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Some A -resul ts for Ramanuj an I s 't'-funct ion

M. Ram Murty *

Introduction

I take great pleasure and pride in speaking to you, on

this sacred land of India, about a very Impor-Larrt arithmetical

function, first discovered by the famous Indian mathematician

Sriniv.asa Ramanujan. He had the foresight and intuition to recognize

the Lmpor-t-ance of modular forms in the theory of number-s, He

investigated [9 J, in rather great detail, one modular form, now

called Ramanujan's cusp form, defined by

00

== q -I-\ (1 _ qn/4 , q
n=l

2J[lZ
e ,

This can be expanded in a power series in q and we have

ex:>

== :2- T(n)qn
n=l

and 'r is called Ra.manujan's (" -function. We have

'( (2) = -24, to) = 252

'(4) = -1472
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Rrumanujan made two conjectures:

(i) '( is a multiplj cat.i.ve function,

11
(ii) for each prime p, le(p)\ S 2p"T .

The first conjecture was proved by Mordell [7 j in 1917 and generalized

in a beautiful way by Hecke l5 1. The second conjecture was

generalized by Petersson [81 to include other modular forms. The

full Ramanujan-Petersson conjecture was settled by Deligne ['2] in

1976.

It is known that

'(pOl)
sine 0<. +1) e

p

sin 6p

where 6p E (0, 2..K), by the result of Deligne.

plicative, it follows that

As t is multi-

l (n) o (n11h exp ( c. log n ) ) •
log log n

It is conjectured that this bound is sharp.

Conjecture:

More precisely,

ten)

for some c > O.

S2 11/
(n 2 exp ( clog n )).

log log n
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There is a conjecturo of Sato-Tate that the anr;les e
p

arc equidistributed, as p varies, with resJ=Cct to the measure

This is an unproved conjecture.

Even the weaker conjecture:

such that card (p x :

We shall prove below:

there exists a 'f' < and a /' 0
3

s» x, is unknown,

Theorem (modulo weak Sato-Tate conjecture)

'(en)
1'/JL (n 2 exp ( clog n )).

log log n

vlith respect to unconditional results, Rankin [10] showed

lim sup
n-4Do

and Joris l-6 1 improved this to

T (n)

-1--
"/ 22 ES2 (n 2 exp( c(log n) )).

R. Balasubramanian and I [,1, succeeded in showing:

Theorem 2

L(n)
11/2 213 -6.

-,,\len exp(c(logn) )).
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§ 2. Preliminnries

First, let me prove that yen)

the audience may gain some familiarity with the ideas involved in

the latter part of this talk.

properties, name ly,

The cusp form

12
(cz + d)

6. (e) enjoys some

for all
a b

(c d) e SL2 ( !.Z) , and

ad - be 1 , a, b, c, dEil J.

SL2 (Z) acts on Ig, the upper half plane.

fundamental domain for the action of (22)

- « x,;; i and x
2

+ y2?:- 1, where z '"

The mapping z - !. corresponding to
z

The standard

on is

x + iy.
-1
0) transforms the

standard fundamental domain to another fundamental domain.

Now
6 L (z) \ is easily checked to be invariant under they

action of (,Z) and bOlA'Ylded As

r: -2.n imx -2 J1rny
6(x + iy) e dx T(m) e ,

we find



i T(m)
-271 m.Y

e
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0(1).

Choosing 1.yo:
m

gives (m)
6Oem ).

For the sake of brevity, let us write

11/
T(n)/n 2

and set

f( s) 2
1

2
L n

Proof of theorem 1. Now suppose the Sato-Tate conjecture is

true. Then card (p x is ex
log x

Take p x, such that o «: ""p\7 6 • Then if N denot-es

the prodoct of all such primes :::s x,

we have

log N ex

and so

._ cx/log x
( J3 )

.>, exp ( clog N_)
-: log log N' '



as desired.

128

The proof assumine the weak Snto-Tate conjecture is

similar and left to the reader as an exercise.

§ 3. Real zeroes of f(s)

Let

-2( s+11)
np(s) = (2JC) r (s+11) [' (s) (2s) f( s) s(s-1).

Then, it is known L4] that

't (5) JJY
1
2 \ 6.(z))2 IJ( z, s) dx2dy ,

1) y

where JJ denotes the standard fundamental domain and

rI (z, s)
3

= S(5-1) (:!) r (5) L'I mz + n \ ,
z 1\

the dash on the summation indicating that the sum over all pairs of

integers (m, n) f (0, 0).

We shall sketch the proof that 1(s) has no real zeroes.

It is known that ¢(z, e) > 0 for ! -S s 1 and y 7 ,

z = x + iy. Therefore, we split the fundamental domain into two

regions: y A and y > A with A "". 7 • In y A,

¢(z, s) '7 0 and the total contribution is > O.

the contribution is small in virtue of the fact that

In y ";:7 A,

6.. (a) The total integral is therefore > O.
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A more precise proof requires the Use of Kronecker's limit formula,

and we refer the reader to [1 1 for the details.

§ 4. Proof of theorem 2.

We already saw that if we had 'tp > for a large

proportion of the primes, the n --result would follow. This

leads us to consider

L
p

and to study

2
T -p

If we let

¢(s) .. Ct2, ) f(s) ,
(, s

we find

2_ 1 2
log ¢(s) .. L (1 + 7"p - 3 + ...)

p ps Ips

We need:

Lenuna 2-
p

2
'"C > 1
P

2
Tp -

+ 0<:> if

Proof Suppose not. Then, for some
,a
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2
r - 1
P

and so if we let

log ¢ (s) f (s) - f (s),
+

where

L
2 P

'L >1
P

2
(, -p

2
'"[: - 3p

(1 + + ••• )

and

L
2 P
r: <1p

2
l -p (1 + + ••• ),

we find that the abscissa of convergence of £+(s) is Po.
Hence, £+( s) converges absolutely in He s Po and in par-td,cular ,

for He s !. Therefore, the singularitie s of log ¢( s) coincide

with the singularit:ie s of f_(s) in He s ?: By a standard

method, it is possible to show that if N(T) denotes the number of

zeroes of tj.J (s) in the critical strip, up to height T, we find

N(T)
2

c T log T + o(T)•

As (s) bas only T log T + OCT) zeroes in this region, we find
2n

that log ¢(s) has singularities in He s But fJs) has

non-negative Dirichlet coefficients and so, by a famous theorem of
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one of these is real. This contradicts the

fact that gb(s) has no real zeroes. This proves the Lemma,

Now we know

2
?' - 1
P
pt'>

for

In a standard way, it is now possible to deduce that for some 0 'i

m m+l
card (e < p < e

Setting

N ITp
p

where the primes range over the primes in the above set, we find

1

'( + E
P

2:. n (1 +
P

» exp ("--> 1 )
L '( +<:
p p

r: 'J» exp ((log N) )

As , we get 'L
N

= S2 (exp (log N) ).



By utilizin[';

1 to 22 3 .
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prime powers, it is possible to improve the exponent

The key idea is supplied by the lemma:

Lemma 2. There is a constant c > 1 such that for every prime p,

there is an m(p)

m(p) « 1

\1_2 - , \
p

1) wReMVU-
2

and L pmcp) ?- c » 'Cp '> 1 '

We leave the proof of this lemma as an exercise to the reader.

§. 5 Concluding remarks

There is not.hf.ng special about Ramanujan's cusp form, with

respect to J"2 -theorems. We have:

Theorem 3. If f(z) S:a(n)e2 .71: in z is a normalized Heeke
1

eigen form of weight k, then

a(n)
k-1 1S2 (n-r exp (c(log n)1{ ))

log log n •

If similar results concer-rring real zeroes of the Rankin convolut:!on

were known, this theorem could be improved. We remark that the

Sato-Tate conjecture is equivalent to showing that each of the

Dirichlet series
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00

Z
1

has an analyti c conti nua L ion for He 5 1 and no zeroes on (1''' t:

for k?- 3. At present, th:l s is only known for k = :3.

We have shown that nn) becomes very large infinitely often.

But there is a conjecture of Elliott r3] that thi<. should not happen

too often. More precisely, Elliott showed either

or

( L) c 0 (x) as

(ii)
('?" _ 1)2

'2 P 4+ 00

P P
but not both.

He could not decide which was true. We shalJ show

p

Consider

('C - 1)2
L --,-P_-
P

c + 00

g(s) ( (5) (2-
1

Then g( s) has an analytic continuation to Re s·;::;: except for a

pole of order 2 at 5 = 1.

Moreover,
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1\ (1 +

P

and it is seen that

+ ••••

log g(s) + g (s)
1

where g (s) is analytic for Re s .>
1

Therefore, we find

2
------., (Tp-1)
L sp p

2 log ( 1 ) + g2(s),
s - 1

where g2 ( s) is analyticas s -----7- 1+

reveals, in a straightforward manner,

Choosing s 1 + 1
lor x

:2
p » log log x.

In fact, one can show

L
p.s x

by standard methods.

(2 + 0 (1)) log log x,

Shortly after this conference, Professor K. Ramachandra

suggested that it may be possible to show effectively,



-f1(exp
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2/3
(c (log n) ))
(Jor; log n)A

for some A '7 0, by uti Ii s.lng the theorem in L1 t J .
B.Y the theorem of Landau, it follows that

( _ 1) log p
p

for some c > o. This, however, is ineffective, but can be made effective

by an elaborate averaging argument carried out in [It], which we shall not

discuss here. By decomposing the interval [1, x] into or log x)

intervals, it follows that for some u,

2. ( '(2 _ 1)
u s.p z zu P

2
'LP >1

>
c)

2
(log u)

As before, it is easily deduced that for some m log u,

card (u ,s 2u
-m-1 2 ....,., c em

e .:::::: 't 1 e m) >
p - - (log U)3

Proceeding as before, we find finally,

J}(exp
2/3

(
c(log n)

5/3) )
(log log n)
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