the reader to [8, p. 33] for the tragic history surrounding this 
theorem), along with the Riemann hypothesis for function fields which is proved by Weil. 
More precisely, we use the following formulation from [8, Theorem 4.8]: Let M, Q ∈ A

with (M, Q) = 1. Then, we have

1
Φ(Q)

qd

d
− (degQ− 1)q

d/2

d
≤

∑′

degP=d
P≡M (mod Q)

1 ≤ 1
Φ(Q)

qd

d
+ (degQ− 1)q

d/2

d
(3.3)
P∈P+
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Hence, by letting Q = ak,

1
Φ(ak)

qd

d
− (deg(ak)−1)q

d/2

d
≤

∑′

degP=d
P≡−M (mod ak)

P∈P+

1 ≤ 1
Φ(ak)

qd

d
+(deg(ak)−1)q

d/2

d
. (3.4)

Thus, when deg a ≤ t, we have as tk ≤ d,∣∣∣∣∣∣∣∣∣∣∣
∑′

degP=d
P≡−M (mod ak)

P∈P+

1 − 1
Φ(ak)

qd

d

∣∣∣∣∣∣∣∣∣∣∣
≤ qd/2,

and the first sum of (3.2) satisfies∣∣∣∣∣∣∣∣∣∣∣
∑′

deg a≤t
(a,M)=1

μ(a)
∑′

degP=d
P≡−M (mod ak)

P∈P+

1 − qd

d

∑′

deg a≤t,
(a,M)=1

μ(a)
Φ(ak)

∣∣∣∣∣∣∣∣∣∣∣
≤ qd/2

∑′

deg a≤t
(a,M)=1

|μ(a)| = O(qd/2+t).

(3.5)
The second double sum in (3.2) satisfies

∑′

t<deg a≤d/k
(a,M)=1

μ(a)
∑′

degP=d
P≡−M (mod ak)

P∈P+

1 =
∑′

t<deg a≤d/k
(a,M)=1

O(qd−k·deg a) = O(qd+(1−k)(t+1)), (3.6)

since

∑′

t<deg a

q−k deg a ≤
∞∑

n=t+1
q−knqn = O(q(1−k)(t+1)),

where the implied constant depends only on q and k. Therefore, for any 0 < t < d/k, we 
have

#Uk(M,d) = qd

d

∑′

deg a≤t
(a,M)=1

μ(a)
Φ(ak) + O(qd/2+t) + O(qd+(1−k)(t+1)).

By choosing t = d
2k + 1−k

k , the two error terms become of equal order and we obtain

#Uk(M,d) = qd

d

∑′

deg a≤t

μ(a)
Φ(ak) + O

(
q

d
2 + d+2(1−k)

2k

)
. (3.7)
(a,M)=1
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Now, note that

qd

d

∑′

(a,M)=1

μ(a)
Φ(ak) = qd

d

∏′

P �M
P∈P+

(
1 − 1

Φ(P k)

)
= qd

d

∏′

P �M
P∈P+

(
1 − 1

|P |k − |P |k−1

)
. (3.8)

By using Lemma 3, we have
∣∣∣∣∣∣∣∣
qd

d

∑′

deg a>t
(a,M)=1

μ(a)
Φ(ak)

∣∣∣∣∣∣∣∣
≤ qd

d

∑
n>t

∑′

deg a=n

1
Φ(ak) = qd

d

∑
n>t

∑′

deg a=n

1
|ak−1|Φ(a) ≤ qd

d

∑
n>t

C(q)
qn(k−1) .

(3.9)
The error term is of the same magnitude as before, completing the proof. �

Let us make a few remarks about the error term. The main term in Theorem 2 is of 
order qd and the error term is

O
(
q

d
2 + d+2(1−k)

2k

)
.

We see that for k ≥ 2, we always have

d

2 + d + 2(1 − k)
2k < d,

which is as expected. This error term is comparable to what one would get by injecting 
the Generalized Riemann Hypothesis into the argument of Mirsky.

4. Future directions

As noted earlier, it would be interesting to see if the error term in Theorem 2 can 
be improved. A generalization of Theorem 1 involving higher dimensional tuples of fixed 
polynomials can be discussed analogously following the generalization by Mirsky [4] for 
number fields. Moreover, further generalization is possible following the subsequent result 
of Mirsky [5].
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